CONVERGENCE OF CASCADE ALGORITHMS IN SOBOLEV SPACES AND INTEGRALS OF WAVELETS

RONG-QING JIA, QINGTANG JIANG AND S. L. LEE

Abstract. The cascade algorithm with mask a and dilation M generates a sequence ϕn, n = 1, 2, . . . , by the iterative process ϕn(x) = ∑ α∈Zs a(α)ϕn−1(Mx − α) x ∈ R^s , from a starting function ϕ0, where M is a dilation matrix. A complete characterization is given for the strong convergence of cascade algorithms in Sobolev spaces for the case in which M is isotropic. The results on the convergence of cascade algorithms are used to deduce simple conditions for the computation of integrals of products of derivatives of refinable functions and wavelets.

1. Introduction

For 1 ≤ p ≤ ∞, let L_p(R^s ) denote the Banach space of all complex-valued measurable functions f on R^s such that ‖f‖_p < ∞, where ‖f‖_p := (∫ R^s |f(x)|^p dx )_{1/p} for 1 ≤ p < ∞, and ‖f‖_∞ is the essential supremum of f on R^s . The Fourier transform of a function f ∈ L_1(R^s ) is defined by f̂(ξ) := ∫ R^s f(x)e^{−ix·ξ} dx, ξ ∈ R^s , where x · ξ denotes the inner product of two vectors x and ξ in R^s . For a vector x = (x_1, . . . , x_s) in R^s , its norm is defined to be ‖x‖ := √ x^2_1 + · · · + x^2_s.

We shall denote the set of all non-negative integers by N_0 and the set of all natural numbers by N. A multi-index is an s-tuple μ = (μ_1, . . . , μ_s) ∈ N^s_0 . The length of μ is |μ| := μ_1 + · · · + μ_s, and the factorial of μ is μ! := μ_1! · · · μ_s!. For two multi-indices μ = (μ_1, . . . , μ_s) and ν = (ν_1, . . . , ν_s), we write ν ≤ μ if ν_j ≤ μ_j for j = 1, . . . , s. If ν ≤ μ, we define ( μ ν ) := μ! ν!(μ − ν)! . 1991 Mathematics Subject Classification. 42C15, 65D20, 41A15, 65R10, 42C05.

Key words and phrases. Refinable function, transition operator, sum rules, convergence of cascade algorithm in Sobolev space, integrals of wavelets.

to appear in Numer Math. 1

The partial derivative of a differentiable function f with respect to the jth coordinate is denoted by D_jf, j = 1, . . . , s, and for μ = (μ_1, . . . , μ_s), D^μ is the differential operator D^{μ1}_1 · · · D^{μs}_s .

For a non-negative integer k ∈ N_0 , let Π_k be the linear space of all polynomials in s variables of total degree at most k. We shall write Π_{−1} = {0}. Let Π := ∪^∞_{k=0}Π_k be the linear space of all polynomials. The degree of a polynomial q is denoted by deg q. If q = ∑ μ c_μx^μ is a polynomial, we shall use q(D) to denote the differential operator ∑ μ c_μD^μ. A compactly supported function f ∈ L_1(R^s ) is said to satisfy the moment conditions of order k if f̂(0) = 1, and D^μf̂(2πβ) = 0 ∀ |μ| < k and β ∈ Z^s \ {0}. It is known that f satisfies the moment conditions of order k if and only if for each polynomial q ∈ Π_{k−1}, ∑ α∈Z^s q(α)f(· − α) − q is a polynomial of degree less than deg q (see [19]).

We use W^k_p (R^s ) to denote the Sobolev space that consists of all distributions f such that D^μf ∈ L_p(R^s ) for all multi-indices μ with |μ| ≤ k, equipped with the norm defined by

‖f‖_W k_{p (R}s_) := ∑ |μ|≤k ‖D^μf‖_p.

The linear space of all sequences and the linear space of all finitely supported sequences on Z^s are denoted by ℓ(Z^s) and ℓ_0(Z^s) respectively. For α ∈ Z^s, we denote by δ_α the element in ℓ_0(Z^s) given by δ_α(α) = 1 and δ_α(β) = 0 for all β ∈ Z^s\{α}. In particular, we write δ for δ_0. For j = 1, . . . , s, let e_j be the jth coordinate unit vector. The difference operator ∇_j on ℓ(Z^s) is defined by ∇_ja := a − a(· − e_j), a ∈ ℓ(Z^s). For a multi-index μ = (μ_1, . . . , μ_s), ∇^μ denotes the difference operator ∇^{μ1}_1 · · · ∇^{μs}_s . If q(x) = ∑ μ c_μx^μ is a polynomial we shall write q(∇) to mean the difference operator ∑ μ c_μ∇^μ. We are concerned with functional equations of the form ϕ = ∑ α∈Z^s a(α)ϕ(M · − α), (1.1)

where ϕ is the unknown function defined on the s-dimensional Euclidean space R^s , a is a finitely supported sequence on Z^s, and M is an s × s integer matrix such that lim_{n→∞} M^{−n} = 0. The equation (1.1) is called a refinement equation, M is called a dilation matrix and the sequence a is called a refinement mask. Any function satisfying a refinement equation is called a refinable function. If a satisfies ∑ α∈Z^s a(α) = m := | det M|, (1.2)

then it is known that there exists a unique compactly supported distribution ϕ satisfying the refinement equation (1.1) normalized so that ϕ̂(0) = 1. This distribution is called the normalized solution of the refinement equation with mask a. Refinement equations and refinable functions play an important role in wavelet analysis and the theory of uniform subdivision. Associated with the refinement equation (1.1) is the refinement operator Q_a defined on L_p(R^s ) by

Q_af := ∑ α∈Z^s a(α)f(M · − α), f ∈ L_p(R^s ). (1.3)

Let ϕ_0 be an initial function in L_p(R^s ) with compact support. For n = 1, 2, . . . , define

ϕ_n := Q_aϕ_{n−1}.

(1.4)

Clearly ϕ_n = Q^n_a ϕ_0, n = 0, 1, . . . . The algorithm (1.4) is called the cascade algorithm with mask a and dilation M. Convergence of cascade algorithms has been studied in connection with the solution of refinement equations and the description of curves and surfaces in computer aided geometric design (see [2], [9], [18], [20]).

In one dimension the convergence of a cascade algorithm with dilation 2 depends on the two matrices A_0 := (a(2i − j − 1))^N_{i,j=1} and A_1 := (a(2i − j))^N_{i,j=1} associated with the mask (a(j))^N_{j=0}. A characterization of convergence in L_p(R) in terms of the joint spectral radius of A_0 and A_1 was given in [9]. In L_2(R) this characterization takes a simpler form which can be described in terms of the transition matrix (a ⊙ a(2i − j))^N_{i,j=−N} associated with the autocorrelation a ⊙ a of a defined by a ⊙ a(k) := ∑ j∈Z a(j)a(j − k), k ∈ Z. This characterization of strong convergence of cascade algorithms in L_2(R) can be deduced from the results in [9] as well from [7] and [2], and was also obtained independently in [18]. Similar results were established in [15] for strong as well as weak convergence of cascade algorithms in L_2(R^s ) with a general dilation matrix M. These results were further extended to matrix cascade algorithms with dilation matrix M = 2I [17] and also to nonstationary cascade algorithms in L_2(R^s ) with an arbitrary dilation matrix M [5]. Weak convergence of derivatives of cascade algorithms was also considered in [5]. In this paper we are interested in the strong convergence in the Sobolev space W^k_p (R^s ) of the cascade sequence (Q^n_a ϕ_0)_{n∈N} , i.e., lim_{n→∞} ‖ ‖Q^n_a ϕ_0 − ϕ ‖ ‖_{W kp (Rs)} = 0. (1.5)

In one dimension (s = 1) with dilation 2 and p = 2, characterizations of weak and strong convergence of cascade algorithms in W^k_2 (R) in terms of the spectral properties of the transition matrix (a ⊙ a(2i − j))^N_{i,j=−N} for the mask a = (a(j))^N_{j=0} has been studied in [6]. The multivariate problem with a general dilation matrix is more complicated and the techniques in [20] and [6] are not easily extended to higher dimension. Our main objective is to give a characterization of strong convergence of the cascade algorithm (1.4) in the Sobolev space W^k_2 (R^s ) for the case in which the dilation matrix M is isotropic, i.e., M is similar to a diagonal matrix diag (σ_1, . . . , σ_s) with |σ_1| = · · · = |σ_s|. We shall show in Section 2 that if (1.5) holds then the initial function ϕ_0 must satisfy the moment conditions of order k + 1. This motivates us to give the following definition. We say that the cascade algorithm with mask a converges (strongly) in the Sobolev space W^k_p (R^s ) if (1.5) is valid for any compactly supported function ϕ_0 ∈ W^k_p (R^s ) satisfying the moment conditions of order k + 1.

For an s × s dilation matrix M, let Γ be a complete set of representatives of the distinct cosets of Z^s/MZ^s, and let Ω be a complete set of representatives of the distinct cosets of Z^s/M^T Z^s, where M^T denotes the transpose of M.. Evidently, #Γ = #Ω = | det M|. Without loss of any generality, we may assume that 0 ∈ Γ and 0 ∈ Ω. We say that a sequence a ∈ ℓ_0(Z^s) satisfies the sum rules of order k, if for all p ∈ Π_{k−1}, ∑ β∈Z^s a(Mβ) p(Mβ) = ∑ β∈Z^s a(Mβ + γ) p(Mβ + γ) ∀ γ ∈ Γ. (1.6)

We shall also show in Section 2 that if the cascade algorithm (1.4) converges in the Sobolev space W^k_p (R^s ), then the mask a must satisfy the sum rules of order k + 1. Our main theorem, Theorem 3.2, is stated and proved in Section 3. Our proof in one direction depends on a result on the convergence of cascade algorithms in C^k(R^s ), the subspace of W^k_∞(R^s ) that consists of all k times continuously differentiable functions on R^s . The proof here is different from that in [6]. In Section 4 we apply the results of Section 3 on the convergence of cascade algorithms to deduce results on the computation of integrals of products of derivatives of refinable functions and wavelets. These integrals are useful in the construction of wavelets on a finite interval and for the multiscale solution of partial differential equations. Computation of such an integral has been considered earlier by Beylkin [1] and by Dahmen and Micchelli [4]. The approach in [4] is to express the integral as the unique eigenvector of a certain transition matrix, under a linear constraint. Their results are obtained under the assumption that the refinable functions are stable and belong to C^k(R^s ). Our assumption based on the convergence of cascade algorithms is weaker and easier to verify in practice. Furthermore, unlike stability, convergence of cascade algorithm is preserved under convolution.

2. Cascade Algorithms in Sobolev Spaces

Suppose a is a finitely supported sequence on Z^s satisfying (1.2). Let ϕ be the normalized solution of the refinement equation (1.1). Taking the Fourier transform of both sides of (1.1), we obtain ϕ̂(ξ) = H((M^T )^{−1}ξ) ϕ̂((M^T )^{−1}ξ), ξ ∈ R^s , (2.1)

where

H(ξ) := ∑ α∈Z^s a(α)e^{−iα·ξ} /m, ξ ∈ R^s . (2.2)

Clearly, H is a 2π-periodic function and H(0) = 1. Taking the Fourier transform of both sides of (1.3), we obtain ^Q_af(ξ) = H((M^T )^{−1}ξ) f̂((M^T )^{−1}ξ), ξ ∈ R^s . (2.3)

Let M be an s × s isotropic matrix with entries in C . Then M is similar to a diagonal matrix diag (σ_1, . . . , σ_s) with |σ_1| = · · · = |σ_s|. In this case, there exists an invertible matrix Λ = (λ_{jl})_{1≤j,l≤s} such that

ΛMΛ^{−1} = diag (σ_1, . . . , σ_s).

(2.4)

Let f be a differentiable function on R^s . By using the chain rule we obtain D_1 D_2 . . D_s

( f ∘ M^T ) (x) = M

D_1 D_2 . . D_s f(M^T x), x ∈ R^s .

It follows that

Λ D_1 D_2 . . D_s

( f ∘ M^T ) (x) = ΛMΛ^{−1}Λ

D_1 D_2 . . D_s f(M^T x), x ∈ R^s . (2.5)

For j = 1, . . . , s, let q_j be the linear polynomial given by

q_j(x) := s∑ l=1 λ_{jl}x_l, x = (x_1, . . . , x_s) ∈ R^s . (2.6)

By (2.4) and (2.5) we deduce that q_j(D) ( f ∘ M^T ) (x) = σ_j q_j(D)f(M^T x), x ∈ R^s . For a multi-index μ = (μ_1, . . . , μ_s), define q_μ := q^{μ1}_1 · · · q^{μs}_s . It follows from the above equation that q_μ(D) ( f ∘ M^T ) (x) = σ^μq_μ(D)f(M^T x), x ∈ R^s , where σ^μ := σ^{μ1}_1 · · · σ^{μs}_s . Consequently, for n = 1, 2, . . . , q_μ(D) ( f ∘ (M^T )^n ) (x) = σ^{μn}q_μ(D)f((M^T )^nx), x ∈ R^s .

(2.7)

Proposition 2.1. Suppose M is an s × s isotropic dilation matrix, and a is an element in ℓ_0(Z^s) satisfying (1.2). Let ϕ ∈ W^k_p (R^s ) be the normalized solution of the refinement equation (1.1) with mask a, and let Q_a be the linear operator defined in (1.3). If ϕ_0 is a compactly supported function in W^k_p (R^s ), 1 ≤ p ≤ ∞, such that lim_{n→∞} ‖ ‖Q^n_a ϕ_0 − ϕ ‖ ‖_{W kp (Rs)} = 0, then ϕ_0 satisfies the moment conditions of order k + 1.

Proof. Since the supports of ϕ_n are uniformly bounded, it suffices to deal with the case p = 1. Let ϕ_n := Q^n_a ϕ_0 and g_n(ξ) := ϕ̂_n((M^T )^nξ), ξ ∈ R^s , n = 1, 2, . . . . A repeated use of (2.3) with f = ϕ̂_0 yields g_n(ξ) = h_n(ξ)ϕ̂_0(ξ), ξ ∈ R^s , where h_n(ξ) := n∏ j=1 H ( (M^T )^{j−1}ξ ) , ξ ∈ R^s . For β ∈ Z^s, we have h_n(2πβ) = h_n(0) = 1. It follows that ϕ̂_0(2πβ) = g_n(2πβ) = ϕ̂_n((M^T )^n2πβ).

In particular, ϕ̂_0(0) = g_n(0) = ϕ̂_n(0). But |ϕ̂_n(ξ)−ϕ̂(ξ)| ≤ ‖ϕ_n −ϕ‖_{L1(R}s_) → 0 uniformly in ξ as n → ∞. Hence, |ϕ̂_n(0) − ϕ̂(0)| → 0 as n → ∞. Therefore, ϕ̂_0(0) = ϕ̂(0) = 1. Similarly, for β ∈ Z^s \ {0}, ϕ̂_0(2πβ) = lim_{n→∞} g_n(2πβ) = lim_{n→∞} ϕ̂_n((M^T )^n2πβ) = lim_{n→∞} ϕ̂((M^T )^n2πβ) = 0,

where the Riemann-Lebesgue lemma has been used to derive the last equality.

We claim that D^μϕ̂_0(2πβ) = 0 for all β ∈ Z^s \ {0} and all multi-indices μ with |μ| ≤ k. This has been established for |μ| = 0. Let 0 < r ≤ k and suppose our claim has been verified for all |μ| < r. Let μ be a multi-index with |μ| = r. By using the Leibniz formula for differentiation, we obtain

D^μg_n(ξ) = ∑ ν≤μ ( μ ν ) D^νϕ̂_0(ξ)D^{μ−ν} h_n(ξ).

For ν ≤ μ and ν ≠ μ, by the induction hypothesis, we have D^νϕ̂_0(2πβ) = 0 for all β ∈ Z^s \ {0}. Consequently, D^μg_n(2πβ) = D^μϕ̂_0(2πβ) ∀ β ∈ Z^s \ {0} and |μ| = r. (2.8)

Since the matrix M is isotropic, it is similar to a diagonal matrix diag (σ_1, . . . , σ_s) with |σ_1| = · · · = |σ_s|. Suppose Λ = (λ_{jl})_{1≤j,l≤s} is a matrix such that (2.4) is valid. With Θ := (Λ^T )^{−1} it follows from (2.4) that ΘM^T Θ^{−1} = diag (σ_1, . . . , σ_s).

Let q_μ := q^{μ1}_1 · · · q^{μs}_s , where q_j, j = 1, . . . , s, is the linear polynomial given in (2.6). Since g_n(ξ) = ϕ̂_n((M T )nξ), ξ ∈ Rs , (2.7) shows that q_μ(D)g_n(ξ) = σ^{μn} ( q_μ(D)ϕ̂_n )( (M^T )^nξ ) , ξ ∈ R^s . (2.9) On the other hand, it follows from (2.8) that q_μ(D)g_n(2πβ) = q_μ(D)ϕ̂_0(2πβ) ∀ β ∈ Z^s \ {0} and |μ| = r. (2.10) Let ϕ_{μ,n}(x) := q_μ(−ix)ϕ_n(x) and ϕ_μ(x) := q_μ(−ix)ϕ(x), x ∈ R^s . Since (ϕ_n)_{n∈N} converges to ϕ in the Sobolev space W^k_p (R^s ), for any multi-index ν with |ν| = r we have lim_{n→∞} ‖ ‖D^ν ϕ_{μ,n} − D^ν ϕ_μ ‖ ‖_{L1(Rs)} = 0.

Note that the Fourier transforms of D^ν ϕ_{μ,n} and D^ν ϕ_μ are (iξ)^ν q_μ(D)ϕ̂_n(ξ) and (iξ)^ν q_μ(D)ϕ̂(ξ), respectively. Hence, lim_{n→∞} ‖ξ‖^rq_μ(D)ϕ̂_n(ξ) = lim_{n→∞} ‖ξ‖^rq_μ(D)ϕ̂(ξ), ξ ∈ R^s , (2.11) where the convergence is uniform in ξ. Since D^ν ϕ_μ ∈ L_1(R^s ) for any multi-index ν with |ν| = r, by the Riemann-Lebesgue lemma, ξ^ν q_μ(D)ϕ̂(ξ) → 0 as ‖ξ‖ → ∞. Hence, ‖ξ‖^rq_μ(D)ϕ̂(ξ) → 0 as ‖ξ‖ → ∞. Combining this and (2.11), we obtain

lim_{n→∞} ‖(M^T )^n2πβ‖^r q_μ(D)ϕ̂_n((M^T )^n2πβ) = 0, β ∈ Z^s \ {0}.

(2.12)

Note that |σ_1| = · · · = |σ_s| = m^{1/s}, where m = | det M|. In light of (2.4), we see that there exists a positive constant C independent of n such that ‖(M^T )^nβ‖ = ‖Θ^{−1}diag (σ^n_1 , . . . , σ^n_s )Θβ‖ ≥ Cm^{n/s}‖β‖. This together with (2.9) and (2.12) gives

lim_{n→∞} q_μ(D)g_n(2πβ) = lim_{n→∞} σ^{μn}q_μ(D)ϕ̂_n((M^T )^n2πβ) = 0, β ∈ Z^s \ {0}.

Finally, this in connection with (2.8) yields q_μ(D)ϕ̂_0(2πβ) = 0 ∀ β ∈ Z^s \ {0} and |μ| = r. This completes the induction procedure and also the proof of Proposition 2.1.

As a corollary of Proposition 2.1, we have the following result which was obtained earlier in [10].

Corollary 2.1. Suppose M is an s × s isotropic dilation matrix, and a is an element in ℓ_0(Z^s) satisfying (1.2). Let ϕ ∈ W^k_p (R^s ) be the normalized solution of the refinement equation (1.1) with mask a. Then ϕ satisfies the moment conditions of order k + 1.

Proof. Choose the initial function ϕ_0 = ϕ. Then the cascade sequence (Q^n_a ϕ)_{n∈N} satisfies the conditions of Proposition 2.1. It follows that ϕ satisfies the moment conditions of order k + 1.

Theorem 2.1. If the cascade algorithm with mask a converges in the Sobolev space W^k_p (R^s ), 1 ≤ p ≤ ∞, then the mask a satisfies the sum rules of order k + 1.

Proof. Let f be a stable and compactly supported function in W^k_p (R^s ), and suppose that (Q^n_a f)_{n∈N} converges in W^k_p (R^s ) to the normalized solution ϕ of the refinement equation (1.1). By Proposition 2.1, f satisfies the moment conditions of order k + 1. Since (Q^n_a f)_{n∈N} converges in W^k_p (R^s ) to ϕ, it follows that (Q^n_a (Q_af))_{n∈N} also converges to ϕ in W^k_p (R^s ). By Proposition 2.1, g := Q_af also satisfies the moment conditions of order k + 1. By (2.3) ĝ(ξ) = H ( (M^T )^{−1}ξ )^ f ( (M^T )^{−1}ξ ) , ξ ∈ R^s . (2.13) In order to prove that a satisfies the sum rules of order k + 1, it suffices to show that D^μH ( (M^T )^{−1}2πω ) = 0 ∀ ω ∈ Ω \ {0} and |μ| ≤ k. (2.14) This will be done by induction on |μ|, the length of μ.

Let ω be an element of Ω\{0}. Since f is stable, there exists some γ ∈ Z^s such that f̂((M^T )^{−1}2πω + 2πγ) ≠ 0 (see [12], [13]). Let β := ω + M^T γ. Then β ∈ Z^s \ {0}, and so ĝ(2πβ) = 0. This together with (2.13) gives 0 = H ( (M^T )^{−1}2πω )^ f ( (M^T )^{−1}2πβ ) .

But f̂((M^T )^{−1}2πβ) ≠ 0. Therefore, H((M^T )^{−1}2πω) = 0. This verifies (2.14) for |μ| = 0.

Let 0 < r ≤ k. Suppose our claim has been verified for |μ| < r. Let μ be a multi-index with |μ| = r. Let β = ω + M^T γ be given as above. Applying the Leibniz formula for differentiation to (2.13), we obtain D^μĝ(2πβ) = ∑ ν≤μ ( μ ν ) D^ν ( H ∘ (M^T )^{−1} ) (2πβ)D^{μ−ν} (^ f ∘ (M^T )^{−1} ) (2πβ). In the above series, if ν ≤ μ and ν ≠ μ, then by the induction hypothesis we have D^ν (H∘(M^T )^{−1})(2πβ) = D^ν (H ∘ (M^T )^{−1})(2πω) = 0. Hence, D^μĝ(2πβ) = D^μ ( H ∘ (M^T )^{−1} ) (2πω) f̂ ( (M^T )^{−1}2πβ ) , |μ| = r. It follows that

q_μ(D)ĝ(2πβ) = q_μ(D) ( H ∘ (M^T )^{−1} ) (2πω) f̂ ( (M^T )^{−1}2πβ ) , |μ| = r. But q_μ(D)ĝ(2πβ) = 0, and by (2.7) we have q_μ(D) ( H ∘ (M^T )^{−1} ) (2πω) = σ^{−μ}q_μ(D)H ( (M^T )^{−1}2πω ) . Hence, 0 = σ^{−μ}q_μ(D)H ( (M^T )^{−1}2πω )^ f ( (M^T )^{−1}2πβ ) . But f̂((M^T )^{−1}2πβ) ≠ 0. Therefore, q_μ(D)H ( (M^T )^{−1}2πω ) = 0 ∀ |μ| = r and ω ∈ Ω \ {0}. This verifies (2.14) for |μ| = r, thereby completing the induction procedure. The proof of Theorem 2.1 is complete.

Remark 2.1. From the proof of Theorem 2.1 we see that the following stronger result holds.

If the cascade sequence (Q^n_a ϕ_0)_{n∈N} converges in the Sobolev space W^k_p (R^s ) to the normalized solution of the refinement equation (1.1) for some stable initial function ϕ_0, then the mask a satisfies the sum rules of order k + 1.

As an example, let ϕ be the normalized solution of the refinement equation ϕ(x) = 1 2 ϕ(2x) + 1 2 ϕ(2x − 1) + 1 2 ϕ(2x − 2) + 1 2 ϕ(2x − 3), x ∈ R. Thus, the refinement mask a is given by a(j) = 1/2 for j = 0, 1, 2, 3, and a(j) = 0 for j ∈ Z\{0, 1, 2, 3}. One can check easily ϕ = (h(·) + h(· − 1))/2, where h is the hat function supported on [0, 2]. Thus ϕ ∈ W^1_2 (R). It is easily verified that the cascade algorithm associated with mask a converges in L_2(R). However, the mask a does not satisfy the sum rules of order 2. Therefore, the cascade algorithm associated with mask a does not converge in the Sobolev space W^1_2 (R). This answers the question raised at the end of the revised version of the paper [16].

3. Characterization of Convergence In this section we give a characterization for the convergence of a cascade algorithm in the Sobolev space W^k_2 (R^s ) in terms of the corresponding mask. The results are based on the transition operator and subdivision operator associated with a given mask. Let us review their basic properties.

Let a be an element in ℓ_0(Z^s) and let M be a dilation matrix. The transition operator T_a is the linear operator on ℓ_0(Z^s) defined by T_av(α) := ∑ β∈Z^s a(Mα − β)v(β), α ∈ Z^s, v ∈ ℓ_0(Z^s). (3.1)

Let G = supp a := {α ∈ Z^s : a(α) ≠ 0}, and let K := ∞∑ n=1 M^{−n}G := {^∞∑ n=1 M^{−n}y_n : y_n ∈ G ∀ n ∈ N } . We shall denote the linear space of all sequences supported on K by ℓ(K). Then ℓ(K) is a finite dimensional invariant subspace of T_a. Moreover, any eigenvector of T_a corresponding to a nonzero eigenvalue is supported in K. See ([8], Theorem 4.2) and ([11], Lemma 3.1) for these facts. For an invariant subspace V of T_a we define the spectral radius of T_a|_V by ρ(T_a|_V ) := ρ(T_a|_{ℓ(K)∩V} ). In particular, ρ(T_a) := ρ(T_a|_{ℓ(K)}).

The subdivision operator S_a is the linear operator on ℓ(Z^s) defined by S_au(α) := ∑ β∈Z^s a(α − Mβ)u(β), α ∈ Z^s, u ∈ ℓ(Z^s). (3.2)

Let Q_a be the linear operator given in (1.3), and let ϕ_n := Q^n_a ϕ_0, n = 0, 1, . . . . Then ϕ_n = ∑ α∈Z^s a_n(α)ϕ_0(M^n · − α),

(3.3)

where the sequences a_n, n = 1, 2, . . . , are obtained iteratively by the relation a_n(α) = ∑ β∈Z^s a_{n−1}(β)a(α − Mβ), α ∈ Z^s, with a_1 = a. Consequently, a_n = S_a(a_{n−1}) = · · · = S^n_a δ.

When p = ∞, it is more appropriate to discuss convergence in the space C^k(R^s ) with norm ‖f‖_Ck_{(R}s_) := ∑ |μ|≤k ‖D^μf‖_∞, f ∈ C^k(R^s ).

We say that the cascade algorithm with mask a converges strongly in C^k(R^s ) if lim_{n→∞} ‖ Q^n_a ϕ_0 − ϕ ‖ C^k(R^s) = 0

holds for any compactly supported function ϕ_0 ∈ C^k(R^s ) satisfying the moment conditions of order k + 1.

For a vector v ∈ R^s \ {0}, we let ∇_v denote the difference operator defined by ∇_vf := f − f(· − v) for any f, and we use D_v to denote the directional derivative, i.e.,

D_vf(x) := lim_{t→0} f(x + tv) − f(x) t , x ∈ R^s , if the limit exists. It is easily seen that, for a function f ∈ C^1(R^s ), ∇_vf(x) = ∫_0 −1 D_vf(x + tv) dt, x ∈ R^s . Suppose f ∈ C^k(R^s ) and v_1, . . . , v_k ∈ R^s \ {0}. Then ∇_{v1} · · · ∇_{vk} f(x) = ∫_0 −1 · · · ∫_0 −1 D_{v1} · · · D_{vk} f(x + t_1v_1 + · · · + t_kv_k) dt_1 · · · dt_k.

It follows that ‖ ‖∇_{v1} · · · ∇_{vk} f ‖ ‖_∞ ≤ ‖ ‖D_{v1} · · · D_{vk} f ‖ ‖_∞. (3.4) Let V_k := { v ∈ ℓ_0(Z^s) : ∑ α∈Z^s p(α)v(α) = 0 ∀ p ∈ Π_k } . It is known that V_k is invariant under T_a if and only if a satisfies the sum rules of order k + 1 (see [10], Theorem 5.2).

The following theorem gives a necessary condition for convergence of cascade algorithms in C^k(R^s ).

Theorem 3.1. Suppose M is an s × s isotropic dilation matrix, and m := | det M|. Let a be a finitely supported mask satisfying (1.2). For a stable compactly supported ϕ_0 ∈ C^k(R^s ), if the cascade sequence (Q^n_a ϕ_0)_{n∈N} converges in C^k(R^s ) to the normalized solution of the refinement equation (1.1), then V_k is invariant under the transition operator T_a and ρ(T_a|_{Vk} ) < m^{−k/s}. Proof. Let ϕ_0 be a stable compactly supported function in C^k(R^s ). Since the cascade sequence ( Q^n_a ϕ_0 ) n∈N converges in C^k(R^s ), ϕ_0 satisfies the moment conditions of order k +1 by Proposition 2.1. By Theorem 2.1, the mask a satisfies the sum rules of order k +1. Thus V_k is invariant under the transition operator T_a.

Let ϕ_n := Q^n_a ϕ_0, n = 1, 2, . . . , and let v_j := M^{−n}e_j , for j = 1, . . . , s. It follows from (3.3) that

∇_{vj} ϕ_n = ∑ α∈Z^s ∇_ja_n(α)ϕ_0(M^n · − α).

Moreover, for a multi-index μ = (μ_1, . . . , μ_s), we have ∇_{vj} ∇^{μ1}_{v1} · · · ∇^{μs}_{vs} ϕ_n = ∑ α∈Z^s ∇_j∇^μa_n(α)ϕ_0(M^n · − α).

Since ϕ_0 is stable in L_∞(R^s ), there exists a constant C_1 independent of n such that ‖ ‖∇_j∇^μa_n ‖ ‖_∞ ≤ C_1 ‖ ‖∇_{vj} ∇^μ1_{v1} · · · ∇^μs_{vs} ϕ_n ‖ ‖_∞.

This in connection with (3.4) yields ‖ ∇_j∇^μa_n ‖ ∞ ≤ C_1 ‖ ∇_{vj} D^{μ1}_{v1} · · · D^{μs}_{vs} ϕ_n ‖ ∞. (3.5)

Since M is isotropic, there exists an invertible matrix Λ such that (2.4) holds with |σ_1| = · · · =

|σ_s| = m^{1/s}. Consequently, M^{−n} = Λ^{−1} diag (σ^{−n}_1 , . . . , σ^{−n}_s )Λ. Suppose M^{−n} = (c_{jl})_{1≤j,l≤s}. Then

D_{vl} = D_M −n_{el} = c_{1l}D_1 + · · · + c_{sl}D_s. The above discussion shows that |c_{jl}| ≤ C_2m^{−n/s} for some

constant C_2 independent of n. Therefore, there exists a constant C_3 independent of n such that ‖ ‖∇_{vj} D^μ1_{v1} · · · D^μs_{vs} ϕ_n ‖ ‖_∞ ≤ C_3m^{−kn/s} max_{|μ|=k} ‖ ‖D^μ∇_{M −nej} ϕ_n ‖ ‖_∞. (3.6)

Combining (3.5) and (3.6), we see that there exists a constant C independent of n such that max |μ|=k ‖ m^{kn/s}∇_j∇^μa_n ‖ ∞ ≤ C max_{|μ|=k} ‖ D^μ∇_M −n_{ej} ϕ_n ‖ ∞. (3.7)

Let us estimate the right-hand side of (3.7). By the triangle inequality we have ‖ ‖D^μ∇_{M −nej} ϕ_n ‖ ‖_∞ ≤ ‖ ‖D^μ∇_{M −nej} (ϕ_n − ϕ) ‖ ‖_∞ + ‖ ‖D^μ∇_{M −nej} ϕ ‖ ‖_∞. Since (ϕ_n)_{n∈N} converges to ϕ in C^k(R^s ), we have lim_{n→∞} ‖ ‖D^μ∇_{M −nej} (ϕ_n − ϕ) ‖ ‖_∞ = 0, |μ| = k. Furthermore, for |μ| = k, D^μϕ is a compactly supported continuous function; hence lim_{n→∞} ‖ D^μ∇_M −n_{ej} ϕ ‖ ∞ = lim_{n→∞} ‖ D^μϕ − D^μϕ(· − M^{−n}e_j ) ‖ ∞ = 0. Therefore, lim_{n→∞} ‖ ‖D^μ∇_{M −nej} ϕ_n ‖ ‖_∞ = 0.

This together with (3.7) gives lim_{n→∞} ‖ m^{kn/s}∇^μa_n ‖ ∞ = 0 ∀ |μ| = k + 1. (3.8)

Note that a_n = S^n_a δ, where S_a is the subdivision operator given by (3.2). By ([11], Lemma 3.2) we

have T^n_a (∇^μδ_β )(α) = ∇^μS^n_a δ(M^nα − β) ∀ α, β ∈ Z^s. Thus, it follows from (3.8) that lim_{n→∞} ‖ ‖m^{kn/s}T^n_a (∇^μδ_β) ‖ ‖_∞ = 0 ∀ |μ| = k + 1 and β ∈ Z^s.

But V_k is spanned by the vectors ∇^μδ_β, |μ| = k + 1, β ∈ Z^s (see [11], Theorem 4.3). Therefore, we

have lim_{n→∞} ‖ ‖m^{kn/s}T^n_a v ‖ ‖_∞ = 0 ∀ v ∈ V_k. Consequently, ρ(T_a|_{Vk} ) < m^{−k/s}, as desired.

For two functions f and g in L_2(R^s ), their correlation f ⊙ g is defined by f ⊙ g(x) := ∫ R^s f(x + y)g(y) dy, x ∈ R^s . In other words, f ⊙ g is the convolution of f with the function y → g(−y), y ∈ R^s . It is well-known that f ⊙ g lies in C_0(R^s ), the space of continuous functions on R^s that vanish at ∞. Clearly, ‖f ⊙ g‖_∞ ≤ ‖f‖_2‖g‖_2. Similarly, for any two sequences u, v ∈ ℓ_0(Z^s), their correlation u ⊙ v is defined by u ⊙ v(α) := ∑ α∈Z^s u(α + β)v(β), α ∈ Z^s. The following is the main theorem which gives a characterization for the convergence of cascade algorithms in the Sobolev space W^k_2 (R^s ).

Theorem 3.2. Suppose M is an s × s isotropic dilation matrix and m := | det M|. Let a be a finitely supported mask satisfying (1.2), and let b := a ⊙ a/m. Then the cascade algorithm with mask a converges in W^k_2 (R^s ) if and only if V_{2k} is invariant under the transition operator T_b and ρ(T_b|_{V2k} ) < m^{−2k/s}. Proof. Let ϕ_0 be a stable compactly supported function in W^k_2 (R^s ) satisfying the moment conditions of order k + 1. For n = 0, 1, . . . , let ϕ_n := Q^n_a ϕ_0, where Q_a is the refinement operator in (1.3), and let g_n := ϕ_n ⊙ ϕ_n. We have g_n := ϕ_n ⊙ ϕ_n = Q^n_b (ϕ_0 ⊙ ϕ_0) = Q^n_b g_0.

If (ϕ_n)_{n∈N} converges to ϕ in the space W^k_2 (R^s ), then (g_n)_{n∈N} converges to g := ϕ⊙ϕ in the space C^{2k}(R^s ). Moreover, ϕ_0 is stable implies that g_0 = ϕ_0⊙ϕ_0 is stable. By Theorem 3.1, we conclude that V_{2k} is invariant under T_b and ρ(T_b|_{V2k} ) < m^{−2k/s}.

Conversely, suppose that V_{2k} is invariant under T_b and ρ(T_b|_{V2k} ) < m^{−2k/s}. Since M is isotropic, there exists an invertible matrix Θ = (θ_{jl})_{1≤j,l≤s} such that ΘM^T Θ^{−1} is equal to diag (σ_1, . . . , σ_s), where |σ_1| = · · · = |σ_s| = m^{1/s}. Let p_μ := p^{μ1}_1 · · · p^{μs}_s , where p_j is the linear polynomial defined by p_j(x) := ∑_s l=1 θ_{jl}x_l, x = (x_1, . . . , x_s) ∈ R^s . We have the following formula which is similar to (2.7): p_μ(D)(ϕ_0 ∘ M^n)(x) = σ^{μn}p_μ(D)ϕ_0(M^nx), x ∈ R^s , where σ^μ = σ^{μ1}_1 · · · σ^{μs}_s . Applying the differential operator p_μ(D) to both sides of (3.3), we obtain p_μ(D)ϕ_n = ∑ α∈Z^s a_n(α)σ^{μn}p_μ(D)ϕ_0(M^n · − α). (3.9)

We want to show that (p_μ(D)ϕ_n)_{n∈N} converges in the space L_2(R^s ) for all |μ| ≤ k. Let us consider ϕ_{n+1} − ϕ_n. We have ϕ_{n+1} − ϕ_n = Q^{n+1}_a ϕ_0 − Q^n_a ϕ_0 = Q^n_a φ_0, where φ_0 := Q_aϕ_0 − ϕ_0. Let φ_n := Q^n_a φ_0 and f_n := p_μ(D)φ_n = p_μ(D)(ϕ_{n+1} − ϕ_n) for n = 0, 1, . . . . We deduce from (3.9) that f_n ⊙ f_n(x) = ∑ α∈Z^s b_n(α)m^{2kn/s}f_0 ⊙ f_0(M^nx − α), x ∈ R^s , (3.10)

where b_n := S^n_b δ. The Fourier transform of the function f_0 ⊙ f_0 is ^ f_0⊙f_0(ξ) = | |p_μ(iξ)[ϕ̂_1(ξ) − ϕ̂_0(ξ)] | |^2, ξ ∈ R^s . Suppose |μ| = k. Then p_μ is a homogeneous polynomial of degree k. It follows that D^ν ( ^f_0⊙f_0)(0) = 0 for all |ν| ≤ 2k. Since both ϕ_0 and ϕ_1 satisfy the moment conditions of order k + 1, we have D^ν ( ^ f_0⊙f_0)(2πβ) = 0 ∀ |ν| ≤ 2k and β ∈ Z^s \ {0}. Let v(α) := f_0 ⊙ f_0(α), α ∈ Z^s.

By the Poisson summation formula, we obtain for any p ∈ Π_{2k}, ∑ α∈Z^s p(α)v(α) = ∑ α∈Z^s p(α)(f_0 ⊙ f_0)(α) = ∑ β∈Z^s (p(iD) ^ f_0⊙f_0)(2πβ) = 0.

In other words, v ∈ V_{2k}.

It follows from (3.10) that ‖f_n‖^2 = f_n ⊙ f_n(0) = ∑ α∈Z^s b_n(α)m^{2kn/s}v(−α). Furthermore, by ([11], Lemma 3.2) we have T^n_b v(0) = ∑ α∈Z^s v(α)S^n_b δ(−α) = ∑ α∈Z^s b_n(α)v(−α) = m^{−2kn/s}‖f_n‖^2. (3.11)

Since V_{2k} is invariant under T_b and ρ(T_b|_{V2k} ) < m^{−2k/s}, we can find some η with 0 < η < 1 and a constant C independent of n such that ‖ T^n_b v ‖ ∞ ≤ C(ηm^{−2k/s})^n ∀ n ∈ N. (3.12) Combining (3.11) and (3.12), we obtain ‖f_n‖^2 ≤ Cη^n ∀ n ∈ N. But f_n = p_μ(D)(ϕ_{n+1} − ϕ_n). Thus, (p_μ(D)ϕ_n)_{n∈N} converges in L_2(R^s ). Therefore, for all μ with |μ| = k, (D^μϕ_n)_{n∈N} converges to some function in L_2(R^s ).

Now suppose |μ| < k. By the results of [14] we have spec (T_b|_{ℓ(K)∩V2j} ) = spec (T_b|_{ℓ(K)∩V2k} ) ∪ {σ^{−ν} : 2j + 1 ≤ |ν| ≤ 2k}, where σ^{−ν} = σ^{−ν1}_1 · · · σ^{−νs}_s and spec(T ) denotes the spectrum of the operator T . Hence, ρ(T_b|_{ℓ(K)∩V2j} ) < m^{−2j/s} for j = 0, 1, . . . , k. By what has been proved before, we conclude that, for all |μ| ≤ k, (D^μϕ_n)_{n∈N} converges to some function in L_2(R^s ). In other words, the cascade algorithm associated with the mask a converges in the Sobolev space W^k_2 (R^s ). The proof of the theorem is complete.

From the proof of Theorem 3.2 we have actually established the following stronger result which gives a necessary condition for the convergence of cascade algorithms in W^k_2 (R^s ).

Proposition 3.1. Let ϕ_0 be a stable and compactly supported function in W^k_2 (R^s ). If (Q^n_a ϕ_0)_{n∈N} converges in W^k_2 (R^s ) to the normalized solution of the refinement equation (1.1), then V_{2k} is invariant under the transition operator T_b and ρ(T_b|_{V2k} ) < m^{−2k/s}. Proposition 3.1 and Theorem 3.2 give the following corollary.

Corollary 3.1. Suppose M is an s × s isotropic dilation matrix. If the normalized solution ϕ of the refinement equation (1.1) belongs to W^k_2 (R^s ) and is stable, then the cascade algorithm with mask a and dilation M converges in the Sobolev space W^k_2 (R^s ).

Proof. Clearly if the normalized solution ϕ of the refinement equation is in W^k_2 (R^s ), then (Q^n_a ϕ)_{n∈N} converges in W^k_2 (R^s ). If ϕ is stable, then by Proposition 3.1, V_{2k} is invariant under the transition operator T_b and ρ(T_b|_{V2k} ) < m^{−2k/s}, where b = a ⊙ a/m, m = | det M|. It follows from Theorem 3.2 that the cascade algorithm with mask a converges in W^k_2 (R^s ).

4. Computation of integrals of refinable functions and wavelets

In this section we apply the results of Section 3 to the evaluation of integrals of products of refinable functions and wavelets. For simplicity we shall assume that the dilation matrix M = 2I. The evaluation of such an integral requires the computation of integrals of the form ∫ R^s ℓ∏ j=0 D^{μj} ϕ_j(2^{kj} x + α^j ) dx, (4.1)

where for j = 0, 1, . . . , ℓ, ϕ_j are refinable functions, μ^j ∈ N^s_0 , k_j ∈ N_0 and α^j ∈ Z^s. It was shown in [4] that the integral in (4.1) can be determined explicitly in terms of integrals of the form ∫ R^s ϕ_0(x) ℓ∏ j=1 D^{μj} ϕ_j(x + α^j ) dx, (4.2)

where α^j ∈ Z^s for j = 1, 2, . . . , ℓ.

Suppose that for each j = 0, 1, . . . , ℓ, ϕ_j ∈ W^k_2 (R^s ) is the normalized solution of the refinement equation

ϕ_j = ∑ α∈Z^s a^j (α)ϕ_j (2 · − α), (4.3)

where a^j, j = 1, . . . , ℓ, are finitely supported masks. Let

Φ(X) := Φ(x^1, . . . , x^ℓ) := ∫ R^s ϕ_0(x) ℓ∏ j=1 ϕ_j (x + x^j ) dx, (4.4)

where X = (x^1, . . . , x^ℓ) ∈ R^{ℓs} , x^j ∈ R^s , j = 1, 2, . . . , ℓ.

It is easy to see that Φ belongs to C^k(R^{ℓs} ), is refinable and is the normalized solution of the refinement equation

Φ(X) = ∑ γ∈Z^{ℓs} c(γ)Φ(2X − γ), (4.5)

where

c(γ) := c(γ^1, . . . , γ^ℓ) := 2^{−s} ∑ α^0∈Z^s a^0(α^0) ℓ∏ j=1 a^j (α^0 + γ^j ),

(4.6) and γ = (γ^1, . . . , γ^ℓ) ∈ Z^{ℓs}, γ^j ∈ Z^s, j = 1, 2, . . . , ℓ. For multi-indices μ^j ∈ N^s_0 , j = 1, 2, . . . , ℓ, with |μ^1| + · · · + |μ^ℓ| ≤ k, let

v_μ(α) := ∫ R^s ϕ_0(x) ℓ∏ j=1 D^{μj} ϕ_j (x + α^j ) dx, (4.7)

where μ := (μ^1, · · · , μ^ℓ). Then (4.4) and (4.5) give T_cv_μ = 2^{−(|μ1|+···+|μℓ|)}v_μ. (4.8)

Further, ∑ α∈Z^{ℓs} (−α)^ν v_μ(α) = (μ^1 + · · · + μ^ℓ)! δ_{ν,μ}1_{+···+μ}ℓ , |ν| ≤ k. (4.9)

This follows from the fact that Φ satisfies the moment conditions of order k + 1, or equivalently for any polynomial p ∈ Π_k, ∑ α∈Z^{ℓs} p(α)Φ( · − α) − p is a polynomial of degree less than deg p.

It was shown in ([4], Theorem 3.5) that if the refinable functions ϕ_j belong to C^k(R^s ), j = 0, 1, . . . , ℓ, and are stable, then the vector v_μ is the unique eigenvector of T_c satisfying (4.8) and (4.9). As a simple consequence of the results in the previous section we shall show that if the cascade algorithms with mask a^j and dilation 2I converge in W^k_2 (R^s ) for j = 0, 1, . . . , ℓ, then v_μ is the unique eigenvector of T_c satisfying (4.8) and (4.9). We remark that the stability of ϕ_j implies the convergence of the cascade algorithms in W^k_2 (R^s ) with mask a^j, j = 0, . . . , ℓ. By Theorem 3.2 the convergence of cascade algorithms with masks a^j can be determined by computing the spectral radii of the transition matrices T_bj |_{V2k} , where b^j = a^j ⊙ a^j/2^s.

We shall first obtain the result based on the convergence of a cascade algorithm in C^k(R^s ). Let ϕ be the normalized solution of the refinement equation ϕ(x) = ∑ α∈Z^s a(α)ϕ(2x − α), x ∈ R^s , (4.10) where a is a finitely supported sequence satisfying ∑ α∈Z^s a(α) = 2 s. Suppose that ϕ lies in C^k(R^s ) for some non-negative integer k. For |γ| = k, applying D^γ to both sides of (4.10) yields

D^γ ϕ(x) = ∑ α∈Z^s a(α)2^k D^γ ϕ(2x − α), x ∈ R^s . It follows that, for β ∈ Z^s,

D^γ ϕ(β) = ∑ α∈Z^s a(α)2^k D^γ ϕ(2β − α) = ∑ α∈Z^s a(2β − α)2^kD^γ ϕ(α). Let v_γ be the sequence given by v_γ (β) := D^γ ϕ(β), β ∈ Z^s. Then v_γ is an eigenvector of the transition operator T_a corresponding to the eigenvalue 2^{−k}, i.e.,

T_av_γ = 2^{−k}v_γ ,

(4.11)

and v_γ is supported on K = ∑_∞ n=1 M^{−n}supp a. Further, ∑ β∈Z^s (−β)^ν v_γ (β) = γ! δ_{γ,ν} ∀ |ν| ≤ k. (4.12)

Theorem 4.1. Let ϕ_0 be a compactly supported stable function in C^k(R^s ). If the cascade sequence (Q^n_a ϕ_0)_{n∈N} converges in the space C^k(R^s ) to the normalized solution of the refinement equation (1.1), then there exists a unique sequence v_γ ∈ ℓ_0(Z^s) satisfying conditions (4.11) and (4.12).

Proof. Suppose there are two sequences u and v in ℓ_0(Z^s) satisfying both (4.11) and (4.12). Consider w := u − v. It follows from (4.12) that ∑ β∈Z^s (−β)^ν w(β) = 0 ∀ |ν| ≤ k.

In other words, w ∈ V_k. Since the cascade algorithm associated with a converges in C^k(R^s ), we have ρ(T_a|_{Vk} ) < 2^{−k}. Hence, w must be 0, for otherwise (4.11) would imply ρ(T_a|_{Vk} ) ≥ 2^{−k}, which is a contradiction. This proves the uniqueness of the solution of (4.11) and (4.12).

Theorem 4.2. Let c and v_μ be as in (4.6) and (4.7) respectively and suppose that ϕ_j ∈ C^k(R^s ) for j = 1, . . . , ℓ. If the cascade algorithms with mask a^j converge in W^k_2 (R^s ), j = 0, 1, . . . , ℓ, then v_μ is the unique eigenvector of T_c satisfying (4.8) and (4.9).

Proof. Suppose that the cascade algorithms with masks a^j , j = 1, . . . , ℓ, converge in W^k_2 (R^s ). For each j = 0, . . . , ℓ, let ϕ_{j,0} be the tensor product of one-dimensional central B-splines of degree ≥ k. Then

Φ_0(X) := ∫ R^s ϕ_{0,0}(x) ℓ∏ j=1 ϕ_{j,0}(x + x^j ) dx (4.13)

is a compactly supported stable function in C^k(R^{ℓs} ).

For j = 0, 1 . . . , and n = 1, 2 . . . , define ϕ_{j,n} = ∑ α∈Z^s a^j (α)ϕ_{j,n−1}(2 · − α), (4.14)

and let

Φ_n(X) := ∫ R^s ϕ_{0,n}(x) ℓ∏ j=1 ϕ_{j,n}(x + x^j) dx. (4.15)

Then (Φ_n)_{n∈N} is a cascade sequence with mask c, i.e.,

Φ_n(X) = ∑ γ∈Z^{ℓs} c(γ)Φ_{n−1}(2X − γ), (4.16)

where c is defined in (4.6). Since ϕ_0 ∈ W^k_2 (R^s ) and for j = 1, . . . , ℓ, ϕ_j ∈ C^k(R^s ), the convergence of (ϕ_{j,n})_{n∈N} in W^k_2 (R^s ) to ϕ_j for j = 0, . . . , n, implies that (Φ_n)_{n∈N} converges to Φ in C^k(R^s ) as n → ∞. By Theorem 4.1, we conclude that v_μ is the unique eigenvector of T_c satisfying (4.8) and (4.9).

Remark 4.1. In Theorem 4.2 we do not require ϕ_0 to belong to C^k(R^s ). If ℓ = 1 we also do not require ϕ_1 to belong to C^k(R^s ).

Acknowledgments. The research is supported by the Wavelets Strategic Research Programme, National University of Singapore, under a grant from the National Science and Technology Board and the Ministry of Education, Singapore.

References

[1] G. Beylkin, On the representation of operators in bases of compactly supported wavelets, SIAM J. Numer. Anal. 29 (1992), 1716–1740.

[2] A. S. Cavaretta, W. Dahmen and C. A. Micchelli, Stationary subdivision, Memoir Amer. Math. Soc. 93 (1991), 1–186 .

[3] A. Cohen, I. Daubechies and J. C. Feauveau, Biorthogonal basis of compactly supported wavelets, Comm. Pure and Appl. Math. 45 (1992), 485–560.

[4] W. Dahmen and C. A. Micchelli, Using the refinement equation for evaluating integrals of wavelets, SIAM J. Numer.

Anal. 30 (1993), 507–537.

[5] T. N. T. Goodman and S. L. Lee, Convergence of nonstationary cascade algorithms, Numer. Math. 84 (1999), 1–33. [6] T. N. T. Goodman and S. L. Lee, Convergence of cascade algorithms, in “ Mathematical Methods for Curves and Surfaces II,” Morten Dæhlen, Tom Lyche and Larry L. Schumaker (eds.), Vanderbilt University Press, Nashville, 1998, 191–212.

[7] T. N. T. Goodman, C. A. Micchelli and J. Ward, Spectral radius formulas for subdivision operators, in “ Recent Advances in Wavelet Analysis, ” L. L. Schumaker and G. Webb (eds), Academic Press, New York, 1995, 335–360.

[8] B. Han and R. Q. Jia, Multivariate refinement equations and convergence of subdivision schemes, SIAM J. Math.

Anal. 29 (1998), 1177–1199.

[9] R. Q. Jia, Subdivision schemes in Lp spaces, Advances in Computational Mathematics 3 (1995), 309–341. [10] R. Q. Jia, Approximation properties of multivariate wavelets, Mathematics of Computation 67 (1998), 647–665. [11] R. Q. Jia, Characterization of smoothness of multivariate refinable functions in Sobolev spaces, Trans. Amer. Math.

Soc. 351 (1999), 4089–4112.

[12] R. Q. Jia and C. A. Micchelli, On linear independence of integer translates of a finite number of functions, Proc.

Edinburgh Math. Soc. 36 (1992), 69–85.

[13] R. Q. Jia and C. A. Micchelli, Using the refinement equation for the construction of prewavelets II: Powers of two, in “Curves and Surfaces,” P. J. Laurent, A. Le Méhauté and L. L. Schumaker (eds.), Academic Press, New York, 1991, 209–246.

[14] R. Q. Jia and S. R. Zhang, Spectral properties of the transition operator associated to a multivariate refinement equations, Linear Algebra and its Applications 292 (1999), 155–178.

[15] W. Lawton, S. L. Lee and Z. W. Shen, Convergence of multidimensional cascade algorithms, Numer. Math. 78 (1998), 427–438, [16] C. A. Micchelli and T. Sauer, Sobolev norm convergence of stationary subdivision schemes, in Surface Fitting and Multiresolution Methods, A. Le Méhauté, C. Rabut, and L. L. Schumaker (eds.), Vanderbilt University Press, 1997, pp. 245–260.

[17] Z. Shen, Refinable function vectors, SIAM J. Math. Anal. 29 (1998), 235–250.

[18] G. Strang, Eigenvalues of (↓ 2)H and convergence of cascade algorithm, IEEE Trans. Signal Proc. 44 (1996), 233– 238.

[19] G. Strang and G. Fix, A Fourier analysis of the finite-element variational method, in “Constructive Aspects of Functional Analysis,” G. Geymonat (ed.), C.I.M.E., 1973, 793–840.

[20] L. Villemoes, Wavelet analysis of refinable functions, SIAM J. Math. Anal. 25 (1994), 1433–1460.

Department of Mathematical Sciences, University of Alberta, Edmonton, Canada T6G 2G1

Department of Mathematics, National University of Singapore, 10 Kent Ridge Crescent, Singapore 119260