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Orthogonal and Biorthogonal FIR Hexagonal Filter
Banks with Sixfold Symmetry

Qingtang Jiang

Abstract—Recently hexagonal image processing has attracted
attention. The hexagonal lattice has several advantages in com-
parison with the rectangular lattice, the conventionally used
lattice for image sampling and processing. For example, a
hexagonal lattice needs fewer sampling points; it has better
consistent connectivity; it has higher symmetry; its structure is
plausible to human vision systems. The multiresolution analysis
method has been used for hexagonal image processing. Since the
hexagonal lattice has high degree of symmetry, it is desirable that
the hexagonal filter banks designed for multiresolution hexagonal
image processing also have high order of symmetry which is
pertinent to the symmetry structure of the hexagonal lattice. The
orthogonal or prefect reconstruction (PR) hexagonal filter banks
which are available in the literature have only 3-fold symmetry.
In this paper we investigate the construction of orthogonal
and PR FIR hexagonal filter banks with 6-fold symmetry. We
obtain block structures of 7-size refinement (7-channel 2-D)
orthogonal and PR FIR hexagonal filter banks with 6-fold
rotational symmetry. v/7-refinement orthogonal and biorthogonal
wavelets based on these block structures are constructed. In
this paper, we also consider FIR hexagonal filter banks with
axial (line) symmetry, and we present a block structure of FIR
hexagonal filter banks with pseudo 6-fold axial symmetry.

Index Terms—Hexagonal lattice, hexagonal image, filter bank
with 6-fold symmetry, orthogonal hexagonal filter bank, biorthog-
onal hexagonal filter bank, \/7-refinement wavelet, 7-size refine-
ment multiresolution decomposition/reconstruction.

EDICS Category: MRP-FBNK

I. INTRODUCTION

Image processing is commonly carried out on the rectangu-
lar lattice since images are conventionally sampled on such a
lattice. Image processing on the hexagonal lattice has attracted
attention recently. See a square and hexagonal lattices in the
left and right parts of Fig. 1. The hexagonal lattice has several
advantages in comparison with the rectangular lattice. For
example, a hexagonal lattice needs fewer sampling points; it
has better consistent connectivity; it has higher symmetry; its
structure is plausible to human vision systems [1]-[8]. Thus,
the hexagonal lattice has been used in many areas such as
edge detection [9], [10] and pattern recognition [11]-[15]. It
has also been used in geoscience [16]-[19].

When a hexagonal lattice £ is used for image sampling,
each node (site) on L represents a small hexagonal cell, called
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Fig. 1. Square lattice (left) and hexagonal lattice (right)

the elementary cell. A node b and the hexagonal elementary
cell (shadowed) it represents are shown in Fig. 2. All the
hexagonal elementary cells form a hexagonal tessellation of
the plane (see Fig. 2). We call this tessellation to be the
hexagonal tessellation associated with L.

Fig. 2. Hexagonal lattice and associated hexagonal tessellation

It was shown in [20], [21] that a hexagonal lattice allows
three interesting refinements (subdivisions): 4-size (4-branch),
3-size (3-branch) and 7-size (7-branch) refinements. As an ex-
ample, we describe 7-size refinement (v/7-refinement) below.
In the left part of Fig. 3, the nodes of the unit regular hexagonal
lattice G are denoted by black dots e and the nodes with circles
o form a new lattice, which is called the 7-size (7-branch)
sublattice of G here and it is denoted by G7. G7 is also a regular
hexagonal lattice. From G to Gz, the nodes are reduced by a
factor % So G7 is a coarse lattice of G, and G is a refinement
of G7. Since G7 is also a regular hexagonal lattice, we can
repeat the same procedure to G7, and we then have a high-
order (coarse) regular hexagonal lattice with fewer nodes than
G7. Repeating this procedure, we have a set of lattices with
fewer and fewer nodes. This set of lattices form a “pyramid”
or “tree” where a high-order lattice has fewer nodes than its
predecessor by a factor of % The hexagonal tessellation (with
thick hexagon edges) associated with G7 is shown in the right
part of Fig. 3, where the hexagonal tessellation (with thin
hexagon edges) associated with G is also provided to give
us a picture on how these two tessellations are related to each
other. The subdivisions associated with 4-size, 3-size and 7-
size refinements are called resp. the dyadic (1-to-4 split), v/3
and /7 refinements in the area of Computer Aided Geometry
Design [22]-[29], while they are called aperture 4, aperture 3



Fig. 3. Hexagonal lattice G and its 7-size sublattice Gr (left) and
hexagonal tessellations associated with Gr and G (right)

and aperture 7 (refinements) in discrete global grid systems in
[19].

The refinements of the hexagonal lattice allow the multires-
olution (multiscale) analysis method to be used to process
hexagonally sampled data. The 4-size refinement is the most
commonly used refinement for multiresolution image process-
ing, see e.g. [11], [12], [30] for multiresolution hexagonal
image processing applications and [30]-[36] for the construc-
tion of hexagonal filter banks. The 3-size refinement is most
appealing among these refinements since the 3-size refinement
generates more resolutions and, hence, gives applications
more resolutions from which to choose. Compared with 4-
size and 3-size refinements, the 7-size refinement is not so
appealing for multiresolution processing since this refinement
results in a reduction in resolution by a factor 7 which is
coarse. However, observe from the right picture of Fig. 3
that the hexagonal elementary cells (with thin hexagon edges)
associated with G can be aggregated in groups of seven to
form objects which are almost the coarse-resolution hexagonal
cells (with thick hexagon edges) associated with G7, while
neither G4 nor Gz has such a property. Therefore, the 7-
size refinement was widely used in planar multiresolution and
hexagon-based grid, see [19]. On the other hand, though the 7-
size refinement multiresolution image processing is considered
(see e.g. [37]), the 7-tap orthogonal filter banks in [38] arc
the only 7-size refinement orthogonal/biorthogonal filter banks
available in the literature. These filters were constructed for
the purpose of image coding, and their associated wavelets
are not continuous, which means that those filters are not
suitable for multiresolution image processing since certain
smoothness of wavelets is required when the filters are used
for multiresolution image processing applications. Therefore,
the construction/design of 7-size refinement hexagonal filter
banks deserves our investigation.

A regular hexagonal lattice has 6-fold symmetry, while a
square lattice has 4-fold symmetry. The feature of higher
symmetry for the hexagonal lattice makes image processing
more accurate, see [7]. The symmetry of hexagonal filter
banks which is closely related to the symmetry structure of
the hexagonal lattice is also important for image processing.
For example, the symmetry of the hexagonal filter banks in
[30] leads to simpler algorithms and efficient computations,
see [30]. Therefore, for the hexagonal lattice, it is desirable
that the filter banks along it also have 6-fold symmetry.
The lowpass filters considered in [30]-[32] do have 6-fold
symmetry, but the finite impulse response (FIR) filter banks
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constructed in these papers are not perfect reconstruction filter
banks. The filter banks constructed in [33]-[36] are orthogonal
or perfect reconstruction filter banks, but they have only 3-fold
symmetry. In our study of 7-size refinement filter banks, we
find that it is possible to construct 7-size refinement orthogonal
FIR hexagonal filter banks with 6-fold symmetry, while one
can check directly that it is impossible to construct 6-fold
symmetric 4-size or 3-size refinement orthogonal FIR filter
banks with reasonable large filter length. The main objective
of this paper is to construct 7-size refinement orthogonal and
biorthogonal FIR hexagonal filter banks with 6-fold symmetry.

This paper is organized as follows. In Section II, we provide
7-size refinement multiresolution decomposition and recon-
struction algorithms and some basic results on the orthogonal-
ity/biorthogonality of 7-size refinement filter banks. In Section
III, we present a block structure of FIR filter banks with 6-
fold rotational symmetry. The construction of orthogonal and
biorthogonal FIR filter banks of 6-fold rotational symmetry
are discussed in Sections IV and V, resp. Finally, in Section
VI, we consider FIR filter banks with 6-fold axial symmetry.
We provide a condition for a filter bank to have 6-fold axial
symmetry. We find it is hard to obtain a block structure
of orthogonal or biorthogonal filter banks with 6-fold axial
symmetry. Because of this, we consider in Section VI another
type of symmetry, called pseudo 6-fold axial symmetry, and
obtain a block structure of FIR filter banks with such a
symmetry.

In this paper we use the following notations. For a positive
integer n, I, denotes the n x n identity matrix. For a matrix
M, we use M* to denote its conjugate transpose M7, and
for a nonsingular matrix M, M~T denotes (M~1)T. We
use bold-faced letters such as xX,w to denote elements of
R?. x - y denotes the dot (inner) product x’y of x =
[z1,22)T,y = [y1,92]7 € R2 For x = [z1,22]" € R?,
denote dx = dx1dzs, and for a function f on IR?, f denotes
its Fourier transform: f(w) = [z f(x)e”*“dx.

II. MULTIRESOLUTION IMAGE PROCESSING WITH 7-SIZE
REFINEMENT FILTER BANKS

In this section, we provide 7-size refinement multiresolution
decomposition and reconstruction algorithms and present some
basic results on the orthogonality/biorthogonality of 7-size
refinement filter banks.

A. 7-size refinement multiresolution algorithms

Recall that G; is the coarse lattice of G after one T7-size
refinement iteration, where G is the unit regular hexagonal
lattice given by

G = {n1vi +nava: (ny,ne) € Z2},
1 \/§]T

where vi = [1, 0]7, vo = [-3, *%2]”. In general, let Grn
denote the coarse lattice after n steps of 7-size refinement
iterations. For an (input) image sampled on G, the nodes
of Gz» can be considered as the sampling points of the
subsampled image when the multiresolution decomposition
algorithm is applied n times to the input image. To provide

the multiresolution image decomposition and reconstruction
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algorithms, we need to choose a 2 x 2 matrix N, called the
dilation matrix, such that it maps the hexagonal lattice Grj—1
onto its coarse lattice G7;, namely, NGri—1 = Gr;, where
NGzi-1 = {Ng: g € G7-1}. One may choose N to be a
matrix that maps A = {vy,va, Vi +Vy, —Vy, —Va, — V] —Va}
onto B = {Vl, Vo, Vi+V,, -V, -V, -V, —VQ}, where
Vi = 2vy — vy, Vg = vi + 3va. (A and B are subsets of
G and Gz resp. with their elements forming hexagons.) There
are several choices for such a matrix V. For example, we may
choose N to be one of the matrices:

V3 1
N = , Ny = 3\/%
_ 33

As sets, both N1Gri-1 and NoGri—1 are the coarse lattice
Gri. But considering the elements of N1G7;—1 and NoGri-1,
one observes that N1Gr;—1 keeps the orientation but is rotated
clockwise about 19.1° with respect to the axes of G7—1 (see
the left part of Fig. 4, where ay,--- ,f; are the images of
,f with V1), while the axes of NoGr;—1 are rotated and
reflected from those of Gri-1 (see the right part of Fig. 4,
where ag,--- ,fy are the images of a,--- ,f with N3). One
also observes that the axes of (N3)2G7;—1 are the same as
those of Gr;—1 since (N3)? is 7I5. In [39], the subsampling
with Nj (Na resp.) is called the spiraling (toggling resp.)
subsampling. For 7-size refinement multiresolution hexagonal
image processing, one chooses one of such dilation matrices
(and then, keeps using this matrix during the procedure of
multiresolution processing). It should be up to one’s specific
application to use Ny, Ny or another dilation matrix.
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Fig. 4. Hexagonal lattice with spiraling refinement (left) and

hexagonal lattice with toggling refinement (right)

For a sequence {Hg}geg of real numbers associated with
G, let H(w) denote the filter with its impulse response coeffi-
cients being Hg (here a factor 1/7 is added for convenience):
H(w) = (1/7) X geq Hge . Such a filter is called a
hexagonal filter. For 7-size refinement multiresolution image
processing, a lowpass hexagonal filter P(w) has 6 associated
highpass filters Q™) (w), - -- , QO (w).

Let N be a dilation matrix which maps G7;—1 onto Gr;.
If we use one filter bank {P,QW), -+, Q®} as the analys1s
filter bank, and use another filter bank {P,Q™,---,Q©®)}
as the synthesis filter bank, then the multlresolutlon (subband)
decomposition algorithm with dilation matrix N for an input
image Cg 0,8 € G sampled on G is

{ Chég—&-l (VD) Yges P @ thg]a
Dl(‘l)J+1 (1/f) deg Qg—NthaJ?

with{=1,--- .6, he G forj=0,1,---,J —1, where J is
a positive integer' and the reconstruction algorithm is

Zpg G+ Y Y Qg) Nh £1£j+1)

heg 1<¢<6 heg

for j = J—-1,J — 2,---,0, where Ch_’(] = Ch,y If
Cej = Cgj» 0 < j < J —1 for any input image
Cg0,8 € G, then we say that {P,QM, ... Q©} and
{P, Q(l) 6)) are perfect reconstruction filter banks
(PR), or that they are biorthogonal filter banks. We say a filter
bank {P,QM), - Q) to be orthogonal if it is biorthogonal
to itself. o _

Assume that {P, Q™) ,Q®} and {P,QW,--- ,Q)}
are two FIR hexagonal filter banks. Let & and ® be the
scaling functions (with dilation matrix NN) associated with
lowpass filters P(w) and P(w) resp., namely, ® & satisfy
the refinement (two-scale) equations:

=Y Pd(Nx—g), ®

geg

Let U0 Wy

ZP(I)NX g). (2)

geg

),1 < £ < 6, be the functions defined by

TO(x) =Yg Q?@(Nx—g»
\ij)( ) degQ (Nx—g).

If{P,QW,--- ,Q©®Y} and {P,QW,--. ,Q©®} are biorthog-
onal to each other, then under certain mild conditions (see
the next subsection) ® and ® are biorthogonal duals:
fR2 (x—g)dx = 0y, g € G, where &g is the
kronecker-delta sequence: g = 1 if g = (0,0), and dg = 0 if
g # (0,0). In this case, ¥(©), W) 1 < ¢ < 6, are biorthogonal
wavelets, namely, {\Ilgg 1< 0<6,j €ZgeG}and
{@52 1 1<0<6,j€Z,gec G} are Riesz bases of L2(]R2)
and they are biorthogonal to each other:

0, T
/Rz \Ij§ ;( )\Ijg’ l)s’ (x)dx = 6;—j16¢—pg—g’,

3)

for j,j' € Z, 1 < (,0' <6, g, g €3, where
O (x) = 75 0O (Nix — ). T (x) = 75T (Nix —
Uia(x) =720 (NIx — g), U (x) = 7200 (N/x — g).

For the 7-size refinement, one can obtain biorthogonality
condition for the scaling functions ®,® and orthogonal-
ity/biorthogonality conditions for hexagonal filter banks. The
reader refers to [30], [40] for the biorthogonality conditions
for 4-size refinement hexagonal filter banks. Considering that
most multiresolution analysis theory and algorithms for image
processing are developed along the square lattice Z2 and
that most people are more familiar with filter banks on the
square lattice, in the next subsection, we give biorthogonality
conditions for a pair of ® and ® and for a pair of 7-size
refinement hexagonal filter banks after we transform them into
scaling functions ¢, ¢ and filter banks along Z2.

In the rest of this subsection, we give the definitions of the
symmetries of filter banks considered in this paper.

Definition 1: A hexagonal filter bank {P,QW), ... Q(®)}
is said to have 6-fold rotational symmetry if its lowpass filter

P(w) is invariant under % %’r, , %’r, 5T rotations, and its



five highpass filters Q(Q) ,Q(6) are %, %’T, T, %’r and 5?“
(anticlockwise) rotations of the highpass filter Q1) resp.

Some functions such as 3-direction box-splines
—vi—vs] along the hexagonal
lattice G have 6-fold axial (line) symmetry, namely, they
are symmetric around axes Sp,---,S5 in G shown in Fig.
5 (see the symmetry of 3-direction box-splines in [41] at
p.114-116, where 6-fold axial symmetry is called the full
set of symmetries). It is natural that one considers the
construction of scaling functions with such a symmetry. To
this regard, we consider hexagonal filter banks with 6-fold
axial symmetry.

B[Vlf" WV1,Va, V2, —V1—Va,

Fig. 5. 6 axes (lines) of symmetry in regular hexagonal lattice

Definition 2: A hexagonal filter bank {P,Q™),--. Q©)}
is said to have 6-fold axial symmetry or 6-fold line symmetry if
its lowpass filter P(w) is symmetric around Sp, - , S5, and
its highpass filter Q") is symmetric around the axis Sy and
other five highpass filters Q®), ---, Q) are Z, 2%, 7, 4=
and 5” (anticlockwise) rotations of highpass filter Q(), resp.

We find that if {P,QW,--. Q©®} has 6-fold axial sym-
metry, then it has 6-fold rotational symmetry, see Section VI
We also find that it is hard to obtain a family of orthogonal or
biorthogonal filter banks with 6-fold axial symmetry. Because
of this, we consider in Section VI another type of symmetry,
called pseudo 6-fold axial symmetry, and provide a family of
FIR filter banks with such a symmetry.

B. Transforming the hexagonal lattice to the square lattice Z?

Let U be the matrix defined by
] ~ )

Then U transforms the regular unit hexagonal lattice G
into the square lattice Z2. For a hexagonal filter H(w) =
= deg Hge 8% after the transformatlon with the matrix U,
we have a corresponding filter h(w) = £ 3"y 72 hxe ™™ for
squarely sampled data with its impulse response hy = Hy-1y.
Conversely, for a square filter (filter on the square lattice)
h(w) = = LS keze hke kw we have a corresponding hexag-
onal filter H(w) = = deg Hge 8% with Hg = hyg.

The matrix U also transforms the scaling functions and
wavelets along the hexagonal lattice to those along the square
lattice Z2. More precisely, suppose {P, QM-+, Q©®} and
{P,QW),. - Q®} are a pair of FIR hexagonal filter banks.
Let ® and ® be the scaling functions (with dilation matrix
N) associated with P(w) and P(w) resp., and T and
v, 1 < ¢ < 6, are the functions defined by (3). Let

oo |t
0

el
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{pv q(1)7 e aq(6)} and {ﬁv a(l)v e an(6)
ing square filter banks. Define
¢(x) = (U~ X) ¥ (x) =
$(x) = B(U~1x), PO(x) =
Then ¢ and 5 are scaling functions satisfying the following
refinement equations:

Z prP(Mx— k)
kez?

and 1 (D 1 < ¢ <6 are given by

} be the correspond-

T (U 1x),

vO(U1x). ®

= > hkd(Mx—k), (6)

keZ?

O () = Teze i 9(Mx — k), -
PO) = Sieze @i 9(Mx — k),

where px, Pk, ql(f), (}l(f) are exactly the impulse response coef-

ficients of p(w), p(w), ¢ (w), 7 (w), resp., and
M=UNU""

Observe that for dilation matrices N1 and Ny defined by (1),
the dilation matrices M7 = UN,U"Y and My = UN,U!
for ¢ and ¢ are integer matrices:

2 1 1 2
—13}’ MQ:[?, —1]' ®)

Equations (6) are the standard (traditional) refinement equa-
tions for scaling functions along the commonly used integer
lattice Z? with a (general) integer dilation matrix M, and (7)
are the standard formulas to define the corresponding wavelets.
For a pair of square filter banks {p,¢"),--- ¢©} and
{p, g, ,?](6)}, the traditional multiresolution decomposi-
tion and reconstruction algorithms with a dilation matrix M
for an input squarely sampled image ck,o are (refer to [42])

Cnéjﬂ = (1/\ﬁ) ZkeZZ’ pk;Man,j,
AP = (VD) Seze & amcics:

-]

with€:1~-- ,6, n€Z2f0rj:0,1,~--,J—1 and

Ckj = 7= Z Pk—MnCn,j+1 + Z Z qk Mn n,g+1)
nGZ2 1<¢<6 neZ?2

with k € Z2 for j = J — 1,J — 2, ,0, where

ny = Cn_"]. We say square filter banks {p,q™),--- ¢(®}

and {p,q",---, 3} to be PR filter banks if Gk = Ckj»
0 <5< J—1 for any 1nput squarely sampled i 1mage Ck,0-

Clearly, {P,QW,--- ,Q©®} and {P,QW),. Q(6)} are
PR filter banks (wrth N) if and only if therr counter-
parts {p, ¢ ¢} and {p,q"V,---,3®} are PR filter
banks (with M = UNU™!). From the integer-shift in-
variant multiresolution analysis theory, we can obtain that
{p,q¢™,--- ¢} and {p,¢",---,§®} are PR filter banks
if and only if

3" plw+ 20M Typ)p(w + 20M Ty) = 1, (9)

0<k<6
> pw+2rM )0 (w + 2rM-Tn,) = 010)
0<k<6
E: ¢“)(w +20M ") (w + 27 M Ty
0<k<6
= Op—s, (11)
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for 1 < ¢,0' <6, w € R?, where 1;,0 < j < 6 are the
representatives of the group Z2/(M7TZ?) with n, = [0,0]7.
When M is the dilation matrix M7 or M in (8), n;, 1<5<6
are

™ = [ 1,— ] y Mo = [O ] y M3 = [1T 0]T7 (12)
ny = [L.1]",m5 = [0,1]", g = [-1,0]".
Square filter banks {p, ¢, - ,q(ﬁ)} and {p,---,3®} are

commonly said to be biorthogonal if they satisfy (9)-(11); and
a filter bank {p,q" ¢} is commonly referred to be
orthogonal if it satisfies (9)-(11) with p = p, ¢V = ¢(¥,1 <
¢ <6.

For an FIR lowpass filter p(w) = 1 3, 7 pre™ ™, let
T, denote its transition operator matrix (with dilation matrix
M):

T, = [Amk—j]

where Aj = (1/7) ", cz2 Pn—jpPn and K is a suitable positive
integer depending on the filter length of p and the dilation
matrix M. We say that T}, satisfies Condition E if 1 is its
simple eigenvalue and all other eigenvalues A of T}, satisfy
|A\| < 1. From the integer-shift invariant multiresolution
analysis theory (see e.g. [43], [44], [42]), if {p,¢™),--- , ¢}
and {p,q™"),---,3®} are biorthogonal to each other and the
transition operator matrices 7, and Tj associated with p and
p satisfy Condition E, then ¢ and ¢ are biorthogonal duals:
Jre 6(x)o(x —k)dx = di,k € Z% and v, "1 <
¢ < 6, defined by (7) are biorthogonal wavelets, namely,
Whi1<t<6jezkez?and {9 : 1 <0<
6,7 € Z,k € Z*} are biorthogonal bases of L2(]R2), where
) ) = Tap (Mix — k), () = THHO (MIx — k),

From the above discussion, we know that to design
orthogonal/biorthogonal hexagonal filter banks, we need
only to construct square filter banks {p,q¢"),---,¢®} and
{p, @Y, ,q©} such that they satisfy (9)- (11) As a con-
sequence, {P,QM,--- Q©®} and {P, Q(l) Q(6)} Wlth

impulse responses Pg = PUg, Q(/) = q((]g, Py = pug, Qg

@fg are orthogonal/biorthogonal hexagonal filter banks. Fur-
thermore, if the transition operator matrices T}, and T associ-
ated with the square lowpass filters p and p satisfy Condition E
(and, hence, scaling functions ¢, ¢ associated with p(w), p(w)
form biorthogonal duals and () () 1 < ¢ < 6 defined
by (7) generate biorthogonal wavelets systems), then the
hexagonal scaling functions ®, ® associated with P(w), P(w)
form biorthogonal duals and \If“),\ll(‘})J < ¢ < 6 defined
by (3) generate biorthogonal wavelet systems. In addition,
if one wants to design hexagonal filters such that the cor-
responding (hexagonal) scaling functions @, ® and wavelets
U ¥ 1 < ¢ < 6 have desirable certain properties such as
approximation power, smoothness and nice time-frequency lo-
calizations, then one needs only to consider such properties for
the scaling functions ¢, <Z) and wavelets 19, w(‘} ) 1<1<6
associated with square filters since they are related as in (5).

Remark 1: Since Z?/M{'Z? and Z?/MJ} Z? have the same
representatives 1,0 < j < 6, if {p,qM,--- ¢} and
{p,g™,---,G©} are biorthogonal with one of M, My, say
My, then they are also biorthogonal to each other with the

k7j€[_K7K]2 ) (13)

other dilation matrix, Ms. Consequently, if a pair of hexagonal
filter banks are biorthogonal with one of dilation matrices
N1, Ns, then they are also biorthogonal to each other with
the other dilation matrix.

In the following sections, we consider construction of
orthogonal/biorthogonal filter banks with 6-fold symmetry.
From Remark 1, we need only to consider one of the dilation
matrices My, Ms. In the rest of this paper, without loss of
generality, we choose M to be M;.

III. FILTER BANKS WITH 6-FOLD ROTATIONAL SYMMETRY

cos sind

. denote the rotation
—sinf cos6

In this section we consider filter banks with 6-fold rotational
symmetry. Let R(6) = [ T

matrix. Denote

R = R(g), Ri=(R1), 1<j<5. (14)
§5 are the (clockwise) rotation matri-
resp. Then 6-fold rotational symmetry

Q®} means that

_ M
- Qéjg’

In other words, ]Sq,

T 27 4m 5w
cesof R
of a filter bank {P,QM),

P~

Rjg Pg, Q(gj+1)

1<j<5 g€g. (15
For a hexagonal filter bank {P,QM ... Q©1 Ilet
{p, g, ,q(6)} be its corresponding square filter bank by
the transformation with the matrix U in (4). Namely, the
impulse responses pk,q() of p(w),q ¥ (w),1 < ¢ < 6 are
Py -1y, QU*U@’ resp. Let Ry, Ry, - - -
UR\ U, UR U1, - UR5U
0 1 -1 1

R1_|:11 7R2_|:1 O:|7
R3=—1I, Ry =—Ry, R

, R5 denote the matrices
, resp. More precisely,

(16)
5 — —RQ.

Then one can show that P, Q) ...
only if p, ¢, .-, ¢® satisfy

.Q© satisfy (15) if and

(G+1) _ (1)
R,

PRk = Pk i mae 1<i<5,keZ? (17

To summarize, we have the following proposition.

Proposition 1: Let {P,QM --- Q)1 be a hexagonal fil-
ter bank and {p,q(l), ‘e ,q(ﬁ)} be its corresponding square
filtler bank. Then {P, Q") ,Q®)} has 6-fold rotational
symmetry if and only if {p, ¢, --- ¢} satisfies (17).

In the following, for convenience, we say a square filter
bank {p,q"),---, ¢} has 6-fold rotational symmerry if it
satisfies (17).

Clearly, (17) is equivalent to

p(R;Tw) = p(w), ¢V (w) = ¢V (R Tw), 1 <j <5,
This and the facts that R; = R{,1 < j < 5 and R} = I,
imply the following proposition.

Proposition 2: A filter bank {p,¢™"),---  ¢©} has 6-fold
rotational symmetry if and only if it satisfies

b, ¢, -, ¢®]" (R Tw) =

My p(e)s ¢V@)s - g (w)]” e



where ) )
1 0 0 0 0 0 O

0 0 1 0 0 0 O

00 01 0 0O

Mya=1]10 0 0 0 1 0 O (19)

00 0 0 0 1 0

00 0 0 0 0 1
(010000 0]

Next, we construct the filter bank {p,q¢®,---,¢©®}
as the product of appropriate block matrices. Assume
that we can write [p(w),¢M(w), -+, ¢ (W)]T as
B(MTW)[ps(w),q.gl)(w),--- 7q(g(j)(w)]T, where M s

M, defined in (8), B(w) is a 7 x 7 matrix whose entries
. . . 1 (6)
are trigonometric polynomials, and {ps,qs ', - ,qs } is
another FIR filter bank with shorter filter lengths. If both
{pa q(l)a e 7q(6)} and {p87 qg1)7 e ,ng)} have  6-fold
rotational symmetry, then Proposition 2 implies that B(w)
satisfies
B(M"R;Tw) = MyB(M"w)M; ", (20)

where M is the matrix defined by (19).
Denote

I()((.d) _ [1’ ez(wl +w2)7€1w27 e~ w1 , e—z(u.n—i—u.zg)7 e—zw27ezw1]T.

(2D
Then, from Ry 7w = [wy +ws, —w1]T, we have In(R; T w) =
[17 6iw2 ’ efiwl , efi(lerwg)’ efin , eiwl , ei(leru)g)]T' ThU.S,
Ip(w) satisfies (18). Therefore, 1-tap filter bank

{17 ei(wl—i-wg)’ eiw2 , e~ w1 , e—i(w1+w2)7 e w2 , eiwl} has  6-
fold rotational symmetry, and it could be used as the initial
filter bank with 6-fold rotational symmetry.

Denote

D(w) — dlag(l, ei(wl-l-wg))eiwg’ e—iu.q’e—i((_ul-i—wg)7 e—iwz’eiwl).

(22)
Then D(MTw) = diag(1, e?(w1+2w2) gilwitdws) p—i(2w1—ws)
e i Bwit2wr) pmi(witdur) i(2w1=w2))  Op the other hand,
with MTR;T = _32 ? , one has that D(MT R T w) =
dlag(l, 61’(u11+3ng)7 e*i(2w17w2)7 efi(3w1+2w2)’ efi(u)lJrSwg)7
elPwi—w2) i(Bwit2w2))  Therefore D(w) satisfies (20) and
it could be used to build the block matrices. Next we use
B(w) = BD(w) as the block matrix, where B is a 7 x 7
(real) constant matrix. Based on the above discussion, we
know that B(w) = BD(w) satisfies (20) if and only if B
satisfies MoBM, ' = B, which is equivalent to the fact that
B has the form:

bii bz bz biz bz b2 b2
bai baa bag bay bas bog  boy
ba1 b7 bao ba3 bas oy bog
B = bar bag bar baz baz bog bos (23)
bai bas bas bar baz baz bog
bai bay bas bag bar baa  bos
| D21 b2z bas bas b bar  bao |

Based on the above discussion, we reach the following result
on the filter banks with 6-fold rotational symmetry.
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Theorem 1: If {p,qM,--- ¢©} is given by

p(w), ¢V (w), -, ¢ (w)" = (24)

Lan)(z\ﬂw)Bn,lD(M%) - BiD(M"w)ByIy(w)
7
for some n € Zy, where Iy(w) is defined by (21), and
Bj,0 < k < n are constant matrices of the form (23), then
{p, g, ,q(G)} is an FIR filter bank with 6-fold rotational
symmetry.

In the next two sections, we show that the block structure in
(24) yields orthogonal and biorthogonal FIR filter banks with
6-fold rotational symmetry.

IV. ORTHOGONAL FILTER BANKS WITH 6-FOLD
ROTATIONAL SYMMETRY

In this section, we study the construction of orthogonal filter
banks with 6-fold rotational symmetry. For an FIR filter bank
{p, gV, ,¢®}, denote ¢V (w) = p(w). Let U(w) be a
7 X 7 matrix defined by U (w) = [q(z) (w+ nj)]OSE,jSG ,where
M0,M1, - > Mg are given in (12). Then {p,q™) --- ¢} is
orthogonal if U (w) is unitary for all w € R?, that is it satisfies

Uw)U(w)* =TI, weR%.

Next, we write ¢(*) (w),0<£<6 as

¢ (w)

(25)

L (@ aT (0) (2T, ilwr+ws)
= M*w) + Mt w)etwitw:
(a0 4P 0rTw)

+q£é)(ZV[Tw)ei“’2 + qé()')(MTw)ef“"l + qff)(MTw)e’i(“l*“’?)

) 0w 4 g (M) ),
where q,(f) (w) are trigonometric polynomials. Let V(w)
denote the polyphase matrix (with dilation matrix M) of

{p(w),qM(w), ¢ (w)}:

V(w) = [g” (w)] (26)

0<L,k<6

Clearly,
(@), dD (@), q® @) = \%V(MTw)Io(w),

where Ip(w) is defined by (21). One can verify that
the 7 x 7 matrix \%[Io(w + 27M~Tny), I(w +
2rM~Tny), -+ Ip(w + 2rM~Tng)] is unitary for all
w € IR?, which implies that (25) holds if and only if V(w)

is unitary for all w € R?, namely, V (w) satisfies

V(w)\V(w)* =1I;, weR2% 27)
Therefore, to construct an orthogonal filter bank
{p, q(l), e ,q(6)}, we need only to construct a trigonometric

polynomial matrix V (w) which satisfies (27).
If {p,qM,---,¢©} is given by (24), then its polyphase
matrix V(w) is

V(w) = B,I,D(w)Bn_lD(w) s BlD(w)BO

Since D(w) = diag(1, eilwitws) giws piwn e—i(witws) e—iws
e™1) is unitary, we know that if constant matrices
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Bi,0 < k < n, are orthogonal, then V(w) satisfies
27).

Next, we consider the orthogonality of a matrix B of the
from (23). To this regard, let W; denote the unitary matrix:
Wi = (vV6/6) [wkj}0<k,j<5, where w = €6 = i+ @L
With W = diag(1, W), one can get that

biu  V6biz 0O -~ 0
V6bar b o --- 0

WBW* — 0 0 b33 N 0 ,
0 0 0 brr

where

Ezz = boa + bag + bag + bas + bag + bar,
b3z = bz — bas + %(b23 — bayg — bag + bay)
N —@i(b% + bag — bag — bar),
bas = baa + bas — %(523 + by + bag + bar)
N —éi(b% — bag + bag — bar),
bss = baa — bag — bas + bag + bag — bar,
bes = baa, brr = b33.
b1 \/§b12
- V6ba1  bao
orthogonal and |b;;| = 1, 3 < j < 7, which implies that
b11, b127522 and Ejj,j = 3,4,5 can be written as
b1 = spcosf, V6bia = sinf, v6by; = sqsind,
Egg = —cos 9,533 =cosy — isin-y,

Thus B is orthogonal if and only if

byg = cos( —isin(, bs; = s1,
where sg = £1,s1 = +£1,6,v,( € R. From these equations,

we have

V6
6

bi1 = sgcosf, big = X2sinh, by = 30% sin 0,

boa = &(s1 — cosf + 2cosy + 2cos (),

bas = g(—s1 — cosf + cosy + V/3siny — cos  + v/3sin(),
boy = 1(s1 — cos@ — cosy + v/3siny — cos ¢ — v/3sin (),
bos = %(—51 —cosf — 2cosy + 2cos(),

bas = §(s1 — cosf — cosy — V/3siny — cos ¢ + V3sin (),
bar = %(—51 —cos + cosy — v/3siny — cos ¢ — V/3sin ().

(28)
Thus an orthogonal matrix B of the form (23) has three
parameters. We have therefore the following theorem.
Theorem 2: Suppose {p, ¢V, -, ¢®} is given by (24). If
each By, 0 < k < n is of the form (23) and its entries b;; are
given by (28) for some Oy, vk, Gk then {p, ¢, --- ¢} is
an orthogonal FIR filter bank with 6-fold rotational symmetry.
Transforming {p,¢"),---,¢'®} given in Theorem 2 with
the matrix U to the filter banks along the hexagonal lattice,
we have a family of orthogonal FIR hexagonal filter banks
with 6-fold rotational symmetry and a block structure. With
such a family of orthogonal filter banks, by selecting the
free parameters, one can design the filters with desirable
properties for one’s specific applications. For example, one
may consider to design filters with optimum time-frequency
localization (refer to [45]-[47] for the design of 1-D matrix-
valued filters with optimum time-frequency localization). Here

we consider the filters based on the Sobolev smoothness of
the associated scaling functions ¢. For s > 0, let W* denote
the Sobolev space consisting of functions f(x) on R? with
Joo (14 [w]?)° (@) 2deo < oo

The Sobolev smoothness of a scaling function ¢ can be
given by the eigenvalues of the transition operator matrix 7},
defined in (13), where p(w) is the lowpass filter associated
with ¢. More precisely, assume that an FIR lowpass filter p(w)
has sum rule order m (with dilation matrix M):

p(0,0) =1, D D2p(2rM ") =0, 1 < j <6, (29)

for all (a1, ) € Zi with a; +ag < m, where n;,1 < j <6
are defined by (12), D; and D» denote the partial derivatives
with the first and second variables of p(w) resp. Under some
condition, sum rule order is equivalent to the approximation
order of ¢, see [48]. Let 01,09 be the eigenvalues of the
dilation matrix M. (When M is M7 in (8), 01 = %4—@2} oy =
% — ?i.) Denote

- _—«
Sm =070y ai,a3 € Zy,aq + ag < m},

and S,, = spec(Tp)\Sm. Then ¢ is in Sobolev space
Wlogr po 1, where

po =max{|\| : A€ S, }. (30)

See [49], [50] for the details and refer to [24] for algorithms
and Matlab routines to find the Sobolev smoothness order.

Remark 2: Observe that sum rule order of a lowpass filter
p(w) with a dilation matrix M is characterized by the values of
p(0,0) and D' D5?p(w) at 27TM_TT]J», 1 < j < 6. Observe
that {M]"m;: 1<j<6}={M;"m;: 1<;<6}. Thus
if p(w) has sum rule order m with dilation matrix M7, then
it also has sum rule order m with dilation matrix Ms.

Example 1: Let {p,q,--- ¢} be the orthogonal filter
bank with 6-fold rotational symmetry given by (24) with n =
0: Bolp(w). This is a 7-tap filter bank. The lowpass filter
p(w) depends on one free parameter 6y. We can choose this
parameter such that the resulting p(w) has sum rule order 1.
The nonzero coefficients py of the resulting p(w) are

P00 = P—-1—1 = Po—1 = P10 = P11 = Po1 = P—10 = 1.

We find that the leading eigenvalues of T, (with M = M)
are 1, %,01,02. Thus, pg = % With —10g7(%) = 0.4354, we
know that the corresponding scaling function ¢ is in W0-4354,
We can also choose other parameters 7y, 1o for highpass filters

such that the nonzero coefficients ql((l) of ¢ (w) are

1457
6 b

1 1 1 1 1 VT -1
q(()—)l = q%o) = qil) = q(()l) = q(—1)0 = 6

W _ 4

1
doo ) q(—1)—1 =

The resulting scaling function ¢ is a charactersitic function of
a region with fractal boundary. ¢ can be approximated by ¢,
defined by

(bn(X) = Z pk¢n71(]\/fx— k)7 n=12---,

keZ?



where ¢g is a suitable compactly supported function with
> keze Po(x — k) = 1. We show the support of ¢3 on the
left of Fig. 6 with ¢0(X) = X{_%,%)z (X)

From Remarks 1 and 2, this filter bank is orthogonal with
dilation matrix My and the resulting p(w) has sum rule order
1 with M,. We check that the associated scaling function, de-
noted by ¢, is also in W9-4354 5 is a characteristic function of
a region with fractal boundary. The support of 3(x) is shown
on the right of Fig.6, where ¢, (x) = >y cz> Pk@n—1(Max —
k), n = 1,2,3, and po(x) = x{_1 1)2(x). See [51], [52]
for the regions with fractal boundary called dragon and twin
dragon sets generated by the quincunx matrices.

4 L L L L L L L . L
ST 08 <06 04 02 0 02 04 06 08 1

S 08 06 04 02 0 0z 04 06 08 1

Fig. 6. Approximated support of ¢ with dilation M, (left) and that
of @ with dilation Mo (right)

1 1 a
%1 a a
T 1 b a

.

Fig. 7. Impulse responses Pg (left) and Q(gl) with a = Y5
—%ﬁ (right), while Q<gj+1> are %] rotations of Q(1>, 1<y

b:
<5

Let { Py, (()1) o (6) } be the corresponding orthogonal
hexagonal ﬁlter bank. The nonzero impulse response coeffi-
cients P, Qg of Po(w),Qél)(w) are displayed in Fig. 7,
while Qg 7+ are % rotations of Q(gl), 1 < j < 5. Notice that
the lowpass filter Py(w) has 6-fold axial symmetry, namely, it
is symmetrlc around axes Sp,---,Ss shown in Fig. 5, and
that Q ( ) is symmetric around axis Sp. Therefore, this
orthogonal filter bank has 6-fold axial symmetry. In [38], three
7-tap orthogonal hexagonal filter banks were constructed for
image coding with all filter banks having the same lowpass
filter which is exactly Py(w). The highpass filters in [38] are
different from Qée)(w), 1 < ¢ < 6. Three of their highpass
filters are symmetric around the axis S7 and the other three
are anti-symmetric around S7.

Example 2: Let {p,q"),--- ¢} be the orthogonal filter
bank with 6-fold rotational symmetry given by (24) for n = 1:
B1D(MTw)Bgly(w) with sg, 51 in (28) being 1. The lowpass

filter p(w) depends on four parameters 6g,~o,70,601. By
solving the equations for sum rule order 2, we get
Oy = tan~ (76 — v/258), v = — tan_l(g), 31
0, = fsin_l(@); ’
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or

Oy = tan= (76 + V/258), v =
61 =sin~ 1(@).

T —tan™ (73), 32)

Thus, we have a lowpass filter p(w) depending on one free
parameter 79. Then we select this free parameter such that
po in (30) as small as possible. With ng = 7 — tan—'(22)
and 6y, 0,01 given in (31), we have the (numerically) most
smooth scaling function ¢ which is in W%9202_ There are
two free parameters 71,7, left for the highpass filters of this
orthogonal filter bank. Here we simply set v; = 11 = 0. In
Fig. 8 we show the pictures of the resulting ¢ and (1.

Fig. 8. ¢ (left) and v (right)

Let {P,QW ,Q©®} be the corresponding orthogonal
hexagonal filter bank. We apply this filter bank to a hexago-
nally sampled image in Fig. 9. This is a part of the hexagonal
image re-sampled from a 512 x 512 squarely sampled image
Lena by the bilinear interpolation in [6]. The decomposed
images with the lowpass filter and highpass filters are shown
on the left of Fig. 10 and in Fig. 11 resp. These images are
indeed rotated about 19.1° with respect to the original image.
The decomposed image with the lowpass filter applied twice
is shown on the right of Fig. 10.

Fig. 9. Original (hexagonal) image

Fig. 10. Decomposed images with lowpass filter P with one (left)
and two (right) iterations

We also consider orthogonal filter banks given (24)
with a few more blocks BipD(M*w). We find that
it is hard to construct orthogonal scaling functions
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Fig. 11.  Decomposed images with ht(ghpass filters QW , Q@ , Q¥
(top row from left) and QM. Q" Q®) (bottom row Sfrom left)

with high smoothness order. For example, it seems that
ByD(MTw)B;D(MTw)Byly(w) cannot lead to an orthog-
onal scaling function in W'. Thus, to construct orthogonal
scaling and wavelets with nice smoothness order, we need to
use more blocks By, D(M Tw). In the next section, we consider
6-fold rotational symmetric biorthogonal filter banks, which
give us some flexility for the construction of PR filter banks.

V. BIORTHOGONAL FILTER BANKS WITH 6-FOLD
ROTATIONAL SYMMETRY

In this section we consider biorthogonal filter banks with
6-fold rotational symmetry. Suppose {p,q"),---,¢®1 and
{p, g, g9} are a pair of filter banks. Let V(w) and
V(w) be their polyphase matrices defined as in (26). Then
one can obtain as in the above section that {p,¢"),---, ¢(®}
and {p,q", -+ ,q®} are biorthogonal to each other if and
only if V(w) and V(w) satisfy V(w)V(w)* = I, w €
R% If {p,qM), - ,¢®} is the FIR filter bank given by
(24) for some 7 x 7 real matrices By, then V(w) =
B, D(w)B,-1D(w) -+ B1D(w)By. If the constant matrices
By,0 < k < n are nonsingular, then from the fact that
(D(w)*)~! = D(w), we know

(V({w))™

Clearly if By has the form of (23), namely, MoBkMO_1 =
By, then MyB; " My' = B, " since M{ = M;"'. Thus
B, T also has the form of (23). Hence, by Proposition 1,

=B, "D(w)B, ", D(w)--- By "D(w)By "

{]57 q(l)’ . 75(6)} given by
[ﬁ(w) (W), (W) = (33)
TDMTw) - By T D(MTw)By T Iy(w)

f ’Vl
with Ip(w) defined by (21), has 6-fold rotational symmetry.
For this filter bank {p,¢", --,§®}, since its polyphase
matrix V(w) is (V(w)*)™!, we know it is biorthogonal to
{p,qV,--- ¢}, To summarize, we have the following
theorem.

Theorem 3: Suppose that {p,q™),--- ¢©} are the FIR
filter bank given by (24) where By, 0 < k < n are nonsingular
constant matrices of the form (23). Let {p, g, --- ,3®} be
the FIR filter bank given by (33). Then {p,¢™", - ,¢®} is

an FIR filter bank biorthogonal to {p,q¢™),---,¢®} and it
has 6-fold rotational symmetry.

Theorem 3 provides a family of biorthogonal FIR filter
banks with 6-fold rotational symmetry. Compared with the or-
thogonal filter banks in Theorem 2, this family of biorthogonal
filter banks allows for some flexibility in filter design.

Example 3: Let {p: q(1)7 e 7q(6)} and {ﬁ7 6(1)7 e a’q‘(ﬁ)}
be the biorthogonal filter banks with 6-fold rotational sym-
metry given by Theorem 3 with n = 1. We can choose the
free parameters for By and By such that the resulting scaling
functions ¢ € W1-3801 ¢ ¢ WO6187 with the corresponding
lowpass filters p(w) and p(w) having sum rule orders 2 and
1 resp. The selected parameters are provided in Appendix A.

Example 4: Let {p: q(1)7 e 7q(6)} and {ﬁ7 6(1)7 e aa(G)}
be the biorthogonal filter banks with 6-fold rotational sym-
metry given by Theorem 3 with n = 2. In this case, we can
choose the free parameters for By, By and By such that the
resulting scaling functions ¢ € W97 ¢ e W0-3562 We
can also select other parameters such that ¢ € W1-8019 ¢ ¢
WO-722  and we use Bio 2 to denote the resulting pair of
biorthogonal filter banks. In either case, the corresponding
lowpass filters p(w) and p(w) having sum rule orders 2 and
1 resp. The select other parameters for Bio 2 are provided in
Appendix B.

VI. ORTHOGONAL/BIORTHOGONAL FILTER BANKS WITH
PSEUDO 6-FOLD AXIAL SYMMETRY

In Sections III-V, we discuss the construction of filter banks

with 6-fold rotational symmetry. In this section we consider
filter banks with 6-fold axial symmetry.

Denote
~ _1 V3 ~ 1 V3
Lo=| 4 1 |-Li=| 7K %4 |
2 2 2 T2
L=, 3 ] , Ly =—Lo, Ly =—L1, Ly = —Ls.

Let Ej, 1 < 5 < 5 be the rotational matrices define in (14).
Then 6-fold axial symmetry of { P, Q). - Q®)} means that
for 0 <k <51<j5<5,

P =Pe Q) = Q0. Q¢ =QY)  g<.

Lig —
One can verlfy that R1 Elfo This, together with the fact
R; = (Ry)?, 2 < j <5, implies that if {P,Q®"), ... Q©®}
has 6-fold axial symmetry, then it has 6-fold rotatlonal sym-
metry. On the other hand, from the fact that

(34)

=RiLo, Ly = LiLoLy, Ly = LaLoLy,
L4 LoLyLo, Ls = LoLy Lo,
we know that the condition ong = Py and Pﬁlg = Py for

P(w) is equivalent to the condition P; e =P, 0 <k <5
Thus we have simpler conditions for the 6-fold axial symmetry
of a filter bank as summarized in the next proposition.
Proposition 3: A hexagonal filter bank {P,Q(1) ... Q(®)}
has 6-fold axial symmetry if and only if for 1 < j <5, g€ G,
P~ = Pf%l Py, Q(l) Qg)7 Q(g]+1) _ Qg])g

og 35
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For a hexagonal filter bank {P,QWM, ... Q©}, Iet
{p,q™M,---,¢®} be the corresponding square filter bank by
the transformation with the matrix U in (4). Let Lo denote the
matrix ULoU ™!, namely,

0 1
it

|

Then P,QW, ... QO satisfy (35) if and only if
p’ q(l), “en ,q(G) Satisfy

1 1 j+1 1
PLok = DRk = Pler Qo = s @8 = qhe

for 1 < j <5, k € Z2, which is equivalent to

p(Low) = p(R; Tw) = p(w),

. _ 36
¢V (Low) = ¢V (w), ¢V (w) = ¢V (R;Tw), OV

for 1 < j < 5. From Proposition 2, (36) and the relationship
among Lo, R;,1 < j < 5, one can obtain the following
proposition (the detail of derivation is omitted here).
Proposition 4: A hexagonal filter bank {P, Q™) --.  Q©)}
has 6-fold axial symmetry if and only if its corresponding
square filter bank {p, ¢, .-, ¢(®} satisfies (18) and

T
|: ) q(l)a Ty q(6)1| (L()Cd) = (37)
1 6 T
where _ _
1 000 0 0 O
01 00 0 0O
0 000 O0O01
No=]00000 10 (38)
00 0 0 1 0O
0 001 00O
100 1 0 0 0 0]
Suppose {p,q™"),---,¢®} can be written
[p(w)a q(l)(w)7 e 7q(6) (w)]T =
Cw)lps(w), ¢t (@), gl ()],

where C(w) is a 7 x 7 matrix with trigonometric polynomial
entries, and {pmqgl), e ,q£6)} is another FIR filter bank. If
both {p,q™V),--- ¢} and {ps7q£1)7~-~ ,q,gﬁ)} satisfy (36),

then Proposition 3 implies that C'(w) satisfies
C(RyTw) = MyC(w)My ", C(Low) = NoC(w)Ny ', (39)

where My and Ny are the matrices defined by (19) and (38)
resp.

For Ip(w) defined by (21), we show in Section III that Ip(w)
satisfies (18). On the other hand,

I()(L()w) — [1’ ei(wl-‘rOJz)’ eiwl,e_iw27 e—i(wl—i-wz)’ e—iw17eiw2]T
Thus I(w) also satisfies (37). That is, filter bank

1(w1tws Two —iw1 —i(w1 twso —iwy  tWwi
{1,6( ) g2 e e i ) e ety

has 6-fold axial symmetry, and hence, this 1-tap filter bank
should be used as the initial symmetric filter bank. Let D(w)
be the diagonal matrix defined by (22). Then one can verify
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that D(w) satisfies (39). Therefore, if {p,q™,---,¢©®} is
given by

[p(w),qM (W), ¢ (W) = (40)
1
\FCHD(w)C’n,lD(w) -+ C1D(w)Colp(w),

where n € Z,, and each C,0 < k < n, satisfy (39), or
equivalently, it has the form of

Ci1 €12 Ci2 C12 Ci2 Ci2 Ci12
C21 C22 C23 C24 C25 C24 C23
C21 €23 C22 C23 C24 C25 C24
C=| ca coq C3 c22 cC23 Cog cC25 |, (41
C21 C25 C24 C23 C22 C23 C24
C21 C24 C25 C24 C23 C22 C23
| €21 C23 C24 C25 C24 C23 C22 |

then {p,q™, .-, ¢®} satisfies (37). Therefore, the corre-
sponding hexagonal filter bank has 6-fold axial symmetry.

The problem is that the structure in (40) hardly yields or-
thogonal or biorthogonal filter banks. To obtain bi(orthogonal)
filter banks, we should factorize [p(w), ¢ (w), - -, ¢ (w)]T
as C(MTw)[ps(w), ¢” (W), - ¢ (w)]T. However, if the
basic block matrix is C(M7w) for some 7 x 7 trigonometric
polynomial matrix C(w), then it will be hard to find simple
C(w) such that C(M7Tw) satisfies (39). This is due to the
fact that there is 19.1° rotation of the axes of sublattice G
with respect to the axes of G. Because of these difficulties
to construct a block structure of filter banks with 6-fold
axial symmetry, in the following we consider another type
of symmetry.

Definition 3: A hexagonal filter bank {P, QW) ... Q©}
is said to have pseudo 6-fold axial symmetry if the
polyphase matrix V (w) of its corresponding square filter bank
{p,qM, -, q®} satisfies (39).

The left part of Fig. 12 shows a 49-tap lowpass filter with
pseudo 6-fold axial symmetry, while the right part of Fig.
12 shows a 37-tap lowpass filter with 6-fold axial symmetry.
Notice that the symmetry of the 49-tap lowpass filter is not
only closely related to the symmetry structure of hexagonal
lattice G, but also related to the structure of sublattice G. If the
polyphase matrix V (w) of {p, ¢V, --- ,¢(®} satisfies the first
equation in (39), namely, V(R; Tw) = MV (w)My", then
by the facts RT MT R = M™ and Io(R; T w) = Moly(w),
we have

_ 1 _ _
W O R Tw) = WV(MTR1 Tw)Io(Ry Tw)

[p, ¢,
1
= —7(MOV(RlTMTRl‘Tw)MO‘l)MOIO(w)
1
= —MyV (M w)Ip(w) = Mo[p, g, -+, ¢V)(w).
VT
This, together with Proposition 2, implies that

{p, g, 7(1(6)} has 6-fold rotational symmetry. Therefore,
we also know that if a hexagonal filter bank has pseudo
6-fold axial symmetry, then it has 6-fold rotational symmetry.

If the polyphase matrix V (w) of {p, ¢, ---,¢(®} is given
by the product of CyD(w) for some Cy of the form (41),
then V(w) = Vp(w)---Vi(w)Vy satisfies (39). Hence the
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Fig. 12. Impulse response of lowpass filter with pseudo 6-fold axial
symmetry (left) and impulse response of lowpass filter with 6-fold
axial symmetry (right)

corresponding hexagonal filter bank {P, QW,... 7Q(ﬁ)} has
pseudo 6-fold axial symmetry. In addition, if C;,0 < k < n
are orthogonal, then {P,QM, ... Q©} is orthogonal. To
summarize, we have the following result.

Theorem 4: 1f {p,q™V),--- ,¢(®} is given by

p(w), 4V (@), - g © @) =

LC,D(MTw) - CyD(MTw)Colo(w), (42)

where n € Z,, Ip(w) is defined by (21), and Cf,0 <
k < n are constant matrices of the form (41), then the
FIR hexagonal filter bank {P,Q™), ... Q©} correspond-
ing to {p,¢™,---,¢®} has pseudo 6-fold axial symme-
try. In addition, if Ci, 0 < k < n are orthogonal, then
{(P,QW, ... Q®} is an orthogonal filter bank.

For a matrix C of the form (41), if it is orthogonal, then one
can show directly or from (28) for the expression of orthogonal
B of the form (23) that the entries ¢;; of C' can be written as

6 . 6
c11 = spcosé, cio = %smg, Co1 = so% sin &,

Coo = (51 — cos € + 289 + 2s3),
Co3 = *(751 — COSE + So — 53)7
Coq = §(51 —cos& — s3 — S3),
a5 = §(—51 — cos{ — 2s9 + 2s3),
where s; = +1,57=0,1,2,3, and £ € IR.
The block structure in (42) also yields biorthogonal FIR
filter banks with pseudo 6-fold axial symmetry as shown in
the next theorem.
Theorem 5: If {p,q™,--- ¢©} and {p,q",---,q®}
are given by
[P(‘-'-’)a q(l) <w)7 e aq(G) (w>]T =
1
WCnD(MTw) - C1D(MTw)CoIn(w),
[B(w),dV (), ¢ ()" =
1
—C'TD(MTw) - CTTD(MTw)Cy T Iy (w),
7
where n € Z,, Ip(w) is defined by (21), and Cf,0 <
k < n are nonsingular constant matrices of the form (41),
then the FIR hexagonal filter banks {P, QW ... .Q©®} and
{Pa Q(1)7 U aQ(G)} Corresponding to {p7 q(1)7 to aq(G)} and
{M“’, e ,?]16)} resp. are biorthogonal to each other and
both of them have pseudo 6-fold axial symmetry.
Example 5: Let {p,qV,--- ¢} be the orthogonal filter
banks with pseudo 6-fold axial symmetry given by (42) with

(43)

n = 1: O;D(MTw)Cyly(w), where Cy,C; are orthogonal
matrices of the form (41) with their entries given by (43) for
some &p,&1 € R. With 55 = 1,0 < j < 3 for Cp, (4, by
selecting &y = 9197818411, &; = —.2634177990, we have the
(numerically) most Sobolev smooth scaling function ¢ which
is in W0:6523 In this case, the associated lowpass filter p(w)
has sum rule order 1. The contours of the pictures of ¢ and
1)) are shown in Fig. 13 which may given us some idea about
the pseudo 6-fold axial symmetry.

22 | %2
zf? n ?fg e

Fig. 13.  Contours of ¢ (left) and ) (right)

Compared with filter banks with 6-fold rotational symmetry,
filter banks with pseudo 6-fold axial symmetry have higher
symmetry, and thus, they have fewer free parameters. There-
fore, the above block structure of orthogonal/biorthogonal
filter banks with pseudo 6-fold axial symmetry leads to scaling
functions with less smoothness. Because of this, in this paper
we would not provide more examples on the design of such
filter banks based on the smoothness of scaling functions.

APPENDIX A
Selected parameters in Example 3: the selected b;; for By

are

b11 = .6612620279, b1, = .4417207440,
.2268020352, bz = .2993798006,
bos = .1705704738, bey = —.3949835111,
—1.0052173436, byg = .2334910801,
bo7 = .1629341515;

o

[\V]

N
I

-~
[\V]
(o3

I

and the selected b;; for B; are

bi1 = .7505582508, bis = —.0869709994,
ba1 = —.0675087754, bay = 1148885367,
bz = 0883847501, boy = —.2784941222,
— 8412833742, bog = .2934347543,
bor = —.1050874592.

S
[~}
ot

I

APPENDIX B

Selected parameters for Bio 2 in Example 4: the selected
bij for Bo are

b11 = .2431365209, b1y = .5340175677,
ba1 = 8329155977, bey = 2905157027,
bos = .0087935205, boy = —.7634995587,

bas = —.9384099041, by = —.2165868980,
bor = .2722450171;
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the selected b;; for B; are

b11 = .5365830002, b1a = —.1191592023,
ba1 = —.3360950603, boo = .0771447245,
bas = —.1385489895, boy = —.5902499286,
bas = —.8324734053, bog = —.6045485018,
bar = —.1527809072;

and the selected b;; for By are

b1 = 1.1918768947, b1y = —.0797323587,
ba1 = .0102962235, bay = 1.2596364364,
baz = 5358680341, boy = 7336434639,
bas = 2152676640, byg = .0555687397,
bar = .7489785014.
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