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WAVELET TRANSFORM
AND ORTHOGONAL DECOMPOSITION OF L? SPACE
ON THE CARTAN DOMAIN BDI(q=2)

QINGTANG JIANG

ABSTRACT. Let G = (]Rj_ X SOO(Ln)) x R™*1 be the Weyl-Poincaré group
and K AN be the Iwasawa decomposition of SOg(1,n) with K = SO(n). Then
the “affine Weyl-Poincaré group” Gq = (Rj_ X AN) x R?*1 can be realized
as the complex tube domain II = R®*1 4 4C or the classical Cartan domain
BDI(q = 2). The square-integrable representations of G and G, give the
admissible wavelets and wavelet transforms. An orthogonal basis {iy} of
the set of admissible wavelets associated to Gq is constructed, and it gives
an orthogonal decomposition of L2 space on Il (or the Cartan domain
BDI(q = 2)) with every component Ay being the range of wavelet transforms
of functions in H? with vy,.

1. INTRODUCTION

The wavelet transform is associated to the square-integrable representation of
a locally compact group. Let G be such a group with left Haar measure dx and
x — U(z)(z € G) be an irreducible unitary representation of G in a Hilbert space
H. A vector ¢ € H is said to be admissible if it satisfies the following “admissibility
condition”:

(L1) 0< cyim /G (0, U )eh) P/ (45, 9) < o,

where (-, ) is the inner product of H. We denote the set of all such vectors by AW.
If AW # @, then the representation U is called square-integrable. For ¢p € AW,
f— (f,U(x)1) is called the “continuous wavelet transform” of f € H (cf. [4], [5]),
and

(1.2) f= o [ War@U@uds.
Cy Ja

(1.2) is usually called the reconstructing formula, and it is one of the main moti-
vations for the study of the wavelet transform. In this paper we will consider the
wavelet transform associated to the Weyl-Poincaré group and its quotient group,
and then give an orthogonal decomposition of L? space on the Cartan domain
BDI(q =2).
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Let C = {(zo, 21, yan) 1 25 — 23 — - — 22 > 0,79 > 0} be the forward light
cone (the Lorentz cone) and IT := R"*14+iC. The complex tube domain IT is an (un-
bounded) realization of the Cartan domain BDI(q = 2) (SOp(n,2)/SO(n) x SO(2))
(see [13], [15]). Let G := (R% x SOy(1,n)) x R"™! be the Weyl-Poincaré group;
it is the automorphism group of I, and G modulo a maximal compact subgroup
SO(n) is isomorphic to II. Motivated by the work on quantization on the Cartan
domain BDI(q = 2) in [13], [14] and on wavelet transform in [1], we considered in
[7] the wavelet transform associated to G and its homogeneous space II.

Denote

(1.3) H? .= {f(y) :supp [ C C, [ € LAR™' du)},

where C is the closure of C. In [7], from the square-integrable representation of the
Weyl-Poincaré group G on H?, we got the corresponding admissibility condition:

0 </ @) —% < oo,

c r(z) 2
For such 1, (1.2) holds, i.e. for any f € H?, it is reconstructed from functions
Wy f(g) on G. In fact it doesn’t need so many variables for its reconstruction,
which is very important in applications. On the other hand, from the viewpoint
of the decomposition of L? on II = R™! + iC via the wavelet transform, we
need a wavelet transform Wy, such that Wy f(z) are functions on II. Therefore
we considered there the wavelet transform associated to the homogeneous space I1
(such a wavelet transform was just the one considered in [1]). In order that for any
f € H? it can be reconstructed from Wy f(2), the admissibility condition in this
case is that

n+1 n+1

(1.4) LLMMMW@ﬁ@z =LW@W@#@T—ﬂnwxea

and is finite, where A, is an element in R x SOg(1,n) such that Ayw = y.

The condition in (1.4) is troublesome if we wish to give an orthogonal basis for
the set of admissible wavelets which can give an orthogonal decomposition of L2
on II (or on the Cartan domain BDI(q = 2)). In this paper we will consider again
the wavelet transform associated to G/SO(n) such that the condition (1.4) can be
removed.

In §2 we introduce the wavelet transforms associated to G and to G/SO(n) and
a kind of generalized wavelet transform. The main part of this paper is §3 and §4.
In §3, we give a correspondence from II to the quotient (“affine ”) group G, :=
(R x AN) x R"*! of G from the Iwasawa decomposition of SOy(1,n) = KAN;
then from the square-integrable representation of G, on H? we define the associated
wavelet transform and get that the admissibility condition is

~ dyody1 dys
0 </ (Yo, y1, y«)|? < 00.
c| (50, 51, 3| (yo +y1)"r(y)

In §4, by Laguerre polynomials, Jacobi polynomials and spherical harmonics we
give an orthogonal basis for the set of the admissible wavelets which turns out to
give an orthogonal decomposition of L? on II.

2. SQUARE-INTEGRABLE GROUP REPRESENTATION

Let *M denote the transpose of a matrix M, and display a vector x € R™t!
formally as a column vector in the form z = *(xg,2*) = *(zg,x1, -+ ,2,). Let I,
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denote the n x n identity matrix and let

(1 0 ntl
J = (0 —In) € GL(R™™).

For any z,y € R"™! let 2 - y or [z, y] be the bilinear form
xoy =[x, y] = "aJy = zoyo — T1y1 — -+ — TnYn,

and r(z) := x - x; also let zy := (x,y) := >, 2;y; be the usual Euclidean inner
product of R™*1,

The Lorentz group SO(1,n) is the subgroup of A € GL(R"*!) satisfying detA =
1 and 'AJA = J (equivalently [Ax, Ay] = [x,y] for any z,y € R"*1). Let SOo(1,n)
denote the connected component of the identity of SO(1,n), and let Gy := R x
SO (1,n). Then the Weyl-Poincaré group G is the semi-product G x R**1. Write
g€ Gasg=(a,Ab) with a>0,A € SOy(1,n),b € R**! then the group law of G
is given by

(a, A\, b)(a', A, b) = (aad’, AN, aAb + D)

for any (a,A,b), (o, A’,b') € G, and one can see the left invariant measure du(g) of
G is a~ "2 dadAdb; here dA is the invariant measure of SOg(1,7). As in §1 let C
denote the forward light cone (the Lorentz cone) and IT = R**! + iC' the complex
tube domain over C. The actions of Gy on C' and G on II are given respectively by

(a, M)y =aly, (g,b)(z +iy) = g(z +iy) +b.

Then Gy acts transitively on C, and measures r(y)~ “+ dy on C and r(y)~ (D dzdy
on II are invariant under the actions of Gy and G respectively; here dy, dx denote
the Lebesgue measure on R™ 11,

Still let H? denote the space defined by (1.3) and let (-,-) or (-,-)g2 denote its
inner product. Let U, be the unitary representation of G on H? given by

_ntl 1T — b
(2.1) Uyf () = a " pa—1220),
Taking the Fourier transform with respect to x in both sides of (2.1), we get
(Ugf)(€) = a™F d(a A)e ™™,

and therefore we know Uy is irreducible on H*<. 2. By the Plancherel formula,

d dAdb
/|wa|du /|a2 /w Baageagp
, dadAdg
a

/ [(€)d(a’ AS)]
R’;XSOO(l,n)XRnJA

= " gdadA ~
- ‘/C/RiXSOO(l,n) W}(atAé” a |1/)(§)| d§

In the above equations, a constant 1/(27)"*! is dropped. In the following, for
simplicity, we also drop this constant in some equations when we use the Plancherel
formula.

For ¢ € C, there exists A¢ € SOy(1, n) such that Asw = £/r(€)z (see [16, p.505]);
here

w:=(1,0,---,0).
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By the left invariant property of dA and the fact that ‘A = JAglJ € SOp(1,n),

we have
~ dadA o ~ dAda
/ PlaAgP = [ [ it
R% xS5O0 (1,n) a 0 SO0(1,n) a

From the “Euler angles” expression of A € SOpy(1,n) as given in [16, p.508] and
the “spherical coordinates” expression of z € C' as given in [16, p.504], we can get
that for any £ € C

- A 00 ~ A
/ it Ag) P A _ / / DA )2 220D
R% xSOq(1,n) a 0 S00(1,n) a

~ o dx
= [ 1o

Therefore the admissibility condition is

(2.2) 0<cy= / |1Z(x)|2d—xni < 00.
c r(z) 2
Let AW denote the set of all admissible wavelets, i.e.
AW := {¢ : b € H?, 1 satisfies (2.2)}.
For a > —1, let 9 be a function in H? defined by

-~ r(€&)*e—%o0 r
(2.3) ¥(§) :{ &) , foréeC,

0, elsewhere;

then ¢ € AW by a direct calculation. Thus the unitary irreducible representation
given by (2.1) is square-integrable. For ¢y € AW, the map f — Wy, f(g) := (f,Ugt))
is the wavelet transform, and it is an isometry (up to a constant) from H? into
L?(G,du(g)). One can get

Theorem 2.1. Let ¢, ¢ € AW. Then for any f,h € H?,
(W f,Wah) = (K26, K~2¢)(f. h),

where {,) is the inner product of L*>(G,du(g) and K is the positive operator given
by

(KN = ()= 9 (6).

Theorem 2.2. Let ) € AW. Then for any f € H?,

1

f@) = = [ Wof(@)Uyb(@)duts).
v JG
For ¢ € AW, it is a (generalized) state in H? which can be written as ¢). Then
{Ug¥}gec = {Ug|Y) }geq is a coherent state system [9]. Denote
Ay = {(fIUl9) - f € H*} = {Wyf(g) : f € H?},

i.e. Ay is the matrix coefficient space of the representation Uy or the range of the
wavelet transform W, of H? with 1. Then Ay, is a Hilbert space with reproducing
kernel.
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Theorem 2.3. Let Ky (g,g') denote the reproducing kernel of Ay. Then

Kw(gvg/) = (Ug'1/)7Ug1/1>-

1
Cy

Let SO(n) denote the group of rotations of R™ and in this paper also let it denote
the subgroup of SOy(1,n) fixing the point w, i.e. every element u of this subgroup
is given by

u = <é 2) ,  with @ € SO(n).
We even let SO(n) denote the subsgroup ({1} x SO(n)) x {0} of G. Then SO(n)
is a maximal subgroup of G and the quotient space G/SO(n) is isomorphic to
the homogeneous space II. From Theorem 2.2, we know for any f € H? it is
reconstructed from Wy, f(g). The wavelet transform Wy, f(g) is a function of n+2+
w variables. In fact f doesn’t need so many variables for its reconstruction. We
consider the wavelet transform associated to G/SO(n) or to II by a correspondence
from II to G/SO(n).
Recall that the action of g = (a, A, b) € G on II is given by

(a,A,b)z = aAz + b = alA(z +iy) + b.

Denote zg := 0+ iw € II. For z = x + iy € 11, there exist a family of ¢ € G such
that gzo = z. In the following we choose g = (r(y)?, Ay, x), where Ay = r(y)_%Ay
and A, is given in [14]:

t, %
Yo Y . .
2.4 A, = , with ¥ = (yo,y™).
(2.4) y (y* T(y)%I—I— (vo +r(y)%)_1y*ty*> y= (Y0,y")

Then ‘Ay = Ay, Ayw = y and A, € SOy(1,n),A, € Gy. For each z € II, from
(2.1), we define an operator U, on H? by

Uau(t) i=r(y) T () EAg N - @)
or by

(25)  (U=)"(€) =r(y) * ¢ (r(y)%t/\y/é“) e = p(y) T P(A E)e T,

since *A, = A, from (2.4). Then we define the associated wavelet transform for
f € H? by

(2.6) Wy f(2) = (f,U.9)
or by
(2.7) (W)€, y) = r(y) T d(A,8) F (),

where (Wy )" (€, y) denotes the Fourier transform of Wy, f(z) with respect to the
variables z.

Any f € H? also can be reconstructed from the wavelet transform Wy, f(z) for
some 1, i.e. the following formula holds:

(2.8) f(r) =e /H W f () U (r)dp2),
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where du(z) = dxdy/r(y)"*! is the invariant measure on II under G. Let us give
the corresponding admissibility condition for . By the Plancherel formula

[ WenePant:) = [ (peria,eae - )nﬂ

- [ 1oee |2/|¢ A8 )M d.

Thus in order that (2.8) holds, ¥ must be such that [, [¢)( Ay 2dy/r(y) ™= is

independent of all £ € C; especially, if { = w, then it is [, b (y)[2dy /r(y) “3 . Thus
the admissibility condition in this case is that v satisfies (2.2) and

+1

/ (A )Py /r(y) " = / B(y)2dy/r(y)"F forall € € C.
C C

If n > 1, (2.2) does not imply (2.9), i.e. there are many functions ¢ € H?>
satisfying (2.2) but not (2.9). If 4 is invariant under the action of SO(n) or “radial”,
ie. Y(xo, pr*) = Y(xg,z*) for all p € SO(n), then it satisfies (2.9). In fact, in this
case, 1?(5) is also “radial” and can be written as

D(€) = ¢(&0, 1€*12) = ¢ ((&,w), (€,w)? = 7(€)),

where (-, -) is the usual Euclidean inner product of R"*! as mentioned above. For
§yel, let Ae, Ay € Go = R% x SOg(1,n) be defined by (2.4). Then

(Ayésw) = (& Ayw) = (Aew, y) = (@, Aey),

since 'A, = Ay, *A¢ = A¢, and we have

~ dy dy
Ay 2 T = Ay,w,Ay,wz—rAy 2 T
LB = [ 16/((hg . (e =108 S
= [[ 16 (@ he) e he)” —ror©) P

= [ 16 (@), @y —r(y)) ? (dynﬂ

= [ 1otw.35 = )P L= [P

The third equality is from the invariant property of dy/ 7"(y)nTH under the action of
Gy and the fact that r(y)r(§) = r(Aey). Thus when ¢ is “radial”, the admissibility
condition for (2.8) is (2.2).

For 1 satisfying (2.2) and (2.9), define the wavelet transform for f € H? via (2.6);
then for such a wavelet transform we can establish theorems similar to Theorems
2.1, 2.2, 2.3, but we won’t bother to list them here.

Condition (2.9) is troublesome if we want to give an orthogonal basis for the set
of admissible wavelets. We now introduce, as in [8], a kind of generalized wavelet
transform associated to II. In this case the admissibility condition is (2.2) and (2.9)
will be removed. _

For each z € II, let us i~ntroduce an operator U, on H? similar to U, defined
above. For z € II, define U, on H? by (compare with the definition of U, given
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n (2.5))
(2.10) (U)"(€) == r(y) T P(Agy)e™ %,

where 1) € H? and A¢ is given by (2.4) corresponding to £ € C. Then from (2.10)
we define a kind of generalized wavelet transform Wy, of functions f in H? with
some 1) by

Wyl (=) = (£.0:1),
or by (compare with (2.7))

Wy )€ y) == r(y) T d(Aey) F(£)-

Let us give the condition on ¢ so that for any f € H? it can be reconstructed
from Wy f(2). Of course, Wy, must satisfy [;; [Wy f|?du(z) = C||f||?, where du(z)
is the invariant measure dzdy/r(y)"*!. We have

[ WurPau) = [ 10aenFiora )m

"y
://|J<Agy>|2 W\
clc r(y) =

Then by the invariant property of dy/r(y )TLT+1 under actions of Gy, we have

[ e = [ BB aenP—te = [ i)

Thus in this case, the admissibility condition is fc |1/J(y)|2dy/7"(y)T < 0. Let AW
denote the set of all the admissible wavelets, i.e. AW consists of the v satisfying
(2.2). Then for ¢ € AW, we can prove that any f € H? can also be reconstructed
from W¢ f(2).

Though it is easy to check the admissibility condition for this kind of generalized
wavelet transform and to give an orthogonal basis for AW via Laguerre polyno-
mials, Jacobi polynomials and spherical harmonics which will give an orthogonal
decomposition of L? on II, still such a wavelet transform does not associate to the
square-integrable group representation and looks artificial. In next section, we will
introduce another kind of wavelet transform from the square-integrable representa-
tion of a quotient group of the Weyl-Poincaré group.

3. SQUARE-INTEGRABLE REPRESENTATION MODULO A SUBGROUP

In this section we will introduce a quotient group of the Weyl-Poincaré group
G = (R% x SOp(1,n)) x R"! and a kind of wavelet transform from the square-
integrable representation of this group. Let K = SO(n) be the rotation group
of R™; as in §2 it also denotes a subgroup of SOy(1,n) and even a subgroup of
G. Then K is a maximal compact subgroup of G. The quotient group G/K can
realized as the complex tube domain II via the Iwasawa decomposition of G (in
fact the decomposition of SOg(1,n)).

Let g be the Lie algebra of SOg(1,n); then (see [12, p.222])

g=1l®adn,
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where [ is the Lie algebra of K = SO(n), a is an one-dimensional algebra with
generator

010 --- 0
(100 0

“=10 00 - 0 ’

000 -0 (n+1)x (n+1)
and
0 0 ts
n={z= |0 0 ts | s="(sa, - ,5,) ER"IL
s -5 On_1

Then SOp(1,7n) has the Iwasawa decomposition

SOo(1,n) = KAN

with
chr shr 0
A={a, = | shr chr 0 |: reR},
0 0 I
p+1 —p ’s 1
N ={ns:= p 1—p ts ] : s:t(SQ,---7sn)€R”_1,p:§|s|2}.
S —S L1

The action of a, € A on N is given

ar: MNg— aTnSa;1 = Ners.
By a direct calculation, we have a,a, = @pirr,nsNg = Ngyy and
(3.1) (ar,ns)(ar,ng) = Ar4r' Mg 4 ge—r'

for any a,,a, € A,ng,ng € N.

Let Hy := {z € C : r(x) = 1}, the forward mass hyperboloid. We know
SOp(1,n)/K = AN is isomorphic to Hy, and for ' € H; there exists a unique
arns € AN such that

arnsw =1y';
also, we have
(3.2) chr+e'p=yy, shr+ep=yy, s="(y3, ,yp)
In this way we give a correspondence between AN and H; by

(3.3) v ="y, v1,v.) € H < a,ng € AN withe " =y, — vy}, s=1y..

Denote
chr +e"p shr —e"p tser
(3.4) Ars i =amng = shr +e"p chr —e"p tse” | ;
s —s It

then A, € SOo(1,n), Ay sApr s = A g gse—r's AT_; =A_; _ser and A, 5w =y
From (3.1), let us introduce a group, the “affine Weyl-Poincaré group”,

Ga:={(a,r,5,2)]a>0,r eR,s e R"" z € R"'}
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with group law

(a,7,5,2)(a, 7,8, 2') = (ad', 7 + 7,5 + se™" x4 al, sx').

We have g1 = (a,r,5,2)7" = (£, —r, —se”, =LA lz), and G, has the left invariant
measure
(3.5) du(g) = a~ "2 dadrdsda.

The group G, defined above is a quotient group (Rj_ x SOp(1, n)) x R /K of
G, and it is isomorphic to IT by the following correspondence:

(3.6) z=x+iy €Il < (a,r,s,2) € G,
with
(3.7) a=r(y)t, e =rl) o -m), s =r@) .
and A, «w = y/r(y)? (here A, is given by (3.4)).
As usual, for g € G,, with ¢~ ! = <61 ?)7 B eR"1 A eR: xS0y(1,n), g
acts on R"*! by g(7) = A7 + B. For g = (a,7,s,2), g~ ' can be written as
(%A;i —%A;ix)
0 1 ’
and thus we have
g(7) == %A;;T — éA;;x = éA;; (t — ).

The above action of g € G, on R"*! induces a unitary representation of G, on H?,
still denoted by Uy:

n+1

(3.8) Upf(r) i={g' (1} f (9(r)) = ™% f (a7 AL (T — ).

Taking the Fourier transform with respect to 7 in both sides of (3.8), we get

(U ))§) =a

n+1
2

n

N /f(AT_);T)e_iaéTdTe_igm

=a

/f(AE;T)e‘m(tA“é)A;ifdre‘iﬁm =a"7 fa'A,.&)e 4,

thus we know Uy is irreducible on H?. We can get the admissibility condition (see
the Appendix):

> -~ dyody1 dy-
3.9 o<c::/ // (Yo, y1,y«)|? < +o0.
(39) Ll A A L Iy e

When n =1, (3.9) is just (2.2). Let

AAW = {3 :1p € H?, ) satisfies (3.9)}.
Then by a direct calculation, we know the function 1 defined by (2.3) is in AAW;
thus the representation of G, given by (3.8) is square-integrable on H2. Let ¢ €

AAW, and define the wavelet transform for f € H? from the square-integrable
representation of G, by

(3.10) f = (f,Ugd).
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For such a wavelet transform, we can establish theorems similar to 2.1, 2.2 and 2.3;
here the invariant measure of G, is du(g) given in (3.5). We wouldn’t list them
here.

By the correspondence given by (3.6) and (3.7), for each z € II, we define U, by
(3.8), i.e.

n+1

U-f(r) = ()" F (ry) 305 =) |

where 1, s are given by (3.7) and A, s = a,ns by (3.4). Then for any fixed » € AAW,
or state 1), applying U, to it, we get a coherent system {U.|¢)}.cm [9]. Wavelet
transforms of functions f € H? defined by (3.10) are functions on G,. We now
define the wavelet transform via U, :

(3.11) Wy f(2) = (fIU:|¢) = (f.U:v), for f € H?,

then Wy, f(z) are functions on II, and f € H? can be reconstructed from Wy, f(z).
Let du(z) be the invariant measure on II:

du(z) := dedy/r(y)" T,  with z = z + iy;
then we have
Theorem 3.1. Let ¢, € AAW. Then for any f,h € H?,
(3.12) (Wi [ Wh) = (K36, K=9)(f, h),
where {,) is the inner product of L* (I1,du(z)) and K is the positive operator given
by

(K )NE) = (6o +€)" (€ F ()

Theorem 3.2. Let ) € AAW. Then for any f € H?,

1
(313) 10 = &= [ Wes@Uptr)n),
For » € AAW, denote
(3.14) Ay = {(fIU-19) : f € H*} = {Wy f(2) : f € H?}.
Then Ay is a subspace of L2(IL, du(z)) with a reproducing kernel.

Theorem 3.3. Let Ky(z,2') denote the reproducing kernel of Ay. Then
1

Ky(z,2') = o

(Uz’d}; Uﬂ/’)

In Theorem 3.1, (3.12) is also true for any v, ¢ € H? satisfying (K_%w, K_%gb) <
co. Clearly if 1, ¢ € AAW, then (K—2¢, K~ 2¢) < co. With the identification
(3.6) and (3.7), the tube domain II inherits the G, group structure and (3.12) is in
fact the Moyal formula; see [2]. For completeness, the proof of Theorem 3.1 will be
also given in the Appendix.

In Theorem 3.2, (3.13) is true at least “in the weak sense”, i.e., taking the inner
product of both sides of (3.13) with any g € H? and commuting the inner product
with the integral over z in the right hand side leads to a true formula, which is
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(3.12) with ¢ = 1. The convergence of the integral in (3.13) also holds in the
following “strong sense”:

(3.15)
lim 1f(r) = Cyt Wy f(2)U4(7)dp(z)||2 = 0.
6;i—0,A,B—+o00 ¥ |m|<A,§1<yo<B,62<r(y)/yg

Here the integral stands for the unique element in H? that has inner product with
g € H? given by

Wy f(2) (U, g)du(z);

/w<A,51<yo<B,52<r(y)/y§
since the absolute value of this is bounded by

dxdy
/ TR i
|z|<A,61<yo<B,b2<r(y)/yd ( )
n—1
S%M“WMMMWW/ / drdyo
? 1<y0<B <V1-6b2y0 ( 2 — r2)n+1

¢, Al < 1 )
= D o1 — et ) I 2llgll2lll13,
n+1 62+1 51+1 Bn+1

where ¢, is a constant, the integral in (3.15) stands for a function in H? by the
Riesz lemma. The proof of (3.15) will be given in the Appendix. Under some
conditions on the decay properties at infinity of 1, ), then for bounded f(x) € H?,
(3.13) holds pointwise at every point  where f is continuous. We will not give the
details on them here.

The reproducing kernel in Theorem 3.3 can be gotten from Theorem 3.2. In fact,
from Theorem 3.2,

Wof(z) = (f.U-0) = /Ww YU, Ustb)dp(2)

1 !/
(%/aJwaWw<><>

Thus Ky(z,2') = C_w(UZ//(/)’ U.).
In the next section, we will give an orthogonal decomposition of L? on II by
giving an orthogonal basis of AAW.

4. ORTHOGONAL DECOMPOSITION OF L? SPACE ON BDI(q = 2)

In this section we will give an orthogonal decomposition of the space L? on II
(or on the Cartan domain BDI(q = 2)) in the form @; Ay, in which the A are
the ranges of wavelet transforms defined as in (3.14). First let us show that the
Bergman space is such a range with a special choice of admissible wavelet.

For o € R, let L%?(II) denote the L? space on II defined by

zﬁmwzwumiéwwmﬁwww@<my

If @ > —1, then L*%(TI) contains holomorphic functions. In fact, a > —1 is also
a necessary condition for the existence of holomorphic functions in L*2(IT); see [3,
p.260]. In this paper, we will assume o > —1. Let A%? denote the subspace of
L22(II) consisting of holomorphic functions; A%? is called the (weighted) Bergman
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space. Let H*%(II) denote the subspace of L%?(Il) of functions F(z,y) such that
suppF(¢,y) € C x C; here F_({,y) denotes the Fourier transform of F'(z,y) with
respect to the variables x and C'is the closure of C'. Since the cone C' is homogeneous

and the dual of C is still itself, i.e. C is a regular (symmetric) cone, then for every
F(z) € A°% there exists an f € H? such that (refer to Theorem XIII 1.1 in [3])

2a+4n+1
4

(11) P = e [ e oo™ as
where z = x + iy € II. Conversely, for every f € H? F(z), defined by (4.1),
belongs to A%%2. That is, the map f — F is a linear isomorphism from H? onto
A2, From (4.1), we know if F(z) € A°2, then suppF(¢,y) C C x C, and therefore
A% C HO2(I1).

For ¢ € AAW, let Wy f(z) be the wavelet transform defined by (3.11); by
Theorem 3.1, it is an isometry (up to a constant) from H? into L?(II, du(z)). Define

n+l4a n+l4a

(4.2) Wi f(z)=r(y)™ = Wyf(z2) =r(y)” = (f,U:9);

then W is an isometry (up to a constant) from H?* into L**(TI), i.e.

| WesGIPrw)rdsdy = Cul 115
About this transform W, we also have theorems similar to Theorem 3.1, 3.2, 3.3.
For example, for any 1, ¢ € AAW and f,h € H?,

d€od&1dEx
(o + &) 1r(e)’

which is just (3.12). For ¢ € AAW, let A be the space defined by

(4.3) (WS W3R oy = (/. 1) /C D (©)

n+lta

(4.4) AG =AW f(z) =r(y)~ "= (fU4): f € H?}.

Since W is an isometry (up to a constant) from H? into L*%(II), we have A C
LO2(II). By (4.2),

n+1+42a

(W) (€)= r) = FQP (rm)*An€)  (with Arw = y/r(y)?),

A — PO
and we know that supp(W{;‘f) (§,y) C C x C since suppf C C. Thus AJ is a
subspace of H*?(II). We can see that A% has a reproducing kernel, given by

_ntlta

(4.5) Kj(z,2) = Cllry)r(y)) ™ (U, Usy),

with z = x + iy, 2’ =2’ + 4y’ € I
Let ¢ € AAW be defined by

2a+n+1
~ r(§)T 1 e %o, for £ € C,
(4.6) dee =4

0, elsewhere.

Then for all f € H?, the Wi f(2) are holomorphic on II. In fact, let A, be the
correspondence to y € C given by A, .w = y/r(y)%; then (w, Ay s€) = (Apsw, &) =
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y&/r(y)z. By the Plancherel formula,
Wi 1(6) = ™2 ) FOT M)
(4.7) = / F(&)r(g)Btnt/teint vt e — / F(e)yr(g)@atnt/igiez e,
c c

thus W f(2) is holomorphic on II. From (4.7) and the relation between A% and
H? given by (4.1) (i.e. Theorem XIII 1.1 in [3]), we know Ayg is just the Bergman
space A®?. Such transforms W, were also considered by Unterberger in [13], [14]
for the quantizations of the Cartan domain BDI(q = 2).

Let us now give the expression of the Bergman kernel K. (2, Z') from (4.5). We
have

atn+1l
2

Kfe(2,2') = Cygr(y')” Wi (U5 (2)
— ol ntl —~ 1 iz Zockntl cit*
= Catrly)™ 5 [ o) BT (v 3 ) ) g
/ 2o¢+n+1 'LE(Z 2 )dg

Let A = —i(z — 2/); then ReA = y + 3’ € C. To compute the integral

14) = [ (¢

c
we first assume ImA = 0, i.e. A € C; then for general A, I(A) can be gotten from
the holomorphic property of I(A). For A € C, there exists A € SOy(1,n) such

n+1

that aAw = A with a? = r(A). Then, by the invariance of the measure d¢/r(¢) "=
under R x SOo(1,n),

/ r(€) g e AL g = / r(€) B o~ A ge
c c
(with a change of variables & <« J&)

_ 20<+n+1 Aw 5 20<+n+1 a[w,Aflg]

/C r(€) e d¢ = / d¢

:/ r(g)trHlemale AT de 1r(g) T = / r(Syetnttemlodl g r(g) 5
C c a

_ a—2(0¢+n+1)/ r(€) 2a+2n+1e—god§ _ cn/,r,(A)a-l-n-l-l.
c

And therefore

2a+4+n+1
2

e~ A8de,

Proposition 4.1. Let K(z,z) be the Bergman kernel of the tube domain 1. Then
(4.8) K(z,2") = Cp/r(i(2 — 2))*+" T,
where C,, is a constant.

IT is an (unbounded) realization of BDI(q = 2) or the classical bounded domain
of type IV (see [15]), and by a transform the kernel given by (4.8) it indeed coincides

with the Bergman kernel given by Hua for the case a = 0 (see [6, p.88]).
In the rest of this section we want to construct ¢ € AAW such that Ay := Af/jg

given by (4.4) are orthogonal to each other and their sum is H*?(IT) with Az = A*?.
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From (4.3), we shall construct ¢y € AAW such that

~ = dyody1dy. T T
(1)1, =0, ifk+#kK,
5wl g ?

with ¢z = 1) given by (4.6).

Let H; be the space of all linear combinations of functions of the form h(r)Y (),
where h ranges over the radial functions and Y ranges over the solid spherical
harmonics of degree I. Then L?(R"~!) can be decomposed as the orthogonal sum
(see [10, p.151])

Rn 1 @Hl

Every element h; in H; can be written in the form Y75, hy (7“)le (x), and

L @ =3 [ et
Rn—1 j:1 0

where ag = l,a1 =n—1, a; = (”+f_2) - (";r_l;‘l), 1> 2, and {le(x)}‘” | is an
orthogonal basis of the space H; of surface spherical harmonics of degree [ (see [10,
p.140]). Tt is well known for n = 3, @; = 2 and Y{(z) = %,YZI(‘%) = % with
x = €. For n > 3, an orthogonal basis Y] of H; can be given by the Gegenbauer
polynomials; see [16], pp. 457—468.

If v € AAW, then for almost all yo, y1, iyo,yl (ys) :== @(yo, Y1, Y«) is a function
of L2(R™71), and can be written as

(1.9) T S e A <y§yi' V),

1=0 j=1 Yi

By the orthogonality of le, we have

-~ dyodyldy* X / n—1
2 2 2 2 o+
=3 Yo—Yyi— T 2
/Clw(y)l (yo +y1)"~'r(y) o —31 =)

1=0 j=1"Y0 >0,y3—yi>r?
,r.2

-2
r*~“dyodyrdr

: |f‘7l(y07y1)h‘,l( )|2
! "yt -t (o +wy)nt

a+n—1

9 ZZ/ | fia ym?Jl)P%dyOdyl

1=0 j=1 yo>|y1l

2
/ by (8)2(1 = )T T £ dt (with t = ——)
Yo — U1

Let k = (m, v, k, 1, 5) and let ¢ € AAW be defined by

2a4+n+1
4

_ |y«
€Y Ly, (Yo, yl)Pk(ﬁ)Yj (Y),

) =ry) e
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where Ly, ,, P;; are polynomials of degree m + v and k respectively. Then from the
above calculation and the orthogonality of le, we have for k, k' with { =1',j = §/,

(4.10)

dyody1dy: 2
1/} = O Lm,l/(y()a yl)Lm’,V/ (y07 yl)e vo
/ k yO +y1)n ! (y) Yo> |y |
(yo - yl)a+n_1 ! n-1 n-3
WO TV gpidys | Pa()Pe ()(1 — et dt
0 Iy [ PUOP O 1)
[ s+r s—r s+r s—r
:C m, v\ & 9 a Lm’ v\ T o 8T a—i—n—ld d .
/0 /0 5 5 ) o 5 5 Je s sdr
1 J—
/ PP (1 )" T T (with s = LTUL T 20
0
Choose
Lo (yo,51) = L (yo + 1) LD (yo — 1),
(ansl n=3)
P(ty=P, " 27 % (2t —1),
where L(o‘) P(o"ﬁ ) are the Laguerre polynomials of degree k and the Jacobi polyno-

mials of degree [ respectively; then, by the orthogonality of L(o‘) Pl(o"ﬁ ) (see [11])
and Y,
3

/C b (y) vz () (yﬁ’ﬁﬂ;@) = Cor O Our 6351 /0 L () L) ()6~ 5% ds
-/OOO LI(,O‘JF”_D(T)L,(/?‘Jr"_l)(r) et ldr = Crbig-
Finally we give a series of orthogonal wavelets
(4.11) Pp(y) =r(y) " e L (yo + y) LT (yo — 1)

| 2

e (e )
yo

and we have 15 = ¥¢ given by (4.6). From the completeness properties of the sets
(L (t)e= %} and {P{*P}y, for spaces L2(R*, s%ds), L*([—1, 1], (1—t)*(1+t)dt)

respectively, we know that f;;(yo,v1), hj, ( ‘y*zlg) in (4.9) can be written to be
1

orthogonal sums of

yotv1 Y *1/

{L5 (o +y)e "= - LI D (yo —yr)e™

qtn=l n=3 2*2
{P15+272)<2|y|2_1)}k

Yo — Y1
respectively. Thus {1z} gives an orthogonal basis of AAW (here and in the

b

and

following orthogonality of 17, 1z, means that JEv JE/ are orthogonal to each other
with respect to the measure dyody1dys/(yo + y1)" " r(y)).

Let A; denote the subspaces of H**(II) defined by (4.4) with ¢ = 1z; then the
Ay are orthogonal to each other and in fact they give an orthogonal decomposition
of H*?(II):
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Theorem 4.1. Let Ay be the subspaces of H2(I) defined above. Then
H2(IT) = P A,
E

with the first component Az = A*%.

The proof of Theorem 4.1 will be given in the Appendix. In [7], we gave two
orthogonal bases for AAW in the case n = 1, and {1} given by (4.11) for n = 1 is
just the suitable basis in [7] for studying the Toeplitz-Hankel type operators between
Ap. The orthogonal basis and the decomposition given here will be appropriate for
the purpose of studying Toeplitz-Hankel type operators between A for n > 2.

APPENDIX

A.1. Admissibility condition in §3. Let us calculate here the admissibility
condition for the wavelet transform defined by (3.10). By the Plancherel formula,

/l(wwl%m //w ORGLARII)

/ //R"l/w+1|/¢ M
/ // / 9(©) tArsg)PM
Rn—1 JRn+1 o
- 1A ) e,
LI ot

Similarly to the correspondence between AN and H; given by (3.3), we also can
give a correspondence between '(AN) and H;. In fact for any £ € C, there exist
unique a,, € A and ny, € N such that

Dt Ay £)e ™ dg?

1
tATO,SOw =nga,w=E/r(€)2,

with €70 = (& +&)/r(€)%, 50 = H(&, -+ &)/ (€0 +&1). Since dsdrda/a is invariant
under AN, then

(A.0)
e ~ dsdrda o ~ dsdrda
[ e = [ [ [ i)
0 R JRrn-1 a 0 R JRn—1 a
o0 ~ dsdrda
= a' A, w)|? .
[ aawpes

Thus the admissibility condition is

(A1) 0<c¢,=/ // (D(at A, o) 28092 o
0 JRJRn-1 a

Taking the change of variables

1

a=r(y)?,
(A.2) ae™" =yo — Y1,

as =Y. = "(Y2,"+ ,Yn);
with (a,r,s) € R x R x R*™! and y = (yo, y1, ) € C, by a direct calculation

(A.3) dadrds = o "dyody1dy. = r(y)~ % dyodyidys,
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and
t t
al, sw =" (a(chr + €"p),a(shr +€"p),as) = *(yo, Y1, Y«),

where A, is given by (3.4) with p = 3|s|?. Thus for a function f on C, we have

(A4) [ s BT = [ )

From the definition of A, s in (3.4) and the change of variables by (A.2), we have

o ~ dsdrda
P atAT,Sw 2
L[] e wp®

o0 ~ dsdrd
= / / / |¢ (a(chr 4 €"p), a(shr — e"p), ae"s) |* seraa
0 R JR—1 a

- / / / ¥ (a(chr +e™"p),a(shr —e™"p), as) |2M
Rn—1 er(n—l)a
r(n—1)
/ // a(chr + ¢ p), —a(shr + ¢ p), as) P 45drda
Rn—1

a

/ldf (Yo, —y1, ys)|? < (y)§> T(dyni (by (A.4))

Yo — W1 y)“:

> dyody dy-
= /l/} Y k) * 2 *
[ 190 )P

Thus from (A.1) and above calculation, we finally get the admissibility condition

o ~ dyody1dyx
0<C :/ // YY) < 400.0
v o JrJRre (o, 91,3-)] (yo +y1)"tr(y)

A.2. Proof of Theorem 3.1 and (3.15). The proof of Theorem 3.1 goes like
the above calculation of the admissibility condition. In fact, by the Plancherel
formula, the change of variables given in (A.2), and formula (A.4), we have

(W . Woh) = / (W £ 9) W) E, ) fﬁfﬂﬁl
/ / FOTr () E A () Dr () F A, 16) (dicfﬁl

dsdrd
/ / / LY Dlatr,£)Bla’ Ar o) T FOR(E)dE
(from the change of variables by (A. 2))

-, / L o wbta s ) ST fiohede
(similarly to (A.0))

/¢y07y1,y* (yO;ylay*)(
= (K~2¢, K~ 2¢)(f,h).

dyody1dy.
f,h
Yo +y1)" " 1r(y) (1)
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Proof of (3.15). Denote E4 ps, 6, := {(z,y) € Il : |z| < A, 61 < yo < B,b2 <
r(y)/y3}. Then we have

If—-cyt Wy f(2)U-pdu(2)| 2

Ea,B,s1,65

= SUP|g|l,=1,gcH? <f -Cyt i Wy f(2)U2, g>|
A,B.51 .65

< sup|igf,=19em2 [Cy e W f(2)Wyg(2)du(z)
A,B,51,52

[N

< supjigj,=1,4en2 |Cy ' e (W f(2)2dp(z)
A,B,61,60

c;t [ W f (=) Pdu(2)
TI\Ea, B,s; .69

c;t [ Waae) Ptz

1
2

<

(by Theorem 3.1).

Since the infinite integral [}, |[Wy f(2)|*du(z) converges (by Theorem 3.1 again),

/ Wy f(2)?du(z) — 0, as 61,60 — 07, A, B — +oo. ©
I\E4,B,s,65

A.3. Proofof Theorem 4.1. We have shown that {C];_%z/}l;}]; is an orthonormal
basis of AAW; let {1);};; denote this orthonormal basis for simplicity. Let {fx}« be

an orthonormal basis of H2. In order to prove Theorem 4.1, we need only to show
that {W;j‘g fx}z . is an orthonormal basis of H2*(II). The orthonormality of these

functions is obvious (from (4.3)) and we need to show their completeness (closure)
in H?2(II), for which it is enough to show that

(A.5) VF oy = S 1(F W fi) e
E.k

for any F' € H?*(II). We have for F' € H?*(II)
| Pl 5 Tt dady
= [ [ Fenf@rw) = b A e)r(w) ey

(with A, sw = y/r( )%)

(€, a0 T (0l A, 6) L0 g
=L FORE et )

(from the change of variables by (A.2))

/ / / /R R atr @) (ar(©)F (ArpsgArow)

a2o¢+n+1 dadrds d¢ (with &€ = T(f)%tATO’SOw)
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:/C/OW/R/RM?”( < GH T°1’S°A””> <r<§>%>

dadrds

2a+4n+1
2

. @E(at/&mw) d¢
= (M;} fﬁ)Hz )
where the M;: are given by (for £ € C)
(A.6)
M(&

_ 2adntl ~ dadrds
S

SIDCG { f,.g},{ is an orthonormal bas1s of H?, we have

(A7) Y EWS fu) el = Z| i fe) I = ZHM*HHz

km

By (A.6) and the fact that {1/),;},; is an orthonormal basis of L?(C, m)
(or {@E(atAmw)}E is an orthonormal basis of L?(R* x R™, dadrds/a)) , we have

Z M (6)?

_— 2a+n+1 / / / A_l A )|2a2a+n+1 dadeS
Rn—1 é 70,50 a

= T(f)_ 2adntl / / / |F(§, aAr,sw)|2T(§)%a2a+”+l dadrds
0 R JRn—1 a

= 204nt1 0
= [P S by (A4) )

r(y
- / B(E.y)Pr(y)dy,
C

and thus

A8 Sl = [ 1P

/ / P o) duds = [ |P(w.y)Priy)dedy

From (A.7) and (A.8), we get (A.5), and the proof of Theorem 4.2 is completed.o
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