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Abstract

Nonlinear diffusion filtering and wavelet/frame shrinkage are two popular methods for
signal and image denoising. The relationship between these two methods has been studied re-
cently. In this paper we investigate the correspondence between frame shrinkage and nonlinear
diffusion.

We show that the frame shrinkage of Ron-Shen’s continuous-linear-spline-based tight frame
is associated with a fourth-order nonlinear diffusion equation. We derive high-order nonlinear
diffusion equations associated with general tight frame shrinkages. These high-order nonlinear
diffusion equations are different from the high-order diffusion equations studied in the liter-
ature. We also construct two sets of tight frame filter banks which result in the sixth- and
eighth-order nonlinear diffusion equations.

The correspondence between frame shrinkage and diffusion filtering is useful to design
diffusion-inspired shrinkage functions with competitive performance. On the other hand, the
study of such a correspondence leads to a new type of diffusion equations and helps to design
frame-inspired diffusivity functions. The denoising results with diffusion-inspired shrinkages
provided in this paper are promising.

Key words and phrases: Nonlinear diffusion filtering, high-order nonlinear diffusion, signal
denoising, undecimated frame filter banks, frame shrinkage, connection between nonlinear
diffusion and frame shrinkage

1 Introduction

Nonlinear diffusion filtering [26] and wavelet shrinkage (see e.g. [15, 16, 22]) are two powerful
methods for signal and image denoising. Correspondence between these two methods has been
studied in [23, 31]. In this paper we investigate the correspondence between frame shrinkage and
nonlinear diffusion.

For a given 1-D signal f with a noise, nonlinear diffusion filtering is to obtain u = u(z,t)
satisfying the nonlinear diffusion equation

w= 2 (gu). (1.1)

with the initial condition
’LL(l’, 0) = f($)7
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and certain boundary conditions, where g is the diffusivity and wu, denotes the first-order partial
derivative of u(x,t) with respect to . The diffusivity ¢ is a nonnegative decreasing function
controlling the diffusion. The solution u(x,t) of the above nonlinear equation is a denoised version
of f(x).

Since the nonlinear diffusion was introduced by Perona and Malik in 1990, a variety of nonlin-
ear diffusion filters have been proposed, see e.g. [6, 36, 13] and the references therein. The fourth-
order nonlinear diffusion was proposed in [38, 39] to solve the problem that (the second-order)
Perona and Malik diffusion and its variants tend to produce blocky effects in image denoising.
The fourth-order nonlinear diffusion has also been studied in [21], and high-order diffusion with an
edge enhancing functional was proposed in [35]. The theoretical properties of high-order diffusion
have been studied in [14]. A 1-D high-order diffusion equation is an equation like

a" o"u o"u
_ (_1\n+1 2
w= 1 2 (oG ) 5o ) (1.2
for an integer n > 2.

The discretization of (1.1) could be given as follows. Let h denote the spatial step size and let
7 be the time step size. Denote

u) = f(kh), keZ.

We use ui:, j > 1 to denote the (approximation) value of the solution u(z,t) at (kh,j7). Thus u/
is the approximation solution at time jr. With the facts that (ufjl — uj)/T approximates u; at

(kh,j7) and (uj 4 — ufc)/h approximates u, at (kh,j7), equation (1.1) can be discretized as

j+1 i, T Uiﬂ —ui 2\, J j T Ui _uiﬂ 2\ 0 g
=+ T2 ) Do () ), (13)

for j=0,1,---.

Wavelets have been successfully used in signal and image processing [15, 16, 22, 33]. In
particular, the undecimated wavelet transform (UWT) (also called the shift-invariant wavelet
transform) based denoising [11] has been used widely for signal and image denoising. Let {p, ¢}
be a wavelet filter bank. For a given signal {cj}x, the UWT-based denoising consists of the
analysis step:

1 1
L,=— Chan, Hp = — Chtns 1.4
ﬁZPk K-+ ﬂZQk k+ (1.4)

kEZ keZ
and the synthesis step:

uj, = \f > pnlikn+ \f > nSo(Hy—n), (1.5)

nez nez

where Sp is the shrinkage function, depending a parameter 6 (or several parameters). With
a suitable shrinkage function (for example, the hard or soft shrinkage function), {uy}x is the
denoised signal of the original signal {c }, with noise.

It was shown in [23] that when p, ¢ are the Haar filter pair, namely, po =p1 =1, g0 = 1,q1 =
—1, pr = 0,qx = 0,k # 0,1, then wuy in (1.5) is uj, in (1.3) provided that shrinkage function Sy
and the diffusivity g satisfy

T 1172
o) =o(1- 13905 ), (16)
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where 6 is the parameter with the diffusivity g. Namely, iterated Haar wavelet shrinking and the
2nd-order diffusion filtering result in the same signal. This relationship reveals the connection
between nonlinear diffusion filtering and wavelet shrinkage and hence, it opens the gate of ex-
changing ideas between these two fields. In particular, the connection helps to choose shrinkage
functions from diffusivity functions, and vice versa. Refer to [23, 31, 24] for the detailed discussion
on the importance of the relationship. The reader is referred to [1, 10] for the relationship between
PDE diffusion and the bilateral filter, another popular method for image denoising.

Recently wavelet frames have been successfully used in noise removal [30], image recovery |7, 8],
image inpainting/restoration [3, 4, 5], signal classification [9] and medical image analysis [18, 25].
Compared with wavelet systems, the elements in a frame system may be linearly dependent;
namely, frames can be redundant. The property of redundancy not only provides a flexibility
for the construction of framelets with desirable properties, but also provides high sparsity of
frame transform coefficients. Such sparsity is a key property for many applications. In addition,
frames work better in a noisy environment [9]. It is very natural to ask whether there is a
correspondence between frame shrinkage functions and the nonlinear diffusivity functions of some
diffusion equations. In this paper we show that the undecimated frame shrinking corresponds to
a high-order nonlinear diffusion such as

2
w= o (@ 2)0) ~ 55 (9200, ) (1.7

with f as initial condition:
u(z,0) = f(z),

where u,, denotes the second-order partial derivative of u(z, t) with respect to x. Observe that the
high-order diffusion equation corresponding to a frame shrinkage is different from the high-order
diffusion equations like (1.2) considered in [38, 39, 21, 14].

The rest of the paper is organized as follows. In Section 2, we show how Ron-Shen’s continuous-
linear-spline-based tight frame shrinkage corresponds to the diffusion equation given in (1.7). In
Section 3, we consider the general case. We show how the vanishing moment of a highpass filter ¢(¥)
is related to the order of a nonlinear diffusion equation and derive high-order nonlinear diffusion
equations associated with general tight frame shrinkages. In Section 4, we construct two sets of
tight frame filter banks which result in the 6th-order and 8th-order diffusion equations. In Section
5, we provide some experiment results. We draw the conclusion in Section 6.

2 Fourth-order diffusion and tight frame shrinkage correspon-
dence

In this section we show how Ron-Shen’s continuous-linear-spline-based tight frame shrinkage cor-
responds to a 4th-order nonlinear diffusion equation.

2.1 Ron-Shen’s tight frame shrinkage

For a sequence {pg }xez of real numbers, we use p(w) to denote its symbol (also called filter here):

_ 1 —ikw
plw) =5 pre ™.

kEZ



Let {p,¢M,---, ¢} and {p,qg",---,3P)} be a pair of FIR frame filter banks. Assume that
they are biorthogonal, namely,

L
P@)pw) + > dO(w)g (w) =1, (2.1)
(=1
L L
p@pw+ )+ > qOw)g (w + ) = 0. (2.2)
=1
If a filter bank {p, ¢, -, ¢(F)} satisfies (2.1) and (2.2) with p = p,¢") = ¢, 1 < ¢ < L, then

it is called a tight frame ﬁlter bank. It was shown in [28] that if compactly supported scaling
functions ¢, ¢ corresponding to lowpass filters p, p are in L2(R) with Jg ¢(@)dx # 0, [ ¢(x)dz # 0,
and p(0) = p(0) = 1,p(x) = p(n) = ¢ (0) = §d9(0) = 0, 1 < ¢ < L, then biorthogonal frame
filter banks generate wavelet bi-frames (also called dual wavelet frames) of L?(R).

Let {cg}r be the initial data. The undecimated frame transform (UFT) based denoising
consists of the analysis step:

L, \[ ZPkaJm, HO = 7 qu Chin, MELL=1,- (2.3)

keZ keZ

and the synthesis step:

Z nLi- n+*ZZ““>Se[ ) (2.4)

nez (=1 n€Z

where SZZ, 1 < ¢ < L are the shrinkage functions, depending on parameters ¢,. One can easily ver-
ify that when Sg( (z) = z,1 < £ < L, uy is ¢ provided that {p,q®,--- ¢V} and {p,q", - , g}
satisfy (2.1). Namely, in this case the synthesis step recovers the original signal.

In this section we consider a particular tight frame filter bank from [27]. The corresponding
scaling function is the continuous linear spline function (hat function) supported on [—1,1]. In
this paper we call this filter bank Ron-Shen’s tight frame filter bank. The nonzero coefficients of
the filters are
Lom_y m_Y2 o_ V2 o @ _ @ _

1
= 57 90 =0, 91 =N =549 = L, 91 =4q = _5' (2'5)

=1 =1_
bo y P1 b-1 2

With this tight frame filter bank, L,, H,(ll), HY(LQ) defined by (2.3) are
V2 1 _ 1

V2
L, = —(Cn,1 + 2¢, + Cn+1), Hnl = f(cnfl — Cn+1), H(2) =

4 5 n T(an — Cp—1 — Cn+1). (26)

Let Se and 52 denote the frame shrinkage operators applied to the first and second highpass

outputs {H }n and {H }n respectively. Then the denoised signal uy after the synthesis step
(2.4) is

Yt j e+ gt + 22 (shalh) - sty )
+ 22 (spn®) - pspn - ysny)

4
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With Ly, H,gl) and H}gz) given by (2.6), ui can be written as

1 Ck 1 Crp—9 — Ck
Uy = 16 —(ek—o +4ck_1 + 6cp + 4cpr1 + Crao) + S@(%) — 1891(%) (2.7)

+— 4 (7{2% — Ck—1 — Ck41}) — (*{2% 1= Ck—2 — Ck})
\/> \/>
By (7{20k+1 — Ck — Ck42})-

With suitable shrinkage functions S; and S2, uy, is the denoised signal after one step of frame
denoising process of the original ¢; with noise. We can apply the above denoising process to uy
to get further denoised signal. In fact we can apply the frame shrinkage process repeatedly to the
denoised signal to get further denoised signal. We call this process the iterated frame denoising
process. In the next subsection we show that the output after iterated denoising process with
Ron-Shen’s tight frame filter bank is the same signal resulted by the nonlinear diffusion of a
4th-order diffusion equation.

2.2 Fourth-order nonlinear diffusion equation

We consider nonlinear diffusion equation (1.7) for v = (z,t) with u(z,0) = f(z). To discretize
the diffusion equation (1.7), we recall two formulas to approximate derivatives of a function. For
a function L(z) on R and € > 0, we have that (see e.g. [2])

2

L Lz +e) - Lo —2)) — = I9(&), (2.8)

r =
(o) 2e

provided that L € C3[xg — &, z0 + €], where &1 € [wg — €, 20 + ¢]; and that

&2
L (z0) = S5 (Lo — €) = 2L(z0) + L(wo +)) — LD (@), (2.9)
provided that L € C*[xg — &, 20 + €], where & € [z — &, 20 + €].

Next we discretize (1.7) by using (2.8) and (2.9) to approximate the first- and second-order
partial derivatives with respect to the variable x in (1.7). Recall that A and 7 denote the spatial
step size and the time step size respectively. Asin Section 1, we use u’ to denote the approximation
solution of (1.7) at time j7, and wj, to denote the approximation value of the solution at (kh, j7).
Thus (uy, I+ ’LLk,)/T is the approximation of u; at (kh, j7). We use (2.8) with e = h to approximate
the first- order partial derivative u, of u(z,t) and the first-order partial derivative of g;(u2)u, in
the first term on the right-hand side of (1.7), while we use (2.9) with ¢ = h to approximate
and the second-order partial derivative with respect to = of ga(u2,)us, in the second term on the



right-hand side of (1.7). Then we have

0 . . . . . .
ui: — uiz — i g (u?erQ B u‘ljf)Z Ui+2 B U{C —yg (u?ﬂ T u?cfZ )2 u?c T
T on |71 oh oh ! oh 2

1 {g2<<ui_2——2ua_14—ui)2>14F2-—2ui_1+—ui

h2 h2 h2

ui_l — 2u€C + ufﬁ_l 9 ui_l — QufC + ufﬁ_l
—2g2( ( )

h2 h?
o <( - 2“1@}:21 + “k+2 2) uj, — 2“1«];;1 + “kz+2 } .
Thus, we get
" =+ 0n (g — ul)?/(4RY) (] — )

T

4h291 (( A uk 2) /(4h2)) (U _Ui_g)

. N , ,
h492 ( uk; o= 2up_y +up)*/h ) (Up_g — 2uj_y + up)
h4 92 ( uk 1 — 2w+ ui+1)2/h4) (up_y — 2up, +up )

492 ( 2“k+1 + “k+2) /h4) (up, — 2up 4y + U )

(2.10)

Next, we obtain that uy in (2.7) after 1-step frame shrinkage is u,lC after 1-step diffusing if S;

and S2 are related to gi(x) and go(z) respectively as given in the next theorem.

Theorem 1. Let uy in (2.7) be the resulting signal after 1-step frame shrinking with input ¢ =
f(kh),k € Z and u} in (2.10) be the signal after 1-step diffusing with the initial input u) =

F(kh), k€ Z. If
2r  a? 167  8x?
So(x) = $<1 - hggl(hz)>’ S2(z) = 33<1 - 11492(h4)>’
then uy, = uj. for all k.
Proof. With ug = ¢k, uj. in (2.10) after 1 step diffusion is
T
up = ¢k + i ((crya — cr)?/(4h?)) (crr2 — cx)
T
BT ((ck — ch—2)?/(4h?)) (ck — cp—2)
ut
— 7292 ((eh—2 — 2c5—1 + cx)?/h*) (cr—2 — 2c5—1 + )

2T
+392 ((cr—1 = 2¢k + crp1)?/h*) (cho1 — 20k + Crp1)

v
— 5192 ((ck = 2¢k41 + crr2)?/h*) (ck — 2041 + Crp2)-

(2.11)



Write ¢ as

ck = %61(%4 + g1+ 6c + dcpy1 + Crpo) — g(Chia — ) + 3 (ck — cr_2)

+h(ero — 2ck-1 + k) — 2(cho1 — 20 + 1) + 5 (ck — 20541 + Chi2).

Then we have that

1
U}C = E(Ck—Q + 4cg—1 + 6¢; + dcpr1 + Crro) (2.12)

+(granlensa ~ a2 = § ) ensa — )
- (ama - e/ - ) e = enca

1 T
+ (16 - ﬁgz ((Ck72 —2¢k1 + Ck)z/h4)> (Cka — 2¢k—1 + Ck)

1 T
-2 <16 — 92 ((ch—1 —2¢x + Ck+1)2/h4)> (-1 = 265 + ch1)

1 T
+ (16 — ﬁg2 ((Ck — 26k+1 + Ck+2)2/h4)) (Ck - 2Ck+1 + Ck+2)'

Comparing (2.7) with (2.12), we obtain that uy, in (2.7) after 1-step frame shrinking is uj. after
1-step diffusing if S}, S2, g1(z) and go(w) satisfy (2.11). O
From Theorem 1, we immediately have the following corollary.

Corollary 1. With diffusivity functions g1(x), go(x) and shrinkage functions S}, S2 satisfying
(2.11), iterated frame shrinking with Ron-Shen’s tight frame filer bank and nonlinear diffusing with
(1.7) result in the same signal.

The correspondence (2.11) between frame shrinkage and diffusion filtering is useful to design
diffusion-inspired shrinkage functions for frame signal denoising. On the other hand, this corre-
spondence is useful to design frame-inspired diffusivity functions. In the following we give the
corresponding shrinkage functions S§, S2 when diffusivity functions g;, g2 are the Perona-Malik
diffusivity and Weickert diffusivity functions, and provide the associated diffusivity functions
g1, 92 when S}, S2 are the hard shrinkage and soft shrinkage functions. The reader is referred to
[23, 31, 24] for more diffusivity and shrinkage functions.

Assume the spatial step size h = 1. Corresponding to the Perona-Malik diffusivity [26]

C

9(372) = m,

where ¢ is a constant, shrinkage functions Sel, S2? are

2Tcy 167co
Sg(x) =2l — ————), S2(z) =2(1 - —————); 2.13
Hw) = 20— g () 2w = 2= ) (213)
while corresponding to the TV diffusivity [29], shrinkage functions 5’91, S2? are
Si(z) =z — 27 sgn(z), S2(z) = x — 4V2 7 sgn(z). (2.14)



If g1, g2 are the Weickert diffusivity [36] given by

( 2) - 17 lf Xr = O,
FET = 1= exp(—3.31488X8/28), if x £ 0,

then the corresponding shrinkage functions S}, S2 are

1 . O, if xr = 07
So(r) = { 2(1 — 27 + 27exp(—3.314880% /%)), if z # 0, (2.15)

2 . 0, if x = 0,
Sol7) = { 2(1 — 167 + 167exp(—3.314880%/(2v/22)%)), if = # 0. (2.16)

If Sj,S2 are the hard shrinkage functions [15, 22]:

1,0, if|z| <0, 2o, v | 0, if|z] <o,
So(z) = { x, if |z| >0, Sol7) = x, if |z| > o,

then the corresponding diffusivity functions g1, go are

1 : 1 .
2y 27 if |$|§9a 2y 167> if |I’|§2\/§O‘,
91(z%) { 0, if|z]>8, 92() 0, if Jz| > 2v/20. (2.17)
When Sj, S2 are the soft shrinkage functions [16]:
1,5 _ |0, if |x| <6, 2o, v |0, if |z| < o,
So(@) = { x — Osgn(x), if |z| >0, Sa(7) = x —Osgn(x), if |z > o,
the corresponding diffusivity functions g1, go are
1 . 1 .
o ) 2= if|z] <6, o | 16 if |z| < 220,
(@) { o e >0, 2T\ e ] > 2V, (2.18)

Here we should point out that the diffusivity functions g1, g2 in either (2.17) or (2.18) are not
differentiable. Thus their derivatives in the original equation (1.7) should be understood as the
differences in (2.10), a discretized version of (1.7).

2.3 Minimizer of energy functional and Euler-Lagrange equations

In this subsection we show that the nonlinear diffusion equation (1.7) is related to the Euler-
Lagrange equation of a variational functional.
Let
F(uu',u") = (u— f)? +a¥((@)?) + a®((u")?),

where v/, u” denote the first- and second-order derivatives of u(z). Consider the energy functional
b
E(u, v/, u") = / F(u,u,u")dw,
a

for o > 0. A necessary condition for £ to gain the minimum is that u satisfies the Euler-Lagrange

equation (see [32] at p. 245)
oOF d (OF d?> (OF
o ds (m) e <8u) =0 (2.19)



With

3£ _ B ai _ 1fa N2y, ai _ e IN2Y, 1
08 o), 08— saw (il O e (G
we know (2.19) is
2u—f)— 204i (\I/'((u') Ju ) + 20zd—2 (@’((u”)g)u") =0
dx da? '
Denote g1(z) = ¥'(z), g2(x) = ®’'(z). Then the above equation can be written as
u—f d d?
Ty - () (2.20)

By introducing an artificial time variable ¢ to u(z) and letting u(z,0) = f(x), the left-hand side of
equation (2.20) can be understood as the discretization to the time variable ¢ of %u(w, t) with step
size «r, and equation (2.20) is a time discretization of the nonlinear diffusion equation (1.7). The
reader is referred to [14] for more detailed discussions on the relationship between Euler-Lagrange
equations and high-order diffusion equations.

3 High-order diffusion and undecimated frame shrinkage corre-
spondence

In this section we consider general frame filter banks and derive the nonlinear diffusion equa-
tions associated with them. Recall that for a pair of frame filter banks {p, ¢, ... ,q(L)} and
gV, g}, L, and HTSZ) are the outputs of initial data {cx}x after analysis algorithm (2.3)
at p.4, and uy is the shrunk data given by (2.4) with shrinkage functions Sgé, 1<¢<L. Ob-
serve that if the shrinking operators Sgé in (2.4) are the identity operator (namely, no shrinking
process is applied), then u; = ¢ if and only if this pair of frame filter banks satisfy (2.1). We
call {p,q,--- ¢} and {p,qd",--- ,dP)} a pair undecimated bi-frame filter banks if they
satisfy (2.1). {p,q), -, ¢} is called an undecimated tight frame filter bank if it satisfies
(2.1) with p = p, gV = ¢, ... g = ¢ In this section we derive high-order nonlinear diffu-
sion equations associated with undecimated frame filter banks. In §3.1, we obtain a proposition
which rewrites uy in a formula which is closely related to a discretized version of some high-order
diffusion equations. In §3.2, we derive the correspondence between nonlinear diffusion equations
and undecimated bi-frame filter banks.

3.1 Undecimated bi-frame shrinkage

First we have the following lemma.

Lemma 1. Let {p,q),--- ¢V} and {p,qV,--- @)} be a pair of undecimated bi-frame filter
banks, namely they satisfy (2.1). Then

Z PnPn+j = 45 Z Z @ff)qgﬂ, J €Z, (31)

meZ (=1 n€ezZ

where §(j) denotes the Kronecker delta sequence with 6(j) =1 if j =0, and 6(j) =0 if j # 0.



Proof. Denote ¢°(w) = p(w), ¢©(w) = p(w). From (2.1), we have

L
})2 Z Z gD gime Z Do — 1

(=0 m€eZ nez
Using the substitution m = n + j, we have
1 .
LSS Sl -1
0=0 n€ je

which is equivalent to

Z S G4, = 48(5), j e Z.

{=0neZ
Thus (3.1) holds. O

Proposition 1. Suppose {p,qV,--- ¢} and {p,qV), - .G} are a pair of undecimated bi-
frame filter banks, namely they satisfy (2.1). Let uy be the resulting signal given by (2.4) after
1-step frame shrinking of ci with these filter banks. Then

uk—Ck—FfZZA(E (S >‘ —g® , ke, (3.2)
{=1 meZ

where HY is defined by (2.3).

Proof. By (3.1), we know the first summation in the right hand side of equation (2.4) for u
is

2\1/5 ZﬁnLk—n = izfﬁn Z PmCm+k—n = %Z Zﬁ”pnﬂ' Cktj
nez

neZ mEZ nEZjEZ
DN(TEILTENEREREES 3 3p o LN
JEZ Z 1 nez K 1]6Zn€Z
—ck—*zz% : zqnﬂ%—%—*zz%
{=1 nez JEZ {=1n€ez
Thus,
L
uk—Ck—izZ%E e) nt —F= ! ZZWZ)S& k ")
{=1nez \/if 1 nezZ
—at 2SS0 (54, ) |y
(=1 m€eZ ko

as desired. [J
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3.2 High-order nonlinear diffusion equation

For a (highpass) filter ¢(w) = %Zkez qre” ™ we say that it has vanishing moment order J if
D Kgp=0,Vjwith0<j<J.
keZ

The vanishing moments of analysis highpass filters imply the annihilation of discrete polynomials
in the analysis step or decomposition algorithm, which results in sparse representations of input
data.

Denote

- Z K qi. (3.3)

keZ

Clearly, if ¢(w) does not have vanishing moment order J + 1, then C; # 0. Next we have a result
which can be found in [37] about using a highpass filter for the approximation of the derivative
of a function.

Lemma 2. If an FIR filter q(w) has vanishing moment order J (not J + 1), then for a function
F(x) smooth enough,

11
o Z aF (@ + ke) = FU () + o(1), (3.4)
7 kEZ

ke) = FY) () + o(1), (3.5)

keZ
where Cy is defined by (3.3).
Proof. Using L’Hospital’s Rule repeatedly, we have

.1 1
hmg—JquF(x—i-ka) ;%ﬁ 5<ZQkF x+ks)>

e—0
keZ

1
_ / _ /
;m% JEJ : E kg F'(x + ke) = im(l) 7J i < g kg F'(x + ka))

kez keZ
. I () J
:---:;%jZk g P\ (x + ke) = Zk: q)F
ke ke

Thus we have (3.4). (3.5) follows from (3.4) with ¢ replaced by —e. O

Let {p,qM,---,¢®} and {p,g",---, G} be a pair of frame filter banks satisfying (2.1).
Assume that ¢¥ and ¢ have vanishing moment orders cy (not ap + 1) and [y (not By + 1)
respectively. Consider the following nonlinear diffusion equation for u = (z,t):

o w5\ 0%u
_ 1+a 2
w= Yt S (G ) 5t ) (3.6)

{=1

with f as initial condition:

u(z,0) = f(z).

11



Again, denote ul = f(kh), and let ui denote the approximation to the value u(kh,j7) of
u(z,t) at (kh,j7), where h and 7 are the spatial step size and the time step size. For the ¢-th

and i G(x,1),

term in (3.6), we use following formulas to approximate partial derivatives 2

B 8
where G, 1) = 0o (2577 ) 255

df’e

oPru , 11
Zﬁ;g(kh,]T)Q:Eiiﬁﬁzjzqugu(kh%—nh,jT Adggf%ﬁ;jgjqn (3.7)
nez nez
o , —1) 1 ,
axw(ﬂkMJT)%((i)thE:@%kﬂkh—4nijL (3.8)
Qg meZ

where Cg, and 5@4 are the constants defined by (3.3) with ¢ and ¢ respectively. Observe that
(3.7) and (3.8) follow from (3.4) and (3.5) respectively with ¢ = h.
With (3.7) and (3.8), (3.6) can be discretized as

L

j+1 1+a ~(€) (8) J
LN o P SL 1 (e WU [ ) DY
= O‘Z nez nez

In particular, with ¢, = ug, the above equation for j =0 is
V2 o e\, V2
up = ck —TZ T Z q\; ge< G 1 11k m) )(Cﬁehﬁerm>, (3.9)

where H{Y is defined by (2.3).
Comparing (3.2) with (3.9), we have the following result.

Theorem 2. Let ug be the resulting signal in (2.4) after 1-step of frame shrinking of ¢ =
f(kh), k € Z with undecimated bi-frame filter banks {p,q",--- , ¢V} and {p,q"V,--- g} and
shrinkage functions Sge. Let u}C in (3.9) be the signal after 1-step diffusing defined above for
diffusion equation (3.6) with u) = f(kh),k € Z as the initial input. If

47 222

4

—zl1=- = 1</(<L 3.10
%N>x< @mwwﬁ4@wwﬁy B 10

then ug = u,l€ for all k.

For the tight frame filter bank, p = p and ¢ = ¢®. In this case the nonlinear diffusion
equation corresponding to the tight frame shrinking is

L
L 9By )\ OBy
_§ : 1+8 2

(=1

with f as initial condition:

u(z,0) = f(z).
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8Pty
BxPe

For undecimated tight frame filter banks, the formulas used to discretize partial derivatives

and aiﬁffe G(z,t), for G(x,t) := gy <(aﬁzu)2> Pru o

8zPe AzPe

P

i (€)o7

OxPe (kh, j7) =~ Cs hﬁz %q Un+ko
nG

o5t '
o7, G (kh, j7) é Vi - " g G(kh — mh, jr).

meZ

Then ui after 1-step diffusing is

V2 0\, V2
up = c — TZC W qu 96( s hﬁzH “m) )(WHkm% (3.12)

where H{Y is defined by (2.3). Comparing (3.2) with (3.12), we have the following result, which
is a special case of Theorem 2.

Theorem 3. Let uy be the resulting signal in (2.4) after 1-step of frame shrinking of ¢, =
f(kh), k € Z with an undecimated tight frame filter bank {p, ¢, ... ,q(L)} and shrinkage functions
Sgé. Let ug. in (3.12) be the signal after 1-step diffusing defined above for diffusion equation (3.11)
with u) = f(kh), k € Z. If

47 212
14 _
sh 01 = (1= i ooy ) ) 1< <2 (319

then uy = u,lC for all k.

Theorem 3 reveals the connection between nonlinear diffusion equations and general undec-
imated tight frame shrinkages. As in Section 2.3, one can show that the nonlinear diffusion
equation (3.11) is related to the Euler-Lagrange equation of a variational functional.

Since bi-frame (tight frame) filter banks are undecimated bi-frame (tight frame) filter banks,
all results above hold true for bi-frame (tight frame) filter banks. Next, let us look at Ron-Shen’s
tight frame filter bank again to illustrate the general theorem.

Example 1. Let {p,¢"),¢®} be Ron-Shen’s tight frame filter bank defined by (2.5). Then
B1=1,Cp = —V?2; B2 =2,Cp, = —3. Thus Sel1 () and 532 (x) in (3.13) are

At (2552)__47' (29;2)__277(&2)
(C’gl)Qth1 (Cg,)?h? v (_\f)2h291 (—v/2)2h2 T=T = 9130

4r(—1)% 222 47(—1)? 222 167  8z2
Sinle) = = oy (G =~ i () = e G

S (@) =~

Therefore relationship (3.13) of the diffusivity and shrinkage functions for this tight frame bank
coincides with that in (2.11) with 6, = 60,0, = 0.
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4 More high-order nonlinear diffusion equations

In this section we construct two sets of tight frame filter banks which result in the 6th- and
8th-order nonlinear diffusion equations. In the following, denote

z=e .

4.1 Sixth-order nonlinear diffusion equation

In this subsection we construct a tight frame filter bank with three highpass filters ¢(9,1 < ¢ < 3.
¢ has vanishing moment order ¢, and it is symmetric or antisymmetric around the origin, namely,
9 (~w) = ¢O(w) or ¢ (-w) = —¢(w). We consider the filters that are supported on [—2,2].
That is the coefficients q(f) =0 if |k| > 2.

First let us look at qé%). If it has vanishing moment order 3, and it is antisymmetric around
the origin and supported on [—2,2], then it can be written as

1 1 1
(3) (T2 -1 1 2
¢ (w) 260( 52tz 2t 5z ), (4.1)

for some eg € R. The formula in Lemma 2 for the 3rd derivative L®)(z) of a function L(z) related
to such a ¢ (w) is

LB (20) = glg ( — L(zo — 2¢) + 2L(xo — €) — 2L(x0 + €) + L(zo + 25)> + 0(e). (4.2)

Next we consider ¢)(w) and ¢(®(w). We choose ¢V (w) to be the filter given by

lc
1) _ 1%/ -2 ¢, -1 2
¢ (w) 513 (z 827 + 8z —z7), (4.3)

where ¢ € R. The reason for such a choice of ¢(!) is that the corresponding formula for the
derivative L'(z) of a function L(z) is the so-called five-point formula (see e.g. [2]):

L'(z0) = <L(azo —2¢) —8L(wg —€) + 8L(xo + ) — L(xo + 25)> +0(eh). (4.4)

12¢

For ¢®(w), we hope that the corresponding formula for the derivative L”(z) is similar to the
five-point formula for L'(x):

1

L// —
(w0) = 152

(— L(xg—2¢)+16L(xg—¢e) —30L(x0) +16L(zo+¢) — L(xo+ 28)) +0(e"). (4.5)
¢ (w) corresponding to the formula (4.5) is given by

¢ (w) = =2 (=272 416271 — 30+ 162 — 2?), (4.6)
where dy € R. Let p(w) be the lowpass filter given

1 1 1
p(w) = 5(602_2 + 52_1 +1—2by + 3% + bpz?), (4.7)
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where by € R.

For p,qM,¢® and ¢ given by (4.7), (4.3), (4.6) and (4.1), we find that we are unable to
choose by, co, do, eg such that p, ¢M), ¢@ and ¢ form a tight frame filter bank with the resulting
scaling function being in L?(R). Because of this we consider ¢(®)(w) given by

do

m(—z_2 + (ag 4+ 2)27! — 249 — 2+ (ap + 2)z — 2?), (4.8)

1
@ () — L
77 (w) 5

where dy,ap € R, ag # 2. The corresponding formula for the 2nd derivative L”(x) of a function
L(z) is

1

B TEE

< — L(l‘[) — 28) + (ao + 2)L(330 — 5) - (2@0 + 2)L(SEO) (49)
+(ap +2)L(xp +€) — L(zo + 26)) + 0(52).

Then we can choose ag, by, cg, do, €9 such that the resulting scaling function is in LZ(R). More

precisely, if

3vV2—-14 7+ 104b v/ —14 — 256b 233 + 2314b,
5027\[ » €0 =/ 2+ 16bo, do = ha - - = . :

178 6 07 6 » G0 21 ’

then ¢ is W120414(R) and p, ¢, ¢® ¢ form a tight frame filter bank. The corresponding
nonlinear diffusion equation is

0 ou . 5\ Ou 0? 0%u )\ 0%u 3 PBu L\ PBu

U =5 <91 <(&v)2> 890) ) <92 <(&U2)2> 8:1:2> +t o3 (93 <(8333)2) M,) - (4.10)

In the above paragraph and also in the next subsection, for s > 0, W*(R) denotes the Sobolev
space which consists of all functions f on R satisfying [ (1 + |w[?)*|f(w)[2dw < oo, where f(w)
denotes the Fourier transform of f(z). The Sobolev exponent of a compactly supported scaling
function ¢ can be characterized by the eigenvalues of the transition operator associated with the
refinement mask of ¢. The reader is referred to [17, 34, 19] for the characterization, and to [20]
for the Matlab routines about calculating the Sobolev smoothness of ¢.

For ¢, ¢® and ¢® given by (4.3), (4.8) and (4.1) respectively, one can calculate directly

that their vanishing moment orders §; and the corresponding C; defined by (3.3) are
ﬁl — 17 Cﬁ1 = Co; 52 — 27 Cﬁg — d07 ﬂ3 — 3) C,@g = €g.

Thus, the relationship between Sge and gy in Theorem 3 is given by

47 212 47 222 4T 222
1 _ 2 _ 3 _
391(1‘) - I<1 - C%h291(63h2)>7592(x) - l’<1 - d8h492(d%h4)>7863(x) - $<1 - 6%h693(63h6)>’
(4.11)

where h and 7 are the spatial step size and the time step size respectively.

In conclusion, with the relationship in (4.11) for the diffusivity and shrinkage functions, the
signal resulted from iterated denoising with p, g, ¢@ and ¢ of the tight frame filter bank given
by (4.7), (4.3), (4.8) and (4.1) respectively and that resulted from diffusion governed by equation
(4.10) with the discretization of the 1st, 2nd and 3rd partial derivatives given by (4.4), (4.9) and
(4.2) respectively are the same.
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4.2 Eighth-order nonlinear diffusion equation

In this subsection, we construct a tight frame filter bank with four symmetric/antisymmetric
highpass filters ¢¥.1<0<4. ¢ has vanishing moment order ¢, and all the filters constructed
are supported on [—2,2]. This filter bank results in a 8th-order nonlinear diffusion equation.

Let p, ¢, ¢® and ¢® be the filters given by (4.7), (4.3), (4.6) and (4.1) respectively. We
construct the 4th highpass ¢ to have vanishing moment order 4 and to be symmetric around
the origin. Then ¢ is given by

D (w) = %fg(;ﬁ2 — 4271 46— 42+ 2?), (4.12)

where fy € R. The corresponding formula for the 4th-order derivative L(®* of a function L(z) is

LW (z0) = €i4 (L(acg —2) —4L(xg — &) + 6L(xg) — 4L(xo + €) + L(zo + 25)) +0(?). (4.13)

If we choose

V7057 — 95 — V7 + 104D V/—14 — 256b 589 + 624b
:7,00: 2+16b0,d02fo,60:T0,f0:70

b
0 192 TR

then ¢ is in the Sobolev space W19195(R), and {p, ¢V, ¢, ¢(®} is a tight frame filter bank. The
corresponding nonlinear diffusion equation is

0 Ou. 5\ Ou 0? 0%u . 5\ 0%u
u =5 (91 <(8:1;) )&U> 92 <92<(8x2) )axQ> (4.14)
ok Pu 5\ Pu ot ot o\ o'
T o0 <93<(8x3) )w) " et (94(<ax4> )a) '

For ¢V, ¢, ¢®) and ¢ given by (4.3), (4.6), (4.1) and (4.12), one can calculate directly that
their vanishing moment orders 3; and the corresponding Cp, defined by (3.3) are

ﬁl — 17 061 = Cp; 62 — 27 Cﬁz = d07 /63 = 37 Cﬁ3 = €0, 64 — 47 Cﬁ4 = fO'
Thus the relationship between Sge and gy in Theorem 3 is given by
4T 222 4T 212
1 _ 2 —
Sp, (z) = $<1 - cgfﬂgl(cghz)>’ Sy () = 1‘<1 - d(g)h492(d(2)h4)>a
4T 222 4T 222
3 _ 4 _
Spy(x) = 95<1 - 6(2)l1693<eghﬁ)>’ S, (@) = $<1 - f§h894(f02hg)>-
With such a relation among the diffusivity and shrinkage functions, the signal resulted from
iterated denoising with the tight frame filter bank given by (4.7), (4.3), (4.6), (4.1) and (4.12)

and that resulted from diffusion governed by equation (4.14) with the discretization of the 1st to
4th partial derivatives given by (4.4), (4.5), (4.2), (4.13) are the same.

The reader is referred to [12] for a tight frame filter bank consisting of 4 highpass filters

¢, 1 < ¢ < 4 with ¢ having vanishing moment order ¢. Its corresponding scaling function is
the C2 cubic spline supported on [—2, 2]; and its first two highpass filters ¢(!), ¢(?) are different from
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these given above (they cannot result in five-point formulas (4.4)(4.5) for the 1st- and 2nd-order
derivatives), while up to constants, ¢® and ¢ are the filters given in (4.1) and (4.12).

Remark 1. In this section we construct two sets of tight frame filter banks which result in
the 6th- and 8th-order nonlinear diffusion equations. If we consider undecimated tight frame filter
banks, then we will have more flexibility for the construction which will result in smoother scaling
functions. The details related to such construction are omitted here.

5 Experimental results

We carried out various experiments of signal denoising based on Ron-Shen’s tight frame filter bank
with different shrinkage functions. The overall performances of the diffusion-inspired shrinking
(except for the one from TV diffusivity) are comparable with hard and soft threshold denoising.
Actually, they perform slightly better. Here we provide experimental results with two “toy”
signals, denoted as S7 and S5.

For Sy, which is shown on the top-left of Fig. 1, five noised signals are generated by adding
zero-mean Gaussian noise five times to the original signal S;. Each noised signal has signal-to-
noise ratio (SNR)=6. SNR is defined as

SNR = 20(10g10 |S — §|2 — loglo |n|2),

where s is the ideal signal and s is the mean of s, and n is the noise. We apply 1-level Ron-
Shen’s frame shrinking iteratively 50 times to each noised signal. We provide in Table 1 the
SNRs of the denoised signals with different shrinkage functions. The SNR for each case in Table
1 is the average of the SNRs of the denoised signals of the five noised signals mentioned above.
When we apply the Perona-Malik (denoted as P_M) diffusivity function, we choose h = 1,7 = %.
We choose ¢; = 1 when Perona-Malik diffusivity-based S given in (2.13) is applied to the first
highpass output H}ll) while we set ¢y = % when Perona-Malik diffusivity-based S2 in (2.13) is
applied to the second highpass output H7(12). Weset h=1,7 = % when Weickert diffusivity-based
591 defined by (2.15) is applied to the first highpass output H,(LI), while we use h = 1,7 = %6
when Weickert diffusivity-based S2 in (2.16) is applied to the second highpass output H7(12). The
parameters 6 and o are selected such that SNRs of the denoised signals are as big as possible. The
TV diffusivity-based Sgl, S2 defined by (2.14) are independent of the parameters. Here we choose

L From Table 1, we know for S;, Perona-Malik diffusivity-inspired and

a smaller 7 with 7 = 55.
Weickert diffusivity-inspired shrinkages perform slightly better than hard and soft shrinkages.

Shrinkage Si=P_M | S}=Weickert | Sj=Hard | Sj=Soft | Sj=P_M Si=Weickert | Sj=TV
Method S2=P_M | S2=Weickert | S2=Hard | S2=Soft | S2=Weickert | S2=P_M S2=TV
SNR (for S7) | 18.0560 | 18.0643 17.4083 | 17.8367 | 18.0589 18.0539 16.2321
SNR (for S2) | 26.1805 | 25.6973 24.4256 | 24.4167 | 26.3698 25.6202 16.2660

Table 1: Signal denoising results with different shrinkage functions

The second signal So we consider is shown on the top-left of Fig. 2. Again five noised signals

are generated by adding zero-mean Gaussian noise five times to So. In this case each noised signal
has SNR=16 and we apply Ron-Shen’s frame shrinking iteratively 100 times to each noised signal
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Figure 1: Top-left: Original signal S1; Top-right: Noised signal with SNR=G6; Bottom-left: Denoised signal
with Perona-Malik shrinkage; Bottom-right: Denoised signal with Weickert shrinkage

(still 50 times for TV diffusivity-inspired shrinking). The constant ¢1,c2 and 7 are chosen as
above. The SNRs of the denoised signals with different shrinkage functions are provided also in
Table 1. Again, for each case, the SNR for S5 in Table 1 is the average of the SNRs of the denoised
signals of five noised signals. This example also shows that Perona-Malik diffusivity-inspired and
Weickert diffusivity-inspired shrinkages perform better than hard and soft shrinkages.

6 Conclusion and future work

In this paper we establish the correspondence between frame shrinkage functions and the diffusiv-
ity functions of certain high-order nonlinear diffusion equations. We start with the frame shrinkage
based on a Ron-Shen’s continuous-linear-spline-based tight frame filter bank and obtain a 4th-
order nonlinear diffusion equation associated with this filter bank. After that we derive high-order
nonlinear diffusion equations associated with general tight frame filter banks. These high-order
nonlinear diffusion equations are different from the high-order diffusion equations studied in the
literature. In addition, we construct two sets of tight frame filter banks which result in the 6th-
and 8th-order nonlinear diffusion equations. We also present signal denoising experiments with
various shrinkage functions including diffusivity-inspired shrinkage functions.

The study of relationship between the frame shrinkage and diffusion filtering leads to a new
type of diffusion equations. The derived relationship is useful to design diffusion-inspired shrinkage
functions with competitive performance. On the other hand, the relationship is helpful to design
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Figure 2: Top-left: Original signal Ss; Top-right: Noised signal with SNR=16; Bottom-left: Denoised
signal with Perona-Malik shrinkage; Bottom-right: Denoised signal with Weickert shrinkage

frame-inspired diffusivity functions.

In this paper we consider frame shrinkage and diffusion filtering correspondence in the 1-D
case. Our future work will include the study of the correspondence between 2-D frame shrinkage
and diffusion filtering, the design of competitive diffusion-inspired shrinkage functions for image
denoising and the construction of tight frame filter banks which result in nonlinear diffusion
equations with good performances in image noise removal.
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