Tight Wavelet Frames in Low Dimensions with Canonical Filters

Qingtang Jiang® and Zuowei Shen®

@ Department of Mathematics and Computer Science,
University of Missouri—St. Louis, St. Louis, MO 63121, U.S.A.
jiangq@umsl.edu

bDepartment of Mathematics, National University of Singapore
10 Lower Kent Ridge Road, Singapore, 119076

matzuows@nus.edu.sg

Abstract

This paper is to construct tight wavelet frame systems containing a set of canonical filters by
applying the unitary extension principle of [20]. A set of filters are canonical if the filters in this set
are generated by flipping, adding a conjugation with a proper sign adjusting from one filter. The
simplest way to construct wavelets of s-variables is to use the 2° —1 canonical filters generated by the
refinement mask of a box spline. However, almost all wavelets (except Haar or the tensor product of
Haar) defined by the canonical filters associated with box splines do not form a tight wavelet frame
system. We consider how to build a filter bank by adding filters to a canonical filter set generated
from the refinement mask of a box spline in low dimension, so that the wavelet system generated by
this filter bank forms a tight frame system. We first prove that for a given low dimension box spline
of s-variables, one needs at least additional 2° filters to be added to the canonical filters from the
refinement mask (that leads to the total number of highpass filters in the filter bank to be 2571 —1) to
have a tight wavelet frame system. We then provide several methods with many interesting examples
of constructing tight wavelet systems with the minimal number of framelets that contain canonical
filters generated by the refinement masks of box splines. The supports of the resulting framelets are
not bigger than that of the corresponding box spline whose refinement mask is used to generate the
first 2° — 1 canonical filters in the filter bank. In many of our examples, the tight frame filter bank
has the double-canonical property, meaning it is generated by adding another set of canonical filters
generated from a highpass filter to the canonical filters generated by the refinement mask to make a
tight frame system.

Key words and phrases: Wavelet tight frame, symmetry, B-spline, box spline, canonical filters,
semi-canonical tight frame filter bank, double-canonical tight frame filter bank.

1 Introduction

This paper is on the construction of wavelet tight frame systems with canonical filters in low dimension
by applying the unitary extension principle (UEP) of [20]. As a consequence, we can extend some
wavelet Riesz basis systems derived from splines in [11, 12, 13] to wavelet tight frame systems by adding
a few new frame generators (framelets). This improves the conditional number of spline wavelet Riesz
systems to one and changes a Riesz system to a self dual tight frame system. As indicated by applications
in image restorations, the redundancy introduced by changing a Riesz system to a tight frame system
is desirable in many applications (see e.g. [9, 23] for details).



Recall that a set X = {g; : j € Z} C Lo(R?) is called a frame of Ly(R®) if

Al flT @y < DU 991 < BlfIT,@ey,  VF € La(RY),
jez

where (-,-) is the inner product of La(R®). We call X a tight frame if it is a frame with A = B = 1. If
for some functions 9,1 < ¢ < L on R®, X(¥) = {27290 (27 . —k): j € Z,k € Z°,1 <V < L} is a
frame of Lo(RR?), then X (W) is called a wavelet frame (or an affine frame) and (9,1 < £ < L are called
framelets or frame generators. Wavelet frames have been studied in many articles, see e.g. [5, 6, 20, 21]
for theories of frames, and wavelet frames, especially, frames generated by extension principles. We
also refer [23] for a short survey on the wavelet tight frame theory and applications, and [9] for a more
detailed note. Comparing to the (bi)orthogonal wavelets, redundant systems like wavelet frames, give a
flexibility in image restorations and are more desirable in various applications in image process (see e.g.
[3, 9, 23]). Some new applications of tight wavelet frames can be also found in [14, 24]. Furthermore,
the connections of wavelet frame based, especially spline tight wavelet frames based, approach for image
restoration to PDE based methods are established in [1] for the total variational method and extension,
in [7] for the nonlinear diffusion partial differential equation based methods, and in [2] for variational
models on the space of piecewise smooth functions.

To apply the unitary extension principle of [20] to construct wavelet tight frame system, we start
with the concept of a refinable function. Let p = {p}rezs be a sequence of real numbers p; with
> pPr = 2°. A distribution ¢ on R? is called a refinable function (distribution) associated with p if ¢
satisfies the refinement equation

x)=2° Z o2z — k), x€R°.

keZs

In the Fourier domain, the above refinement equation can be written as
~ W, ~ w
3w) =p(5)d(5), weR’,

where

w) = Z pre” ™ w e R?,
keZs

with kw = Z‘;:l kjw; denoting the dot product of £ and w. p and p(w) are called the refinement mask

and the two-scale symbol of ¢. p(w) is also called a lowpass filter. When p = {pg }rezs has finitely many

of pi nonzero, we say p to have a compact support and call p(w) a finite impulse response (FIR) filter.
The UEP in [20] says that if p, ¢, - .-, ") satisfy, with ¢(©) = p,

Zq(@ (wHmng) =6(k), 0<k<2% welR’ (1.1)

where 0 is the Delta sequence and {nx,0 < k < 2°} is a representation of Z°/(2Z°), then X (V) with
O, 1< ¢< L, defined by 1) O (w) = q(z)( )¢( ), is a tight frame of Lo(R?), provided that the refinable
function ¢ associated with p has certain smoothness. If {p, ¢, - ¢(P)} satisfies (1.1), then we call it
a tight frame filter bank.

In the univariate case, i.e. s = 1, for an FIR filter p(w), let ¢/ (w) be the FIR filter defined by

V(w) =e“plw+m), wekR. (1.2)



Then
pw) ¢V (W) +plw+7m) ¢V(w+7) =0, weR, (1.3)

and it is well known that () defined by

-~

P w) = ¢V(5)6(5)

is an orthonormal wavelet for La(R) provided that the integer shifts of the refinable function ¢ associated
with p form an orthonormal system.

For s =2 or 3, let {mx : 0 < k < 2%} with ny = 0, be a representation of Z*/(2Z°), and let p be a
map: Z°/(272°) — Z°/(2Z°) such that

p(0) =0 and (p(m1) + p(n2)) (m + m2) is odd for any n1 # na2,m1,m2 € Z° /(2Z°). (1.4)

Such a map p was defined in [18, 19] and will be given again in the next section. With this map and
suppose that p is symmetric around ¢ (which must be in %ZS ), that is,

p(@) (= p(-w)) = e*p(w),
define ,
(f)( ) P9 4+ ), if 2enp is even; (1.5)
w) = . — )
9 P p(w + ), if 2emp is odd,

for 1 < ¢ < 25. Let ¢ be the refinable function associated with p, and ®),1 < ¢ < 25, be the functions
defined by "
(e ¢
P9 (w) = ¢ )(5
Applying the UEP of [20], one can prove that if p(w) is a QMF, i.e., > g oe [P(w + ) |2 = 1,w € R,
and symmetric for s = 2,3, then the wavelet system X (¥) = {2//2¢0) (27 . —k): j€Z, ke 75,1 </l <
2%} forms a tight frame of Lo(R®). This result is still valid, when ¢ and p do not have finite supports.
Furthermore, if ¢ and its shifts form an orthonormal system, then X (¥) is an orthonormal basis of
Ly(R®) (see e.g. [18, 19, 20]).
It is well known that in order to apply the UEP to derive wavelet tight frame from a given refinable
function, the corresponding refinement mask must satisfy

)aﬁ(%), 1<6<28. (1.6)

> plw+ )P <1, w € R (1.7)
0<k<2s

For many good refinable functions ¢ such as B-splines and box splines, their refinement masks are not
QMFs but do satisfy this inequality. We assume that the refinement masks considered in this paper
always satisfy (1.7) and they are not a QMF.

For a refinable spline ¢, the wavelets () defined by (1.6) with ¢(© given by (1.5) have been used in
several applications, due to the fact that many refinable splines have nice properties including symmetry,
high order of smoothness, good approximation orders and short supports. Furthermore, wavelet masks
¢ are directly related to the refinement mask p. For example, ¢ = Baao (the C? 3-directional box
spline) and the related ¢ defined by (1.6) have been used in surface multiresolution processing in
[16]. For the case s = 2, when ¢, 0 =1,2,3 are used for hexagonal image multiresolution processing,
¢, 0 = 1,2,3 are the ideal highpass filters to separate high frequency components of an image in 3
different directions of the hexagonal array (see [15]) and they were called the idealized highpass filters



associated with p. Here, for a given filter p, we call the filters defined by (1.2) for s = 1 and by (1.5)
for s = 2,3 the canonical filters (associated with p).

For a given refinable function ¢ with the refinement mask p, let ¥©) be defined by the canonical
highpass filters ¢ in (1.2)/(1.5), it is not clear whether the wavelet system X (¥) forms an orthonormal
basis, or a Riesz basis or a frame of Ly(R?) in general. As shown in an example given in [10], the wavelet
system X (¥) may not form Riesz basis of Ly(R?), even when ¢ and its integer shifts form a Riesz basis.
However, when ¢ is a spline, this problem is carefully studied in [12, 13] and most recently in [11]. It
was shown in [12], for an arbitrary given refinable univariate B-spline ¢ with the refinement mask p , let
the wavelet ¢ be defined by the mask ¢ given in (1.2), then the wavelet system X (1) form a Riesz basis
in Lo(R). For a given box spline ¢ in bivariate or trivariate with the refinement mask p, PO 1 <0< 28
defined by (1.6) do generate a Riesz basis of Ly(R?), namely, X (¥) is a Riesz basis of Ly(R®) in many
cases. In addition, the Sobolev Riesz basis property of X (V) for s = 1,2,3 have also been studied in
[11, 13].

This paper is to consider the following problems: for a given (non-orthogonal) ¢ on R® with the
refinement mask p, whose shifts may not necessary form a Riesz basis, with p being symmetric for
s = 2,3, let ¥ be defined by the canonical highpass filters ¢(©) in (1.2)/(1.5), is it possible to add
wavelets (conventionally called wavelet framelets) given by some FIR filters ¢, 0 =25 2541, into the
system so that it can form a tight wavelet frame in Ly(R®) by applying UEP, and what is the minimum
number of wavelets which are needed to add and how? We say a frame filter bank {p, g, ... ,q(L)}
(with L > 2°) a semi-canonical frame filter bank if the first 2° — 1 highpass filters ¢(M, ... | ¢~ are
given by (1.2) for s = 1 and by (1.5) for s = 2,3. We say the corresponding frame system to be a
semi-canonical frame system.

We will show that for 1 < s < 3, if {p,q™,---,¢M)} of s-variable FIR filters with a symmetric FIR
lowpass filter p for s = 2,3 is a semi-canonical tight frame filter bank, then it has at least 2571 — 1
highpass filters (including the canonical highpass filters), namely L > 25! —1. This coincides the result
in [15] for the case that s = 2 and p has the symmetric center ¢ = (0,0). We will also consider the
construction of semi-canonical tight frame filter banks with exact 2571 — 1 highpass filters. In the case
s =1, for an FIR filter p satisfying (1.7), there always exists an FIR filter ¢ such that with ¢*) given
by (1.2) and with ¢(® defined by

q(3) (W) — e*l’wq(Q) (OJ + 7T)7 (18)

{p, g, q?, q(?’)} is a semi-canonical frame filter bank associated with p with the minimal number of
highpass filters. Such a filter bank will be called a double-canonical tight frame filter bank since ¢(3)
is generated by ¢(? as the canonical filter associated with ¢(?). For s = 2,3, two sets of constructive
conditions for the existences of semi-canonical frame filter banks with exact 2571 — 1 highpass filters
are provided. One set of the constructive conditions lead to double-canonical frame filter banks in the
sense that the last 25 — 1 highpass filters ¢(9,25 < £ < 2511 — 1 are given in terms of ¢2”) by a similar
formula to (1.5):
¢& R (W) = P« () (4 1), or

s . — k':l?“'728_1' (19
qF T (w) = eFPIL () (w + ), |

2 Semi-canonical tight frames

In this section, we show that for a given FIR lowpass filter p of s-variables which satisfies (1.7), one
needs at least additional 2° filters to be added to the canonical filters generated by p to have a tight
frame filter bank. Thus a semi-canonical tight frame filter bank has at least 257! — 1 highpass filters.



First, let us look at the map p from Z°/(2Z°%) — 7Z°/(2Z°) which satisfies (1.4). We may choose 7,
and p(n) as follows: for s = 2,

= (0,0), m = (1

pli0) = (0,0), p(m) = (1, 1), pli) = (1,0), pl) = (0, 1): G1)
and for s = 3,
T = (03030)’ m = (170’0)a 2 = (1a 1a0)7 N3 = (Oa 130)’
T4 = (0707 1)7 s = (1,07 1)’ Tle = (1a 1, 1)7 nr = (07 1, 1); (2.2)

P(770) = (07070)7 P(771) = (17 1’0)7 P(ﬁz) = (17070)’ p(773) = (07 L, 1)7
0(774) = (1707 1)7 P(US) = (0707 1)7 0(776) = (17 L, 1)7 p(777) = (07 170)'
Note that there is no such a map p for the case s > 3. See the detailed discussions in [18].
For s = 2,3, suppose the scaling function ¢(z) on R* is symmetric around ¢ € R®. Then the lowpass
filter p is symmetric around ¢ and as shown in [19], ¢ must be in %Zs. By making suitable integer shifts
for p (and ¢), we may assume ¢ = (c1,--- ,¢s) with ¢;j =0 or ¢; = % The following fundamental result
for the construction of low-dimensional symmetric orthogonal wavelets was established in [19].
Theorem 2.1. [19] For a symmetric p(w),w € R® with s =2 or s = 3, let ¢)(w), 1 < £ < 2%, be the
canonical filters defined by (1.5). Then, with ¢ =p,
251
Z 4O (w+ k) ¢ (w+7m) =0,  for any £ 40,0 < €,0 <25, w e RS, (2.3)
k=0

In this paper, for s = 2,3, we will use the canonical highpass filter ¢(9), 1 < ¢ < 25, defined by

ip(ne)w : ; .
0 () = {e p(w + 7mny), if 2¢ny is even; (2.4)

e~ MY (w + ), if 2¢ny is odd.
Observe that the only difference between the definitions of the canonical highpass filters given by (1.5)

and (2.4) is the factor e=%(1)% for such ¢ that 2cny is odd. Since e=*2°(0)(@ k) — ¢=i20(0)w for any
0<k<2% q¥w),1<l<2% defined by (2.4), also satisfy (2.3).

Remark 2.1. For s = 2,3, let ¢(),1 < ¢ < 2% be the canonical highpass defined by (2.4). By following
the proof of Theorem 2.1 in [19], one can show that if p(w) is antisymmetric, then (2.3) still holds. O

Let h(w),w € R*® be an FIR filter, a trigonometric polynomial of s-variables. Write

251
=275/? Z IR b (2w), (2.5)
where hg(w), -+, hos—1(w) are trigonometric polynomlals and we call them polyphase filters associated

with h(w). For an FIR filter bank {p(w), ¢ (w), - ,¢P)(w)}, with ¢© = p, let M. gy (w) be its
modulation matrix (of the size L x 2%) defined by

M — |40 ,
g s g (W) = g7 (w + 7)) |<t<L, 0<j<2®

qioi (w) qioi (W+mm) - qioi (w + Tps_1)

1 w 1 w+TT 1 W+ TN9s_

_ |V O gDt ) (2.6)
q(L) (w) q(L) (w + Trnl) e q(L) (UJ + 7T772571)

5



Let q(()e) (w),--- ,qé@fl(w) be the polyphase filters associated with ¢(®(w). Then Mo ... jz) can be

written as

My),... go)(W) =W .. 40 (2w)U(w),

where

U(w) = 275/2 e imltmn)] ,
0<k<2s,0<j5<28

and

W, - [1w)]
1) . g0 (W) 6. () 1<e<L, 0<5<2°

q%(“’) qﬁi(w) q%?;l(w)
_ [0 o) e sl (2.7)
P ¢ - P (W)

The matrix W) .. ,u)(w) is called the polyphase matrix of {gD(w),---,¢P(w)}.

Observe that {p(w), ¢M(w),---,¢F)(w)} is a tight frame filter bank, that is, its filters satisfy (1.1),
if and only if its modulation matrix M) ... ,z) satisfies

My ... g (W) My .. qu)(w) = Is, w€R"

This, together with the fact that U(w) is a unitary matrix, leads to that {p(w), ¢ (w),---,¢F)(w)} is
a tight frame filter bank if and only if its polyphase matrix W () ... ,) (w) satisfies

W0 ... g0 (@) Wy .. yo)(W) = I2s, weR". (2.8)

As mentioning in the introduction, throughout this paper, we assume the lowpass filter p always
satisfies (1.7). This condition holds for the refinement mask p of B-splines and 2-D and 3-D box splines
with high symmetry as shown in [13] and [11]. Next we show that a semi-canonical tight frame filter
bank has at least 25! — 1 highpass filters.

Theorem 2.2. Let p be an FIR lowpass filter of s-variables. Suppose p satisfies (1.7) and it is not
a QMF. In addition, p is symmetric around c for s = 2,3. If {p(w),¢M(w), -+, ¢ (W)} is a semi-
canonical FIR tight frame filter bank with the first 2° — 1 highpass filters ¢/ (w),--- ,¢* ' (w) defined
by (1.2)/(2.4), then L > 251 — 1.

From Theorem 2.2, we know that a semi-canonical tight frame filter bank has at least 3, 7, 15
highpass filters for the 1-D, 2-D and 3-D cases, respectively.

Proof of Theorem 2.2 Let Wq(o)’_,,’q(zs_n(w) (with ¢(® = p) and W) . g (w) be the polyphase
matrices of {¢(?),--- , ¢V} and {¢®7), ..., ¢P)}, respectively, as defined by (2.7). Let M) ... ge2o-1)(w)
be the modulation matrix of {¢(®,--- ¢ =D} as defined by (2.6). Then (1.3) and (2.3) lead to that

* 2
M) ... g2s- (@) Mooy . g ()= (D |p(w+mm)|") s, w € R,
0<k<2s



Since Y g9 [P(W + TFT]]C)‘Z is an analytic function of w, it is not zero for a.e w € R*. Thus
Mq(o) e q(2°=1) (w) is nonsingular for a.e w € R5. Therefore, we have from the above equation that

2
Myo).... g1 (@) My, gesn (@)= ( > |p(w+mm)|") s, w € R
0<k<2s

This and Mq<0)7‘“ ,q2°-1) (w) = Wq(o)w. ,q2°-1) (Qw)U(w) imply

* 2
Wq(O),--- q25=1) (2UL)) Wq(0>,--- 251 (20)) = ( Z ‘p(w + 7I"I7k;)‘ )Igs, w € R®.
0<k<2s

In addition, by (2.8), that is,

qu),...,q(zS—l)(w)]* [qu),...,q(zs—l)(w)

W, .. (W) W) .. g (W)

} — Is, wER®,
q q

we have

W ... gos-0 (W) Wo ... ges—1 (W) + Wees) . g (@) Wees) g (W)™ =Tos,  weR’.

Thus,

* 2
W) ... g0 (2w)" Woes) . @) (2w) = (1- E |p(w + Wﬁk)’ Jos, we€R. (2.9)
0<k<2s

Since p is not a QMF,
rank(Wq(QS)’___’q(L) (w)) = rank(WqQS)’_,_?q(L)(w)* Wq(QS)’_._7q(L) (w)) = 25, a.e. w € R%.

Therefore,
L — 2° + 1 = #of rows of Wq(QS)’_._ pres) > rank(Wq(gs%“_ ,q(L)) =25,

or L > 25t1 — 1, as desired. O

Remark 2.2. Note that there is no restriction on s in the proof of Theorem 2.2. Thus Theorem 2.2
would hold for s > 3 if there are ¢V, --- ¢~V such that (2.3) holds. O

3 Construction of minimal semi-canonical tight frame filter banks

In this section we consider the construction of semi-canonical tight frame filter banks with the mini-
mal number of highpass filters. That is for a given p which is symmetric for s = 2,3, we construct
¢, ... ,q(QSH_l) such that {p, ¢, - -- ,q(zsﬂ_l)} is a tight frame filter bank with the first 2% — 1 high-
pass filters ¢(M, ... | g2~ being the canonical highpass filters given by (1.2)/(2.4). We also consider
the construction of semi-canonical tight frame filter banks with double-canonical property. Recall that
we say a tight frame filter bank {p, g, ... ,q(25+1*1)} to be double-canonical if the first 2° — 1 highpass
filters (1, .-+, ¢~ are given by (1.2)/(2.4) and the last 2° — 1 highpass filters ¢(2*+1) ... ,q(2s+1_1)
are generated from a highpass filter ¢(2") by (1.8)/(1.9). Note that a double-canonical tight frame filter
bank is a semi-canonical tight frame filter bank with the minimal number of highpass filters.

To construct semi-canonical tight frame filter banks with the minimal number of highpass filters,

we need only to construct such ¢, .. ,q(2s+1_1) that their polyphase matrix satisfies (2.9) (with



L = 25t1 —1). In other words, the main point is to find 2° x 2° matrix W (w) of trigonometric
polynomials such that

W) Wew) = (1— Y |p(w+mm) ") s, we R (3.1)
0<k<2s

In case we find such a W (w), then q2), &+ ,q(28+1*1), defined by

¢®)(w) e imow
¢+ (w) — 952 (2w) 6_1:71“) ’ (3.2)
q(28+1;1)(w) e—mz.s,lw
together with p, ¢V, ¢, ... ¢~V form a semi-canonical tight frame filter bank with the minimal

number of highpass filters. In the first subsection of this section we will provide a constructive method
to construct ¢(2*), ... ,q(ZSH*l) for the cases s = 1,s = 2 and s = 3. In the second subsection, we
present a constructive method to construct symmetric double-canonical tight frame filter banks. We
will present the highpass filters obtained by our approaches for the lowpass filters to be the two-scale
symbols of the B-spline and box splines.

Let {v;}}_; C Z* be a set of vectors in Z*° (s = 2 or s = 3) with multiplicity m; for each v;. Denote

v=1D_ mv;/2],

j=1
where for z € R, |z] denotes the largest integer not greater than x, and for u = (u1,--- ,us) € Z°, |u/2]
denotes (|u1/2],-- ,|us/2]) € Z°. The (centralized) box spline ¢ associated with {v;}7_; is given by
n IR
2N L —e™™\N™5 iz,
¢(W)—H( 1w ) <

Jj=1

¢ is refinable with the two-scale symbol given by

n I
H 1 —WiWw\m;
j=1

For s = 2, we let By, mqms denote the 3-directional box spline of
V1 = [1,0], Vo = [0, 1], v3 = [1, 1]

with multiplicity m; for v;. The two-scale symbol of B, moms is

> i —i(wr+
1 4 e—iw1 1 + e—iw2 m2(1+6 i(wr w2))mSei(LmI;MBleJerggmsJWQ).

) = (—5—)" (7 2

We use By, mgomsm, to denote the 4-directional box spline of

v = [1,0}, Vo = [0, 1], V3 = [1, 1], Vg4 = [1, —1]



with multiplicity m; for v;. The two-scale symbol of By, momam, 18

p(w) =
(1 +e )m1 (1 e )m2 ( 14 g ilertw) ms 1+ e ilwr—w) )m3ei(Lm1+@3+m4jw1+Lm2+W;3im4sz)
2 2 ‘

2 2

Before we move on to the first subsection, we first show that for an FIR filter bank p(w), R(w)
defined by

Rw)=1= 3 |p(5 +m)l’,
0<k<2s

is a trigonometric polynomial though p(% + 7n) may not. Indeed, let po(w),---,p2s—1(w) be the
polyphase filters associated with p(w) defined by (2.5). With

P($) P& +mm) o p(§+mme)] = W) piw) o (@) UGS)

and the unitariness of U(%), we have

> G = Y @)

0<k<2s 0<k<2s

Thus R(w) is a trigonometric polynomial.

3.1 Semi-canonical tight frame filter banks

In this subsection we consider the construction of semi-canonical tight frame filter banks with the
minimal number of highpass filters. For a given FIR p, we will provide a constructive method to construct
¢, ... ,q(QSH_l) such that they, together with p and the canonical filters ¢*), ¢, ...  ¢2*~Y form
a tight frame filter bank. All the three cases s =1,s =2 and s = 3 are considered.

First let us look at the case s = 1. By assumption
(W) + [p(w +m)> <1, (3.3)

we know R(w) = 1 — |p(w/2)* — |p(w/2 + 7)|? is a nonnegative trigonometric polynomial. By the
Fejér-Riesz lemma, there is a trigonometric polynomial g1(w) such that R(w) = |g1(w)|?>. Choose

W(w) = diag{g1(w), g1(w)}-
Then W (w) satisfies (3.1) with s = 1, and ¢(®(w) and ¢®® (w) given by (3.2) with s = 1 are

10w = Do), O = L

5 e g (2w) = e ¢ (w+ 7). (3.4)

If we choose,
W(“) = diag{gl(w>v gl(w)}7
then

\/5 —iw
1P ) = Lg1(2w), (I w) = ¢ #g@ o+ 7). (35)
Thus, in the 1-D case, for an FIR lowpass filter, there always exists an associated double-canonical tight

frame filter bank.



Theorem 3.1. Let p(w),w € R be an FIR filter satisfying (3.3). Then there is an FIR filter ¢ (w)
such that p(w), ¢?(w) and their associated canonical filters ¢V (w) and ¢'3)(w) defined by (1.2) and
(3.4)/(3.5) form a double-canonical tight frame filter bank.

Example 3.1. Let p(w) = ie"w(l + e7™)2 be the two-scale symbol of the continuous linear B-spline
Bs(z) supported on [—1,1]. Then R(w) = 1—|p(w/2)|?—|p(w/2+7)|? can be written as R(w) = |g1(w)|?
with

ﬂ —iw
Thus the corresponding double-canonical highpass filters are
1 —iw 1 —1 1 —iw W
(D) = — 31— e P, ¢ (w) = 11— ), gD (w) = 3 — o).

U
Example 3.2. Let p(w) = 1=¢(1 + e=™)? be the two-scale symbol of the C* cubic B-spline By(x)
supported on [—2,2]. ¢ (w) defined by (1.2) is

q(l)(w) — e “plw+m) = —e¥(1—e W)L

16
Then R(w) =1 — |p(w/2)|* — Ip(w/2+ m)]* = |g1(w)|?, where
g91(w) = a_1€™ +ay + ale_i‘*’,

with

1= —

1 V14 V14
a_ 1 =—— —, an = —. a
1 A 16 , Q0 ] )

Thus the corresponding highpass filters ¢ (w) and ¢® (w) are

V14
16

1
4

2 ) )
(@) = 2016 +ap +are>),

S B . . ,
(W) =e @ (w+) = \g(a_w“‘“ + age™™ + are™).
O

Next, we consider the cases s = 2,3. In this and the next subsection, for the simplicity of presenta-

tion, we will use the notations
2 = 67’“‘)1,

Also for a 2-D FIR filter h(w) = > 4 1,ez Ry gpe  F1wrtkew2) - we use the following matrix to display
its (nonzero) coefficients with a box [ to highlight the coefficient hg ¢ with index (0, 0):

h—21 h-1q1  hoir hii  hoi

) ) ) )

h(w)= |-+ ho2o h_1p hio  hap

h—o 1 h_o1-1 ho—1 hi—1 ho_1

10



In addition, zero coefficients are in general not displayed in the above matrix.
To construct semi-canonical tight frame filter banks with the minimal number of highpass filters,
the following approach was considered in [15].

Theorem 3.2. Let p be a symmetric 2-D FIR lowpass filter and gV, ¢@ . ¢ be the highpass filters
defined by (2.4) with s = 2. Suppose R(w) =1 — Z?:o Ip(w/2 + 70;)|? can be written as

R(w) = lg1(@)P + lg2(@)* + lgs(w)*, w € R, (3.6)

for some trigonometric polynomials gi(w). Let ¢W, - ¢\D be the FIR filters defined by

(gD @), gD @) = W)L, e 1, e e, et (37)
where
0 giw) e"ijjjjg& g5(w)
W= 00 wm o G &9
() —p) EerRg) 0

Then {p,q,--- ¢} is a tight frame filter bank.

One can easily verify that W (w) defined by (3.8) satisfies (3.1) with s = 2. Thus ¢(¥,--- , ¢("), whose
polyphase matrix is W(w), together with p, ¢, ¢® ¢B) form a semi-canonical tight frame filter bank.
Multiplying the factor e!“11«2) in the third column of W (w) is for the purpose that resulting ¢\%9) may
have smaller supports.

Let

1
SCHat+untnt gttt 4 2

p(w) = (T+21)(1+ 22)(1 + 2122) =

82’1 Z9

be the refinement mask (two-scale symbol) of the Courant element Bjj; on the 3-directional mesh of
72. Then ¢, ¢®, ¢ defined by (2.4) with s = 2 are

1
1 1
gV (w :82122(2—21—21224—22—21 — 27t 4 g h,
q(2)(W)=871(2*21*2122*22*Zf1+2f1221*221)7
@PWw)= —@421— 2120 — 2+ 271 — 272y — 257,

829

One can obtain that (refer to [15])

3
1—2\ (w +mn;)? Z\gk2w
j=0
with ] 1 ]
g1(w) = 1(1 —z1Y), go(w) = 1(1 —2122), g3(w) = 1(1 — 2.

11



The filters ¢4, --- , ¢(7) defined by (3.7) are

1, 4 _ _ —
¢ (w) = g(zl Lt — iz 21 — 27 2 — 231,

1 2

1, _ _ 1 — 9 _

1

q(6)(w) = g(z%z% —1+2 — zlz% — 29+ Z%Zz),
1

(W) =5 —1+27"%

Next we generalize Theorem 3.2 from the 2-D case to the 3-D case.

1 1

— ~1,-2
— 2125 — 21+ 2] 25 °).

Theorem 3.3. Let p be a symmetric 3-D FIR lowpass filter and gV, ¢ be the highpass filters
defined by (2.4) with s = 3, where n; and p(n;) are defined by (2.2). Suppose R(w) =1— 2]7»:0 Ip(w/2+

m;)|* can be written as
6
Rw) =) lgr(@)’, weR? (3.9)
k=1
for some trigonometric polynomials gi(w). Let q®, - ¢ be the FIR filters defined by
[q(S) (w)v T 7q(15) (w)]T = \fW(Z"))[la e_imwla T ’e—inﬂu]T’ (310)
where
0 g(w)  g2w)  g3(w) 0 ga(w)  gs(w)  gs(w)
— dia —g1(w) 0 —g3(w)  g2(w) —g4(w) 0 —g6(w)  g5(w)
Wiw)=d g{ —g2(w)  g3(w) 0 —qw) || —95(w) gs(w) 0 —gaw) } (3.11)
—g3(w) —g2(w)  g1(w) 0 —96(w) —gs(w) ga(w) 0

Then {p,qV,--- ,q19)} is a tight frame filter bank.

It is casy to verify that W(w) defined by (3.11) satisfies (3.1) for s = 3. Thus ¢®,.-. ¢!,
defined by (3.11), together with p, ¢, ..., ¢(7), form a semi-canonical tight frame filter bank. One
could multiply columns of W(w) with ells1witsawatssws) for gome suitable integers si, s2,s3 to make
¢, 8 < £ < 15 have smaller supports.

The 1-D double-canonical tight frame banks given by Theorem 3.1 may not have a symmetric
property as shown in Example 3.2. For s = 2,3, the highpass filters obtained by the approach in
Theorems 3.2 and 3.3 may not have the double-canonical property, see e.g. Example 3 in [15], where
the two-scale symbol of the 2-D cubic C? box spline Bags was discussed. In the next subsection, we
consider the construction of symmetric/antisymmetric double-canonical tight frame banks.

3.2 Symmetric/antisymmetric double-canonical tight frames

In this subsection, we present a constructive method to construct symmetric double-canonical tight
frame filter banks. Recall that a double-canonical tight frame filter bank is a semi-canonical tight frame
filter bank with the minimal number of highpass filters. In all examples provided below, the supports of
the constructed framelets are not bigger than that of the corresponding B-splines and box spline whose
refinement mask is used to generate the first 2° — 1 canonical filters in the filter bank.

First we consider the 1-D case. The next theorem leads to a symmetric/antisymmetric double-
canonical tight frame filter bank {p, ¢V, ¢®, ¢®}.

12



Theorem 3.4. Let p be a symmetric 1-D lowpass filter. Let ¢! be the canonical filter associated with
p defined by (1.2). Suppose R(w) =1 — |p(w/2)|*> — |p(w/2 + )| can be written as

R(w) = [ho(w)[* + [h1(w)[?

where hg(w) and hy(w) are trigonometric polynomials satisfying

ho(—w) = soho(w), hi(—w) = spe”“hy(w), (3.12)
or
hi(—w) = spho(w), (3.13)
where so =1 or so = —1. Let ¢ be the FIR filters defined by
\/i \/i —iw
P (w) = 7h0(2w) + e hi(2w),

and q® be the canonical filter associated with q?) defined by (1.8). Then {p(w), ¢V (w), ¢? (W), ¢® (w)}
is a double-canonical FIR tight frame filter bank with symmetric/antisymmetric highpass filters.

Proof. By the fact that

¢ (@)g® (W) + ¢ (w + 7 (w + ) =0,

we know the modulation matrix M) @ (w) of ¢ (w) and ¢®)(w) satisfies
My g ()" My g0 (@) = (1% (@)]* + ¢ (@ + ) *) T2 = (|ho(2w)[* + |11 (2w)[*) T2 = R(2w) 5.
Hence, the modulation matrix M) .. . (w) (with 9 =p) of p,qM, ¢, ¢® satisfies

My),... g (W) My ... (W) = My g0)(W)" Myo), g0 (W) + Mye) g0 (W)" My 4 (w)

= () + Ip(e+ m)) 2 + R = I

This shows that p, ¢V, ¢®, ¢® form a tight frame filter bank.

Clearly, ¢V is symmetric/antisymmetric. It is straightforward to verify that ¢? is symmet-
ric/antisymmetric around 0 (when hg, hy satisfy (3.12)) or around 1/2 (when hyg, hy satisfy (3.13)). Thus
¢®) is also symmetric/antisymmetric. Therefore, all highpass filters are symmetric/antisymmetric, as
desired. O

Remark 3.1. If hg and hy in Theorem 3.4 satisfy (3.12), then ¢?) is symmetric/antisymmetric (depend-
ing so =1 or so = —1) around 0; and if ho and hy satisfy (3.13), then ¢\?) is symmetric/antisymmetric
around 1. If ho and hy satisfy (3.13), then |hi(w)| = |ho(w)| and hence,

[hol@)]? = [ha(@)]” = SR(w) = glor )P,

where g1(w) is the “square-root” of R(w) obtained by the Fejér-Riesz lemma. So in this case ho(w)
and hy(w) are essentially ho(w) = ggl(w) and hy(w) = :l:@gl(—w). This is exactly what [4] and [8]
proposed to construct symmetric/antisymmetric tight frames with 3 generators:

V2

ho(w) = hi(—w) = 7gl(w) (3.14)

13



in [8], and

\/i \/§ —iNw

ho(@) = Y201(w), ha(w) = Y2y (w) (3.15)
in [4], where N is an integer. When hg, hy are given by (3.14), the corresponding highpass filters, denoted
by 7? and §¥, are

? (W) = %(91(20)) + e_iwgl(—Zw)), g (W) =e @@ (w+n)= %( —g1(2w) + gl(—2w)e_iw). (3.16)

If R(w) can be written as R(w) = |ho(w)|? + |h1(w)|? with ho and hy satisfying (3.12) and |ho(w)| #
|hi(w)|, then symmetric/antisymmetric highpass filters q?, ¢® may have smaller supports than the
highpass filters such as ¢ ,q3) in (3.16) constructed by [4] and [8] with hg,hi given by (3.14) or
(3.15). As shown in the following examples, R(w) corresponding to some B-splines can be decomposed as
|ho(w)|?+|h1(w)|? with symmetric and different hg and hy (in modulus) and the resulting highpass filters
have smaller supports. In addition, such a decomposition can be generalized to the high dimensional
case. Note that [17] showed that R(w1,ws) corresponding to some type of 2-D box splines can always be
decomposed as a finite sum of the squares of some 2-D trigonometric polynomials hj(wy,ws). ([l

Example 3.3. Let p(w) = 1=e(1 + e=™)* be the two-scale symbol of the C* cubic B-spline By(x)
constdered in Example 3.2. By a direct calculation, we have

R(w) =1 — |p(w/2)]* = |p(w/2 + 7)|* = i(29 — 28 cosw — cos2w).

- 64
Thus,
1 28 1 7
R(w) = 674(1 — cos 2w) + &(1 — cosw) = ﬁsian + 6 sinzg
1 —lw __ lw 71— iw
= 7|u‘2 + — € ‘2.
32 2 16 2

Hence R(w) can be written as R(w) = |ho(w)|? + |h1(w)|? with

ho(w) = 31\1/65(6“ — ™), hy(w) = 32\/;(1 — ),

where s; = +£1 or so = +1. Thus the corresponding ¢, q®) given in Theorem 3.4 are

\/? —iw 0 1

q(2)(w) _ 52?(6 ) + 81176(672'2‘0 _ ei2w)’
e . 1. .
q(3)(w) — e—zwq(2)(w + 7.() — 82\2?(6—120) o 1) + Slﬁ(ezw B e—z3w)'
Observe that both ¢@ and ¢® are antisymmetric and they have the same filter lengths as p. O

Example 3.4. Let p(w) = 55€™(1 + e~™)5 be the two-scale symbol of the C* quartic B-spline Bs(x)
supported on [—2,3]. In this case ¢(V(w) defined by (1.2) is

1 .
q(l)(w) — e—zwp(w ¥ 7_‘_) — 372612w(e—2w _ 1)5‘

14



By a direct calculation, we have

1
R(w) =1 — [p(w/2)]* = |p(w/2 + 7)|* = %(130 — 120 cosw — 10 cos 2w)

10 120 ) 15
= ﬁ(l — cos2w) + 2—56(1 —cosw) = 6—4$in2w+ TﬁsiHQ%
_i efiw_eiw‘Q E l_eiw‘z
64 2 16! 2

Thus R(w) can be written as R(w) = |ho(w)|? + |h1(w)[? with

ho(w) = 81\1/65(6_”

— ™), h(w) = 32\/8175(1 — ),

where s1 = +1, sg = £1. Hence, the corresponding q?, ¢® given by Theorem 3.4 are

10 ) . A A
q(2) (w) = \g <822\/§(6_“" —e) 4+ sl(e_’Qw — e’Q“’)),
s Y — 1 . : ,
q(3) (w) = e—zwq(Q) (w+m) = \/3? <522\/§(e—22w —1) 4 s1(e™ — e—sz)).
Observe that ¢® and ¢ are antisymmetric and they both have shorter filter lengths than p. ([l

Though [4] proposed to use (3.15) to construct symmetric/antisymmetric tight frames, in practice
[4] also constructed ¢?,¢® with smaller filter lengths in Examples 3.3 and 3.4.

Example 3.5. Let p(w) = ;e (14+e%)5 be the two-scale symbol of the C* 6th-order B-spline Bg(x).
By a direct calculation, one can obtain that R(w) can be written as R(w) = |ho(w)|? + |h1(w)[? with

ho(w) = ai(e™™ — €™), hy(w) = by(1 — €“) + by(e™™ — &),

where
a = % 8 — 31, b = 6%1(\/5—1-4\/672), b2:g.
The corresponding ¢, ¢ given in Theorem 3.4 are
P (w) = \f (bl(e’iw — ™) fay (e — ) 4 by(e B — ei3”)),
¢ (w) = e 4@ (w + 7).
Both ¢? and ¢ are antisymmetric and they have the same filter lengths as p. O

Next we consider the 2-D case. The following theorem provides an approach for the construction of
¢®, -, ¢\ with the double-canonical and symmetric property.

Theorem 3.5. Let p be a symmetric 2-D FIR lowpass filter and ¢/, ¢®,¢3) be the highpass filters
defined by (2.4) with s = 2. Suppose R(w) =1 — Z?:o Ip(w/2 + 7n;)|? can be written as

R(w) = |ho(w)[® + [h1 (W) + [h2 (@) * + |h3(w)?,  w € R?, (3.17)
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for some trigonometric polynomials hi(w) satisfying

ho(—w) = ho(w), h1(—w) = e hy(w), ho(—w) = e_i(“’1+“’2)h2(w), ha(—w) = e~ “2h3(w), or

(3.18)
ho(—w) = —ho(w), by (—w) = —e " hy (W), ho(—w) = —e H1H92) hy (W), hy(—w) = —e 2 hg(w).
Let ¢, ¢\7) be the FIR filters defined by
1 ) ) )
D) =5 (ho(Qw) +em 1 hy (2w) + e IO fy (900) 4 i h3(2w)), (3.19)
and '
" (w) = P g (4 mg),  k=1,2,3. (3.20)

Then {p,q(l), “ee ,q(7)} is a double-canonical FIR tight frame filter bank. In addition, g, ¢ are
symmetric/antisymmetric.

Observe that if hg,--- ,hs satisfy (3.18), then ¢(* in Theorem 3.5 is symmetric/antisymmetric
around (0,0). For simplicity of presentation, we give in Theorem 3.5 just the conditions on hg,--- , h3
such that ¢ has symmetric/antisymmetric center (0,0). The statement in Theorem 3.5 still holds if
R(w) can be written as the sum of |h;(w)|* with hg,- - -, hg satisfying similar conditions to (3.18) such
that ¢ has a different symmetric/antisymmetric center.

Example 3.6. Let

pw) = o (1 )L+ 2)(1+ zzm)(1+ )

2
be the two-scale symbol of the box spline Bi111 on the -directional mesh of Z*. Lowpass filter p(w) is
symmetric around (%, %) and ¢V, ¢, ¢® defined by (2.4) are
1 1 1 1 1
(1) — Il R ¢') - (. — ®3) - - =
¢ w) = z12p(=— ), 47 (w) = —p(=21, —20), ¢7(W) = 20p( = ).
Rw)=1- Z?:o Ip(w/2 + 7n;)|* can be written as (3.17) with
V3 1 V2 1 11 V3 1
h =0, h =—({0-—), h =—1-—+———), h =—(1-—).
(@) =0, () = Y= 2, o) = 21—~ = ), ha(w) = (1= )

q® defined by (3.19) is antisymmetric around (0,0). Thus p(w) has an associated double-canonical tight
frame filter bank (with 7 highpass filters). In addition, these highpass filters are symmetric/antisymmetric.
The coefficients of ¢ and ¢, ¢®, ¢V defined by (3.20) are given in the following matrices:

V2 o2 V2 L2 o2 -
(w= [-2v3 [0] 23], ¢ |23 0 23]
V2 -2 -2 V2 =2 V2
(V2 -2 V2 V2 [22] -2
(6) . 1 ™ N 1 \/> f
W= 2v3 0 |28 dTw)E =23 0 2v3
V2 2 V2 V2 o2 V2
Observe that all the highpass filters have the same size of support as the lowpass filter p. O
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Example 3.7. Let
1

2 2 2
= @(1"_21) (1+22) (1"‘2’122)

p(w)
be the two-scale symbol of the box spline Bags on the 3-directional mesh of Z2. Lowpass filter p(w) is
symmetric around (0,0) and ¢V, ¢, ¢ defined by (2.4) are

1 1 1

¢V (w) = —p(—z1,22), ¢P (W) = —p(—21,~22), ¢P(w) = —p(z1, —22). (3.21)
Z1%9 Z1 Z9
Rw)=1- Z?:O Ip(w/2 + ;) |* can be written as (3.17) with
1 1 1 1 V26 1 V2 1
ho(w) = = (21 — — + 29 — — ) W) =Y Oy Y-
0(w) 32(21 21 t 2 29 + 212 zlzg)’ 1) 16 ( 21) + 16 (22 2122)7
V26 1 V2.1 1 V26 1 V21
ha(w) = Y221 — — )+ Y52 - 2 hg(w) = Y21 — =)+ Y5 (—
2w) =g =)+ 355 — ) W =750+ 350, —=)

q@ defined by (3.19) is antisymmetric around (0,0). Thus p(w) has an associated double-canonical tight
frame filter bank (with 7 highpass filters). In addition, these highpass filters are symmetric/antisymmetric.
In the following we provide the coefficients of ¢ and those of ¢® defined by (3.20):

C 0 0 1 2v/2 -1
L]0 2V2  2v26  2v26 —2v2
q(4)(w)£—4 -1 -2v26  [0] 2v26 1 |,
6 2v2 =226 —2v26 —2v2 0
1 —2v2 -1 0 0
[0 0 1 —2v/2 —1

110 —2v/2 226  —{2v26] —2v2
W= -1 2v26 0 —2V% 1
2v2 226 —2v26  2v/2 0

1 2v2 -1 0 0

The subdivision scheme based on the two-scale symbol of Bago is called Loop’s scheme. It was shown
in [12] that the wavelet system {20/2\O (27 . —k) : j € Z,k € Z*>,1 < £ < 3} generated by the canonical
wavelets is a Riesz basis of Ly(R?). This Riesz basis has been used in [16] for surface compression.
Now with 4 framelets added, {27/%©(27 - —k): j € Z,k € Z>,1 < £ < T} is a tight frame of Lo(RR?).
Tight frames associated with Baga with 7 framelets were constructed in [17] and [15]. All the highpass
filters constructed here have the same size of support as the lowpass filter p. These highpass filters have
a smaller size of support than those constructed in both [17] and [15]. In addition, our highpass filters
have the “double-canonical” property. Note that the construction of multivariate compactly supported
tight affine spline frames was first considered in [22]. But the tight frames constructed by the method in
[22] also have big supports. O

Example 3.8. Let
1

- 642%22

(14 21)2(1 + 20)2(1 + 2129)(1 + %)

p(w)

be the two-scale symbol of the box spline Baai1 on the jf-directional mesh of Z2. Lowpass filter p(w)
is symmetric around (0,0) and ¢, ¢®, ¢ defined by (2.4) are given as in (3.21). R(w) = 1 —
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Z?’:o Ip(w/2 + 7n;)|* can be written as (3.17) with

1 1 1 1 1 1 29 1
o(w) 16(21 - + 29 22), 1(w) = ay( Zl) + 32(22 . + - 22),
1 1 1 1 1 1 z1 1
2(w) = ax( z1z2) + 2(21 22)’ 3(w) = as zg) + 32(21 2129 + 29 21)’

where a1, a9, as, by are given by

V12p — p? V24 -2p  p—T by — V20
ay = 7a2—7’a3—7_a17 2 — "5
8(u—1) 16 16 8 16

with 1 = 1.5369740543671196320, a root of the polynomial 833 —876x4258x2 —28234-2*. The numerical
values for ay,as, as, by are

a1 = —0.43319600820800456763, a2 = 0.28590626121205684060,
az = —0.24968223499610547836, by = 0.10957923982097668360.

q® defined by (3.19) is antisymmetric around (0,0). Thus p(w) has an associated double-canonical
symmetric/antisymmetric tight frame filter bank which has 7 highpass filters. In the following we provide
the coefficients of ¢9 and those of ¢ defined by (3.20):

0 1 2 1 0 0 -1 2 -1 0

~1 32 32a3 32ay 1 —1 —32by 32a3 1

q(4)(w)£6—4 —2 —32a; [0] 32a; 2], q(5>(w)£6—4 —2 324y 0 —32a; 2

—1 —32a2 —32a3 —32by 1 -1 32a9 —32a3 320y 1

0 -1 —2 -1 0 0 1 -2 1 0
Observe that all the highpass filters, again, have the same size of support as the lowpass filter p. O
Finally we consider the case s = 3. First we generalize Theorem 3.5 to the 3-D case for the

construction of ¢(®, .-, g% with the double-canonical and symmetric property.

Theorem 3.6. Let p be a symmetric 3-D FIR lowpass filter and gV, ¢ be the highpass filters
defined by (2.4) with s = 3, where n; and p(n;) are defined by (2.2). Suppose

7

7
Rw)=1->Ip(w/2+mn)? = |hpw)P, weR?, (3.22)
j=0

k=0

where hi(w),0 < k <7 are trigonometric polynomials satisfying

ho(—w) = —ho(w), hi(~w) = —e ™ hi(w), ha(—w) = —e @1 He2)hy (W),
ha(—w) = e 2 h3(w), ha(—w) = —e “Bhy(w), hs(—w) = —e @13 (W), (3.23)
he(—w) = —e MW1Fw2t@) o) hy(—w) = —e @2 93) b ().

Let ¢® - ¢ be the FIR filters defined by

7
8 \/> —1 w
®(w) = =7 § ) (2w)e (3.24)
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and
dF (W) = g ® (w4 ), k=1,2,---,7. (3.25)
Then, {p,q(l), . ,q(15)} s a double-canonical FIR tight frame filter bank. In addition, q(s), e ,q(15)

are symmetric/antisymmetric.

We present in Theorem 3.6 the conditions on hy, - - - , h7 such that ¢(® defined by (3.24) is antisym-
metric about (0,0,0). The statement in Theorem 3.6 still holds if R(w) can be written as ZZ:O |hi(w)]?
with hg,--- , hy satisfying the conditions such that ¢®) is symmetric about (0,0,0) or has a different
symmetric/antisymmetric center.

The proof of Theorems 3.5 and 3.6 is similar to that for Theorem 3.4. For example, for the proof of
Theorem 3.6, by the antisymmetry property of ¢®® and Remark 2.1, we have

7
S qO@w+ ) W+ ) =0, for £ 4,8 < £, < 15.
k=0

Thus, the modulation matrix M) .. ,as) (w) of q® (w),--- ,q\1%) (w) satisfies

7
Mys).. q05 ()" My . qom(w) =Y [q® (W +mne) P15 = Z | (20) P Is = R(2w
k=0

Hence, the modulation matrix M) ... ,as (w) (with d© =p) of p,g, .-, ¢ satisfies
My©).... g5 (W)" Myw) ... 409 (W)
= Myo).... o0 (W)" Myo) ... o0(W)+ M) ... g0 (W) My ... q09 (W)
7

Z w + ) |2 ls + R(2w) Iy = Iy,

which means that {p, ¢, -, ¢1%} is a tight frame filter bank. O
Example 3.9. Let

p(w) = (14 21)(1 + 22)(1 + 23)(1 + 212223)

16212223
be the two-scale symbol of the 3-D box spline with vectors:
v = [1,0,0], Vg = [0, 1,0], V3 = [0,0, 1], V4 = [1, 1, 1].

Lowpass filter p(w) is symmetric around (0,0,0). Let ¢!V, ¢\7) be the highpass filters defined by
(24). Rw)=1-— Z;’:o Ip(w/2 + 70;)|? can be written as (3.22) with

V2.1 V2,1 V2,1

ho(w) = 0, hy(w) = ?(;1 —1), ho(w) = ?(E —1), h3(w) = f(; - 1),
) = L0, ) = L1, o) = L e = 2L

hj,0 < j <7 satisfy the conditions in (3.23) and q® defined by (3.24) is antisymmetric around (0,0).
Thus p(w) has an associated 3-D double-canonical symmetric/antisymmetric tight frame filter bank (with
15 highpass filters). ¢®) is given by

¢®(w) = (14 21)(1 + 22)(1 4 23)(1 — 212223).

16212223
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One can obtain easily other highpass filters ¢, --- ¢ from ¢® by the formula (3.25). Observe that
all the highpass filters have the same size of support as the lowpass filter p. O

Example 3.10. Let

1
= ———(1+21)(1+ 22)(1 + 23)(1 + 212223) (1 + 2123) (1 + 2223)
64212023

p(w)
be the two-scale symbol of the 3-D box spline with vectors:
v; =[1,0,0], v2 =[0,1,0], v3 = [0,0,1], vq4 = [1,1,1], vs = [1,0,1], vg = [0,1,1].

Lowpass filter p(w) is symmetric around (1/2,1/2,0). Let ¢V, --- ¢V be the highpass filters defined by
(24). R(w)=1-— Z;’:O Ip(w/2 4+ 70;)|? can be written as (3.22) with

32 1 V2 1 1 1 1

h = =""1-= =1 — 4+ = - = —
o(w) =0, hi(w) G ( Zl), ha(w) 16( o, + o, + 23 vl

V10 1 3v2 1 32 1
hS(W) =16 (1 - ;2)7 h4(w) = Y(l — ;3)7 hS(W) = TG(l - a)a

V10 1 V10 1

= 1-— =2 (1——).

h6(w) 16 ( Z129%3 ’ h7(w) 16 ( 2223)

hj,0 < j < 7 satisfy the conditions in (3.23) and ¢'®) defined by (3.24) is antisymmetric around (0,0,0).
Thus p(w) has an associated 3-D double-canonical tight frame filter bank (with 15 highpass filters). In
addition, these highpass filters are symmetric/antisymmetric. q®) is provided below in (3.26), where for

each ks, {q,(j)/,c2 ks Jh ko 08 displayed as a matriz.

eos(L B G B E D e

o (8) (®) (®) ®) ®)
(From left to right: q; "k, _o) Gk, kg —10 Dy k2,00 Dy k10 Ty kg 27)

One can obtain easily other highpass filters ¢9,--- ¢ from ¢® by the formula (3.25). Here we
provide ¢\

1o 0 0 -1 5
q<9>(w)£§{ [ 0 0|, {3 3 0, [3 0 —3] :
1 0 0 V5 =5 0 1 =5 1

e ) ) ) )
(From left to right: ", o) iy kg =10 Thy ko090 Dhy ko, 10 Ty kg 27)

lﬁ 0y

3 -3 |0 0

15)

For the purpose to compare the support of p with those of ¢, -+, ¢ we also provide the coefficients

Dk1kosks Of D:

0 1 1 0
12 1 1 1 1] [0 1 1
1o 4] I B S L)
p<w>_64{[11’k§]’141721’000.
01 10

(From left to right: pk, ky,—2, Py ks, —15 Phy ka,05 Pk ko, 1s Pl ks ,2-)

20



Example 3.11. Let

p(w) = !

128272323

(1 + Zl)(l + 22)(1 + Zg)(l + 212223)(1 + 2’122)(1 + 212’3)(1 + 2223)

be the two-scale symbol of the 3-D box spline with vectors:
U1 = [1a050]7 (%]

Lowpass filter p(w) is symmetric around (0,0,0).

Let q(l)’ N

=10,1,0], v3 =10,0,1], vqg = [1,1,1], v5 = [1,0,1], vg = [0,1, 1], v7 = [1,1,0].

¢\ be the highpass filters defined by

(24). R(w) = 1= Y] |plw/2 + ;) * can be written as (3.22) with
ho(w) = \6/3(21 - 211 T2 212 T2 ,213 M e
hi(w) = (1_1)+\€i<4§(2_»211»2+Z_2113+ZZ_Z122237
ha(w) = az(1 — Z1122 + \3/5(221 - z22 % 212122:3
h3(w) = a1 (1 — i) + \6‘?( - 1122 = z21zg ta 2121223
h4(w)—a1(1—1)+\(f( 1_%4“2 _221;;3+Z 2T Z121223
hs(w) = az(1 — 723) ;{2(33 B ,221 a 2121223
hG(W)—a?)(]-_leQZg +\6<4§(z:11_22123 '2'12_'2711275”+21‘3_le2:2
hr(w) = az(1 — z2123) + \3/25(222 B 223 T 21212Z3

where

a1 = —0.25635520335894088696, as = 0.19920005127022041990, a3 = 0.19817365580271475087,

which are a solution of

32a1—2\fa1—2\fa2—\fa
32a2+\fa1+\fa3 B—0
32(13—|-3\/>CL1-|-6\/>a2—M

0.

127 =0
’

hj,0 < j <7 satisfy the conditions in (3.23) and ¢'®) defined by (3.24) is antisymmetric around (0,0,0).
Thus p(w) has an associated 3-D double-canonical symmetric/antisymmetric tight frame filter bank with

21



15 highpass FIR filters. ¢® is provided below:
-1 —4 1

1
1
q(8)< ,)L128{ [ 1 9 1] , 1 32v/2as 32v2a, 4

2 —32v2a3 —32v2ay; 1|’
1 —9 ~1

1 1
1 2 1
4 32@%1 32v2ay 1 1 32v3ay  32v2as 2 1 1
1 —32\2q, 39v2a; 1], 1 21 }
1 3234y 3224, 4 *‘11 32\?‘“ 32\?‘12 1 1
_1 1 -

(From top left to right: q,(fj)}kz,fz, qg)’kz,fl; from bottom left to right: q,(i)’kz’o, q,(c?kz’l, ql(c?),kz,?)

Again, one can obtain easily other highpass filters ¢9,--- ¢ by (3.25). To compare the support of
p with those of ¢©®, -, ¢1%), we also provide the coefficients Dkr ko ks Of D:

11
12 1 121
1 |1] 2 5 41 11
.1 1 4 [5] 2 1 4 5 2
= 12l b
p(w)128{121’2541’1551’241’
11 14 5 2 1] 1
12 1 L 111

(From left to right: pr, ky.—2, Phky.ka,—1s Pk k2,05 Pk ko, 1> Pk ks,2-)
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