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Abstract

Subdivision provides an efficient method to generate smooth curves and surfaces. Recently matrix-
valued subdivision schemes were introduced to provide more flexibility and smaller subdivision templates
for curve and surface design. For matrix-valued subdivision, the input is a set of vectors with the first
components being the vertices of the control polygon (or the control net for surface subdivision) and the
other components being the so-called control (or shape) parameters. It was observed that the control
parameters can change the shape of limiting curve/surfaces significantly. However, how to choose
these parameters has not been fully discussed in the literature. In this paper we address this issue for
matrix-valued curve subdivision by providing easy-to-implement formulas for normals and curvature of
subdivision curves and a method for defining shape parameters. We also do some analysis using data
from a sample planar curve.

1. Introduction

Subdivision is an efficient method to generate smooth curves and surfaces [21, 23, 26]. To con-
struct a smooth curve/surface, the subdivision process is carried out iteratively, starting from
an initial polygon/polyhedron, to generate a sequence of finer and finer polygons/polyhedra
that eventually converges to the desired limiting curve/surface, called the subdivision (lim-
iting) curve/surface. During each iteration step of a (dyadic) subdivision, to form the finer
polygon/polyhedron, new vertices (also called “odd” vertices) are inserted among old vertices
(also called “even” vertices) on the coarser polygon/polyhedron and the positions of “even”
vertices may be updated. If all the vertices (nodes) of each coarser polygon/polyhedron are
among the vertices of the finer polygon/polyhedron, then the subdivision scheme is called an
interpolatory subdivision scheme. Otherwise, it is called an approximating subdivision scheme.
The exact positions of the new vertices and old vertices in the finer polygon/polyhedron are
given by the local averaging rule.

A curve subdivision scheme is in general related to a refinement equation

$(x) =Y pip(2x — ), xz€R,

LEZ

where ¢(z) is called the refinable function, and {ps}sez is called the refinement mask. The
refinement of ¢ results in the subdivision scheme:

U]::n :Zv;n_lpk72j7 m = 1727"' ) (11)
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where fu,g, k € Z are given real numbers. In practice, when (1.1) is applied to curve subdivisions,
vg (where k belongs to a finite set in Z) are vertices of the given control polygon. Hence these



v) are 2 x 1 vectors in R? (for planar curve subdivision) or 3 x 1 vectors in R? (for 3-D

curve subdivision). In this case, (1.1) is applied to each component of vg, and the resulting
vi,vi,--- are also column vectors. Then the finer and finer polygons with vertices {vj"}y

provide an accurate discrete approximation to the limiting subdivision curve.

Recently matrix-valued subdivision schemes were introduced in [2, 3, 4, 13, 14] to provide
more flexibility and smaller subdivision templates for curve/surface design. For matrix-valued
curve subdivision, the refinement mask is a sequence {P}scz of matrices Py with only finitely
many of them being nonzero matrices. In this paper, for simplicity of presentation, we assume
Py are 2 x 2 matrices although they could be matrices of larger sizes. The associated refinement
equation is

O(x) =Y P2z 1), zeR, (1.2)
LEL

where ®(z) = { 20 Eg } is called the refinable function vector.
1
For given initial vectors v = [0, s0], k € Z, where v, s? € R, (1.2) leads to the subdivision
scheme:

Vit=> VI P g, m=1,2,-, (1.3)
j

where v}* are 1 x 2 vectors, and we use v;* and s}* to denote their first and second components:
vt =: [vf*,s']. Like the conventional (or scalar) curve subdivision, when matrix-valued
subdivision (1.3) is applied to curve subdivision, v,g, 52 are column vectors in R? or R?, and
(1.3) is applied to each row of v = [v), s9], then to each row of v}, vZ,- - iteratively. In the
following we assume vg, 52 and hence v*, s]*, m > 1 to be real numbers unless it is specifically

indicated.

Observe that for matrix-valued subdivision, the input is a (finite or infinite) sequence of
vectors v = [v),s?]. We can use the first components v? of v{ as the vertices of the initial
control polygon, and the first components v;* of vi* as the vertices of the subdivision polygons
generated after m-step subdivision iterations. The other component, 32 of vg, can be used to
control the geometric shape of the limiting curve. Then one can show as in [3], that the vertices
v* provide an accurate discrete approximation of the target subdivision (limiting) curve. The
limiting curve depends on not only the initial vertices v,g, but also on 82 which are called shape
control parameters.

In this paper we discuss how to choose shape control parameters 32. We will investigate the
relationship between shape control parameters and some geometric property such as tangents,
normals and curvatures of the limiting curves. In particular we obtain formulas for the normals
and curvatures of the limiting curves in terms of the shape control parameters and the initial
control polygon. With these formulas, we can design our shape parameters such that the
resulting subdivision curve has specific normals and curvatures.

The rest of this paper is organized as follows. In § 2, we recall some C? matrix-valued
curve subdivision schemes introduced in [4], and discuss the difference between matrix-valued
interpolatory schemes and the Hermite type schemes studied by other researchers. In § 3 we
derive the first and second derivatives of the limiting curve. In § 4 we provide the tangents
and curvatures of the subdivision curves generated by 3-point and 4-point schemes. Finally,
in § 5, we define our shape parameters and apply these formulas to curve design.



2. (C? matrix-valued approximating scheme and C? matrix-valued interpo-
latory scheme

In this section, we recall some matrix-valued curve subdivision schemes obtained in [4]. Tan-
gents and curvatures of the subdivision curves generated by these schemes will be analyzed in
later sections. In this section we also have a look at the difference between these schemes and
the Hermite type schemes investigated in the literature.

The subdivision scheme (also called the local averaging rule) (1.3) can be described and
represented in a straight line along with a set of subdivision matrix-valued templates. For
example, Fig. 1 shows the templates for a 4-point matrix-valued scheme of a mask {P;}¢=_3 ... 3,
where PBp =W, P, =P_1=X,P, =P =7, P3 = P_3=Y, with the local averaging rule:

Vo = v?:llZ + VZZ_IW + VZ:L_IIZ, (2.1)

Vi =V Y v X v X VLY, m> L

7 W 7 Y X X Y
o——0 ¢ o @ o

Figure 1: Matriz-valued 4-point scheme

An example of a matrix-valued 3-point approximating scheme in [4] with corresponding
scaling functions ¢g, ¢ in C? is:

1118 =2 114 0 1 1 1
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Two more examples from [4] are a 3-point matrix-valued scheme with corresponding ¢o, ¢1 in
C?:

1 _
W= [32 21

14 0 110 21
320 —6}’X_8{—1 1]’2_64{0 —7]’Y_0’ (23)
and a 4-point scheme with the corresponding scaling functions ¢g, ¢1 being compactly sup-
ported C? cubic splines:

114 1 1125 -1 110 -1 1] -11
W‘4[0 —1}’X_48[13 11 ]’Z_s[o —1}’}/_48[—1 1]' (24)
Observe that for the schemes in both (2.3) and (2.4), the (1,1)-entry and (2,1)-entry of W

are 1 and 0 respectively, and the first column of Z is the zero vector, thus with the formula in
(2.1), we know that the first component v3} of v} is

o = Vi [ 0 } Vi [ 0 } Vi [ 0 } =T m =12,

This means that the positions of vertices 1)2 are not changed during the matrix-valued subdivi-
sion scheme (recall that we use the first components v} of vi* as the vertices of the subdivision
polygons generated after m-step matrix-valued subdivision iterations). Thus these two schemes
are “interpolatory”. This is the definition for matrix-valued interpolatory scheme introduced



in [2, 4]. It was shown in [4] that the refinable function vector ® = [¢g, ¢1]7 corresponding a
matrix-valued interpolatory scheme satisfies

po(k) =0(k), o¢1(k)=0, keZ, (2.5)
where 6(k) is the Dirac-delta sequence.

As we know, conventional interpolatory subdivision schemes cannot achieve such smooth-
ness and small template size simultaneously as the schemes in (2.3) and (2.4). For example the
4-point (scalar) interpolatory scheme in [9] is C! only, and to have C? interpolatory schemes,
one needs to use a 6-point scheme or a ternary scheme [24, 15]. In addition, except for the hat
function, the compactly supported refinable function associated with an interpolatory scheme
cannot be a spline function. In contrast, for matrix-valued schemes, it is possible to have
3-point C? interpolatory schemes and even a 4-point C? interpolatory scheme with spline
functions as the refinable functions.

The curve subdivision templates considered in this paper, such as the one in Fig. 1, are
symmetric (with mask elements P, = P_, for £ € Z), and therefore they can be readily adopted
as boundary subdivision templates for matrix-valued surface subdivision.

The minimum-supported Hermite interpolatory C' cubic splines ¢g, ¢; produce a matrix-
valued curve subdivision using the following mask (see [5]):

10 1 4 6 14 -6
— — = - = >

The refinable functions (C! piecewise cubic polynomials supported on [—1,1]) ¢q, ¢ satisfy
not only (2.5) but also ¢{(k) = 0, ¢} (k) = 6(k),k € Z. However, the subdivision mask does
not have the symmetry of P, = P_,. Hence it is hard to use this scheme as a boundary
subdivision scheme for matrix-valued surface subdivision. Hermite-type interpolatory curve
subdivision schemes have been studied in [10, 6, 7]. In these papers the constructed ¢g, ¢1
satisfy ¢1(x) = ¢p(z). Again, the corresponding masks do not meet the symmetry specification.
In addition, since Hermite-type interpolatory schemes require the restriction ¢1(x) = ¢p(z),
the constructed schemes have larger templates than the matrix-valued interpolatory schemes.
[18] and [19] discuss classes of 4-point Hermite subdivision schemes that generate C? functions
and the masks consist of eight 2 x 2 matrices.

As mentioned in § 1, we will study the normals and curvatures of subdivision curves. Since
the curvature involves the second derivative, in the following we assume that the refinable
function vector ® = [¢g, ¢1]T is in C%(R), namely ¢g,¢; € C*(R). We assume that the
associated subdivision mask P = {P;}scz is supported in [N, N| for some N > 0, meaning
P; =0 for |[¢| > N, and that it has sum rule of order 3, namely, there exist constant vectors
yvo = [1,0], y1 = [c1, c2], y2 = [d1, d2] such that

Yo > Pk =¥0 Y Pari1 = o,
f k

Z (2y1 + (—2k)yo) Por, = Z (2y1 + (—2k — 1)yo) Pak41 = ¥1

! !
Z (4y2 + 4(—2k)y1 + (—2k)%y0o) Pay,
i

=Y (dya +4(=2k = Dy1 + (=2k — 1)%y0) Par1 = o
k



Sum rule order of P implies the accuracy order of the associated ®. More precisely, with

yo(j) = yo, ¥1(4) = y1 + jyo, y2(j) = y2 + 2jy1 + i*yo, j € Z,
we have (see [16, 17] and the references therein) for n =0,1, 2,
=Y ya()@(x —j), z €R. (2.6)
JEZ

That is, the polynomials of degree < 2 can be reproduced by ¢¢(z—j),p1(x—j),j €Z
when P has sum rule order 3.
Let 1p,15,15 be 1 X 2(2N + 1) vectors defined by

[yO(j)] N<j<N = [y07"' y YO0, 7y0]a
y1(j)]-~n<j<v =[y1 — Nyo, - ,¥1 — Yo, Y1, ¥1 + Yo, ,¥1 + Nyo|, (2.7)
[yo(i)]-N<j<n = [y2 + 27y1 + 5°Yol-N<j<n-

Then 1,11, 1y are left (row) eigenvectors of eigenvalues 1 4 resp. for the subdivision matrix:

,27

S— [PH]-] | . (2.8)
~N<j<N,—N<k<N

In thls paper we assume 1, 1 oL 4 are simple eigenvalues of S and other eigenvalues A of S satisfy
|A| < 1. The reader refers to [8] on the relation between the convergence of Hermite subdivision
schemes and the eigenvalues of S.

For an initial sequence of control vectors v0 = {v}, let v{* = [v[",s"] be the vectors
derived by the local averaging rule (1.3) after m steps of iterations with a subdivision mask
P = {P;};. We say the scheme with mask P is convergent if for each v there exists a
continuous function f (f is a function vector if v are vectors in R? or R3) such that f # 0 for
at least one v’ and

k
Jim sup [vf! — f(57)[ = 0.

3. Derivatives

In this section we derive the first and second derivatives of the limiting curve f at an initial
point, ko. Here we derive the formulas for 3-D curve subdivision. Thus vg = [vg, sg] are given
3 X 2 matrices with v,g being the vertices of the control polygon in 3-D, and f is a function
vector with 3 components. We will follow the approach used in [22] where the formula was
obtained for the normals of limiting surfaces generated by the butterfly scheme [11].

For simplicity, let u}”, —N < j < N, denote the vectors of V;” after m iterations around

Vo
0
m . ..m .
u] = V2mk0+j7 —-N S ¥l S N.
Then, with UJ" = [u™y,--- ,u”,ug’,ul’,--- ,u}], we have

U =u"1s, m=1,2,---

We consider interpolatory and approximation schemes in the following two subsections.



3.1 Interpolatory schemes

For an interpolatory scheme, the first components of uj", namely, vgmy | j lie on the limiting

curve, denoted by f(z). Thus vy, ., = f(ko + 2%) Therefore, we have

. ) 1
A 27 (Vm gy 4q = Vgm,) = Tm 27 (f (ko + o) — f(ko)) = f'(ko),
lim 22 (Ut g1 T Vimngg—1 — 205ing,) = (3.1)

lim 22" (f(ko + im) + f(ko — 2%) - 2f(ko)) = f"(ko).

m—o0 2

Let {1; : 0 < j < 4N + 1} be a set of linearly independent generalized eigenvectors of S
with 1y 11, 1 the eigenvectors of 1,1/2,1/4 given in (2.7). So U can be written as

4AN+1
Ug = aglg + a1l + asly + Z Oéjlj, (32)
=3

Whereaj€R3,0§j§4N+1.

Theorem 1 Suppose an interpolatory scheme is convergent with limiting curve in C?. Let
f be the limiting curve of an initial control vector “polygon” {vg}k. Let ay, a0 € R? be the
column vectors in (3.2). Then

f'(ko) = ax, f"(ko) = 2a. (3.3)

Proof. By the assumption that other eigenvalues excluding 1, %,% of S are smaller in
modulus than %, we have

Ut = UJS™ = aply + 0127 ™1y + 272y + o(272™). (3.4)

Thus

m

ul" —ug’ = ap(yo —yo) +27 "1 (y1 +yo —y1) +o(27") =2""anyo +0o(27™).
Since the first component of yg is 1,
2™ (Vg1 — Vamg,) = a1+ o(1).

Hence,

: m m m —
nll_fgo 2™ (Vg1 — Vimp,) = 041

This and the first equation in (3.1) imply that f(ko) = ;.
Similarly, from (3.4), we have

ul’ +u” —2ug’
= ap(yo +yo — 2yo) + 12" " (y1 + yo +y1 — Yo — 2y1) +

272" (yg — 2y1 + Yo + y2 + 2y1 + Yo — 2y2) + 0(272™)
= 27?"2a5y0 + 0(272™).



Thus,
m m m __o9—2m —2m
'U2mk0+1 + Uzmk:o—l — 2U2mk0 =2 20{2 + 0(2 )7

and therefore,

: 2m(, m m m —
77}51(1)02 (’U2mk0+1 + U2mk0—1 — 2U2mk0) = 20[2.

This, together with the second equation in (3.1), implies that f” (ko) = 2aa. [ |

We can similarly obtain the derivatives of f at point

7
k0+27

for kg,i,mn € Z with i # 0 and n > 0. In this case, let u?, —N < j < N, denote the vectors of
n

7 around the point ko + 2%

v

0_ ,n .
U; = Vongotits -N<j<N.

In general, denote u}" = vgﬂrﬁl ko 2mis > —N < j < N. Then, with

m __ [,.m m m ..m n
Ui - [u—N?'“ yU_1,Ug , Wy - 7uN]7

we have U™ = Uim_IS, m=1,2,---. Expand U in the form of (3.2), namely,

4AN+1
= aply + a1ly + aols + Z ajly, (3.5)
=3

vy "
2" ko+i+7j _N<j<N

where 1; are (generalized) eigenvectors of S and &; € R%, 0 < j < 4N + 1. Then as shown
above we have

ap = lim 2™(u* —ugt), 22 = lim 2*™(u]* +u™ — 2u"),
m—0o0 m—0o0

where each (0 denotes the first column of u;’. On the other hand,

m(, m m\ __ om/(, m+n m—+n
2" (uf" — ug') = 2" (Vgm'ingypamiy1 — Vyminggpomi)

, | :
:2m(f(ko+;—n + ) —f(k:o+22—n))

1

1
—>2—nf’(k0+ ), as m — 00,

2n
. i1 i1 i
=2 m(f(k0+27+w)+f(k’o+27—W)—Qf(k0+27))
] :
— ——f"(ko + i), as m — o0o.

22n mn

Therefore, we have the following corollary.



Corollary 1 Suppose an interpolatory scheme is convergent with limiting curve in C?. Let
f be the limiting curve of an initial control vector “polygon” {vg}k. Let &y1,69 € R? be the
column vectors in (3.5). Then

L) — 22n+1d2

=2"ay, f"(ko+ 5

i

(ko + 27)
To calculate ag, a9 in (3.2) and &;,a9 in (3.5), we use the right eigenvectors of S. For

k=0,1,2, let ry be the right (column) eigenvectors of eigenvalues 1 resp. of S such that

Liry, =6;5,0<k<2,0<j<4N + 1. Denote rj as

’2’4

k k k k k 1k k kT
re = [T7N7t7N7T17N’t17N7 ...,To,to, ...,TN,tN] .
Then
Ulrp =US™ r

1 m 1 4N+1
=agly ri + o <2> L vy + as <4> Iy rp + Z ¢jmlj

1 m
= O 27]g )

where c¢; ,, are some points in R3. Thus, a; = 2MU r1 and ap = 22mU6” rs.
Similarly, for nonzero i € Z, &; = 2™U™ r; and ag = 2*™U™ ry. In particular, letting
m = 0, we have
o] = U(()) ry, Oq U r,
Qo = U(()) ro, Ozg = Ui Iro.
Hence, we have the following result.

Corollary 2 Suppose an interpolatory scheme is convergent with limiting curve in C?. Let f
be the limiting curve of an initial control vector “polygon” {v,g}k. Then fori € Z

]
I (ko + 2n) =20y = 2”( Z Voo +itj 7“] + Z Shmko-tits tjl) (3.6)
Jj== j=-N

2n+1770 2n+1
f//(k —+ 2n) 2 n+ U ro = =92 n+ ( Z U2”]€0+l+] 7“] —+ Z S2nk0+l+_] tj) (37)
j=— j==
Before we move on to the next subsection, we remark that (3.3) can be derived

in the following way.
Assume @ is in C2. Taking the nth derivative of the both sides of (1.2), we have

oM(z) =23 " P (22 —0), n=0,1,2.
¢

Thus

N
(™) (—j) = 2" ZP@(” —2j —0) =2 Py @™ (—0) =27 Y Py d™ (),
¢ =—N



where the last equality follows from the fact that both ¢y and ¢; are supported in
[~ N, N]. Therefore,

(@ (n)( )] NN =2" [Pg—Qj}ngjgN,ngng [q)(n)(_f)]ﬁizj\;v

That is [®()(— j)]J_NN is a right 2_”-eigenvector of the subdivision matrix S de-

fined by (2.8). Since we assume that 1,32 5 4 are simple elgenvalues of S and other
eigenvalues \ of S satisfy |\| < 1, we have that for n =0, 1

K@M (=), =0, forall k=0,1,--- AN + 1 with k # n. (3.8)
Furthermore, taking the nth derivative of the both sides of (2.6), we have
Zyn "z —j), n=0,1,2.

Hence, letting x = 0, we have

N

=2 @ (=) = 30 ya()e (=) =L@ ()2, n =012 (39)

j=—N

The limiting curve f in Theorem 1 is given by (refer to [3])
Zv d(x —

Thus, with U = [v),, ] nv<k<n expanded as (3.2), we have

ZV &) (ko — ka+k ol Z Vlc+ko " (—k)

k=—N
4N+1
= U@ (—k)) N, = (aolo tal +asly + > ajlj) @) (k)]
j=3

= apn!,

where the last equality follows from (3.8) and (3.9). This proves (3.3) .

3.2 Approximation schemes

In this subsection, we consider approximation schemes. To derive formulas for f'(kq), f” (ko)
similar to those in (3.1), we consider the C' and C? convergence of the cascade algorithm.

For a subdivision mask P = {Py}, let Tp denote the cascade algorithm operator defined
by
qu)o Z qu)o 2.:() -

where ®( is a compactly supported function vector. Clearly, the refinable function vector ®
associated with P is a fixed-point of Tp, and if {T}' ®¢},, converges to a nonzero limit function,
then the limiting function is ®. In addition, for any control vector “polygon” {vg}k, we have

> Vi (TF®o) (x — k ka o(2™x — k), (3.10)

k



where v}, k € Z are exactly the vectors defined by the subdivision algorithm in (1.3). There-
fore, if we choose ®g(z) = [h(z),0]", where h(x) is the hat function h(z) = (1 —|z|)x[_1,1(),
then ), v ®o(2mx—k) = >, vi* h(2™x—k) is the refined polygon after m step of subdivision
iterations with vertices v;". Hence, the convergence of the subdivision scheme is equivalent to
the uniform convergence of the cascade algorithm sequence {T7'®g},.

We say a subdivision scheme with mask P converges in C* if for any compactly supported
®y € CF the sequences {TE®o(z)}m, {(TE®0) (2)}m, -+, {(TEPo)*) (2)},, converge uni-
formly (to ®,®’,---,®*)). Note that such a subdivision scheme will have sum rule order of
(at least) k + 1 and ®( will have accuracy of order (at least) k + 1 (see [1]). The characteri-
zation of cascade algorithm convergence in the Sobolev norm is provided in some papers, see
e.g. [1, 14]. The convergence of cascade algorithm in C* can be characterized by the spectral
radius of S|y, and S|Vk, where S is the subdivision matrix in (2.8), S = [Pk QJ+1] ik ,and Vj, is

a subspace of R*V*2 determined by the vectors yq, - - -,y for the sum rule order k + 1 of P.

Since our basic task in this paper is to study tangents and curvatures of the limiting curves,
we will not discuss the characterization for C* convergence here.

Proposition 1 Suppose a subdivision scheme with mask P converges in C*. For an initial
control vector “polygon” v = {v{}y, let f be the limiting curve. Then

i 00 2" (Vi 41 = Vamg,) = S (ko). (3.11)
If in addition, the scheme is also C? convergent, then
iy 00 227 (Vh g 11 + Vg, 1 — 2050, ) = [ (ko) (3.12)

Proof.  Let po(z) = Xx[—1, oj*h(x), the convolution of the characteristic function x[_y, o)(z)
of [~1, 0] and the hat function h(z). Then @o(x) is the C'! quadratical B-spline function. Thus
©o(x) has accuracy of order 3. Furthermore, one can verify directly

oo(z) = h(x + 1) — h(z). (3.13)

Let @y = [0, 0]7. Then ®( also has accuracy of order 3. Let fy,(z) = >, vin®y(2™x — k).
By (3.10), fm(z) = >, v2(TH®¢)(z — k). Thus by the C' convergence assumption, f/, (z) =
S VUTE®) (x — k) — >, vad'(z — k) = f'(x), as m — oo. On the other hand, by (3.13),

() = ZV?2m@6(2m Z 2"V o (2" — k), O]T
k
= 2" (h(2"w — k+ 1) — h(27x — k)
= 2" (v, — oh(2M T — k).
k

Let x = ko. Then f;, (ko) = 2" (v§h, 41 — Vhmy,)- Thus
2" (Vg 11 — Vgmpy) — [ (o), as m — oo

To obtain (3.12), we choose ® = [@o, 0", where @o(x) = x[0, 1] * x[_1, o) * h(2). Po(z) is
the C? cubic B-spline function, and it has accuracy of order 4. Furthermore,

o(x) = h(z + 1) + h(z — 1) — 2h(z). (3.14)

10



With this initial function vector ®j and the formula (3.14), one can show similarly as above
that

Frn(ko) = 22" (05, 11 + V5gy 1 — 205, ) = " (Ko),

as m — o0. [ |

Theorem 2 Suppose that an (approzimation) subdivision scheme is convergent in C2%. Let
f be the limiting curve of an initial control vector “polygon” {vg}k. Let &y, 69 € R? be the

column vectors in (3.5). Then for integer i # 0
. ~ ; ~
['(ho + 57) = 2", ["(ko + o) = 2" do.

i
Using (3.11) and (3.12), one can give the proof of Theorem 2 as that for Corollary 1.
Again, as before, we use the right eigenvectors rj of S to get &y, as.

Corollary 3 Suppose an (approzimation) scheme is convergent in C?. Let f be the limiting
curve of an initial control vector “polygon” {v)}i. Then fori € Z f'(ko+ =) and f"(ko+ o)
are given by the formulas in (3.6) and (3.7) resp.

From
[vgznko ﬂ} ey = C0lo o2 M 2-2M 01y + 0(272™), (3.15)
we know
[ngnko+j] Nejen — aplp = aglyo, -+ ,yo] asm — oc.
Thus

m _.m m
Vimkgtj = [Udmkgtj» Samkg 4] = Q0Yo0-
Since yo = [1, 0], we have

W%gnoo /Ug}nk()-f—j = o, rr}g)noo Sgnmk0+j =0. (316)
By definition, limy, o0 Vymg, = f(ko). Thus ag = f(ko) and hence, lim,, oo Vgingorj =

f(ko),|j| < N. The second limit in (3.16) implies s;* — 0 as m — oo for k € [2™ky —
N, 2"k 4+ NJ. Since the limit of the second components s}* of v} is zero, it is reasonable to
the use the first components v;* as the vertices of the refined the polygon.

With ag = f(ko), a1 = f'(ko), s = 5" (ko), from (3.15), we have

Qm([v%k0+j]_N§jSN - f(ko)lo) = f'(ko)ly + o(1),
2 (V) ey — S (o)lo = 27" (o)1t ) = 17" (ko)lz + o(1).

These and the structures of 1lp,11,1p in (2.7) immediately yield the formulas shown in the
following corollary.

Corollary 4 Suppose an (approximation) scheme is convergent in C2. Let f be the limiting
curve of an initial control vector “polygon” {v{}y. Then for |j| < N,

lim 2™ (vgfnkoﬂ - f(kio)) = (j +c1)f (ko),

m—r0o0

lim 2™ (ugﬁnkoﬂ. — flko)—2""( + C1)f/(k0)> = %(Ch +2je1 + 52) £ (ko),

m—00

where ¢y and dy are the first components of y1 and yo resp. for sum rule order 3 of the mask
P.
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4. Tangents and curvatures of 3-point and 4-point matrix-valued subdivision
curves

For an initial control vector “polygon” v0 = {v{},, with derivatives f’(ko) and f”(ko) at v,go
given by (3.6) and (3.7), we have the unit tangent and normal vectors and curvature of f at
this point. Here and below we assume that f is not singular at each z, namely, ||f'(z)| # 0.
Then, the unit tangent vector at 1)20, denoted as T'(ko), is

T(ka) = L1000

I1f/ (o)l

The formula for the principal normal (vector) N of a curve a(t) in R is

(o x ") x o

e x|l

and the curvature 7 of «a(t) is

la” x "
3

[l

where for v = [u1,u2,u3]”, w = [wy,ws,ws]’ € R3, the cross product u x w of u and w is
defined as

u X w = [ugws — ugwa, Uswy — U W3, Uy Wy — Upwy]” .
The reader may refer to some textbooks, e.g. [20], for the formulas of N and 7. With f’
and f” of the subdivision curve at vgo, we have the normals and curvature of f at this point.
In the following we focus on the tangent and curvature of f generated by the 3-point and 4-

point matrix-valued C? interpolatory schemes and the 3-point matrix-valued C? approximating
scheme with templates given by (2.3), (2.4) and (2.2).

4.1 3-point C? interpolatory scheme
For this scheme, the nonzero coefficients Py of the mask are Pp = W, P, = P, = X, P, =
P_y = Z, where W, X, Z are defined by (2.3). Thus the subdivision matrix S = [Pr—2j]_,_., -,
is a 10 x 10 matrix. This subdivision mask has sum rule order at least 3 (it has sum rule order
4 actually) with yo = [1,0],y1 = [0,0],y2 = [0,1]. Thus the left eigenvectors lp,1;,12 defined
in (2.7) are

10 = [17 Oa 1> 07 17 07 1a Oa 1’ 0]7

11 = [_27 07 _1a 05 Oa 07 ]-a 07 27 0]7

lo =[4,1,1,1,0,1,1,1,4,1].
N
The appropriately normalized right eigenvectors rg, ry, r2 of eigenvalues 1

are simple eigenvalues of S and other eigenvalues of S are smaller (in modulus) than %.
,%,% resp. of S are:
ro = [Oa Oa 05 05 ]-7 07 07 07 07 O]Tv

11 1 1 T
_5) 67 Oa Oa 55 _67 Oa 0] }
TT T AT T
4’ 127 27 3747 1277

ry = [Oa Oa

ro = [07 07

12



These ry, satisfy 1; vy, = ;4,0 < k,j < 2. Thus the first derivative f’ at point Vg after n
subdivision iterations, denoted as f(ko + o), is

1 1
f'(ko + 27) =2"(~ §U3nko+i—1 + gsgnko+i—1 + ivg"koJriJrl - gsg"ko+i+1)'

In particular, we have

1 1 1 1
f/(ko) = _5020—1 + 6820—1 + 5”204—1 - 68204—1' (41)

The second derivative f” at point vi,, ., denoted as f”(ko + 2%), is

7
f//(ko + 27) g
7 7 7 4 7 7
2
22ntl (ngnkoﬂq - Esgnkoﬂq - §Ugnko+7; - gsg”koJri + ng"ko+i+1 - Esgnko+i+1)'

With ¢,n = 0, we have

7, 7 8

7 7
f"(ko) = 3Vko—1 7 gSko—1 o, — 5520 + ivlgo-i-l - 6320—&-1' (4.2)

4.2 4-point C? interpolatory scheme

The nonzero coefficients P, of the mask for this scheme are Py = W, P, = P11 = X, P, =
Po=7P;=P 3=Y, where W, X, Z,Y are defined by (2.4). Thus the subdivision matrix
S = [Py—2j]-3<j<3,—3<k<3 is a 14 x 14 matrix. This subdivision mask has sum rule order at
least 3 (it has sum rule order 4 actually) with yo = [1,0],y1 = [0,0],y2 = [0, —3%]. Thus the

left eigenvectors 1, 11, 1o defined in (2.7) are

lp =[1,0,1,0,1,0,1,0,1,0,1,0,1,0],
11 - [_3707 _2707 —1,0,0,0, 17072707370]a
1 1 1 1 1 1 1
Lb=19—,4——,1,——,0,—=,1,——,4,——,9, ——].
2 [ 9 37 9 37 ) 37 ) 37 ) 37 ) 37 9 3]
11
L3.q
The appropriately normalized right eigenvectors rg, ri, ro of eigenvalues 1

are simple eigenvalues of S and other eigenvalues of S are smaller (in modulus) than %.
,%,i resp. of S are:
ro = [0,0,0,0,0,0,1,0,0,0,0,0,0,0]7,

=1[0,0,0,0 ! 100110000]T
I‘l - e S el 27 27 Y Y 27 27 ) )

33 33

_ Q2 Q9 T
r2_[070a0,0’272a 3’3,272a0a0a070] .

These ry, satisfy 1; ry = 0;1,0 < k,j < 2. Thus the first derivative f’ at point Vg after n
subdivision iterations, denoted as f’(ko + 2%), is

1

7 1 1 1
I (ko + 27) =2"(— 5”37%%-1 - §Sg"ko+i—1 + Qvgnko+i+1 + §Sg"ko+i+1)'

13



In particular, we have

1 1 1 1
f(ko) = —51’20—1 - 5520—1 + 51’20“ + 5520“- (4.3)

The second derivative f” at point vg,, ;. denoted as f”(ko + o), is

f”(k‘ + 2n) =

3
2n+1
2%n+ (2 kg rio1 T 52”k0+z 1 = 303nggti + 385npg4q + Uznko+z+1 + 82"k0+z+1)
With 7,n = 0, we have

1" (ko) = 31},20_1 + 3520_1 - 61/20 + 6820 + 3v,20+1 + 3520+1. (4.4)

With f" and f” given in (4.1) and (4.2) or in (4.3) and (4.4), we then have the normals
and curvature of f at a particular point. More precisely, using the 3-point C? interpolatory
scheme, we obtain (assuming a planar curve):

Normal at kg =

1, 1, 1 1 1, 1 1 1, 1T
[5“k0—1,2—63k0—1,2 2Uk0+12+63k0+1 20~ 5 Vko— 114'6%(J 11+2 k0+11 6Sk0+1,1} )

Curvature at kg =

1 1 1 2 1 1 1 1 213/2
‘H:s‘/{ ”ko 11+ 652071,1 + 5”20+1,1 - 6820+1,1) + ( - 5”2071,2 + 652071,2 + 5”20+1,2 - 682°+1’2) } .
(4.5)

where

H; = (g”go—l,l—%320—1,1—71’20,1—2520,1+%1’20+1,1_%520+1,1) (—%1’20—1,24'%520—1,2"‘%”20“,2_%5204-1,2)
- (gvgo—m*2520—1,2*71’20,2*2520,2+;U20+1,2*gsg(ﬁm) (*%Ugo—l,ﬁf%520—1,1+%”20+1,1*éslgoﬂ,l)-
(4.6)
Using the 4-point C? interpolatory scheme, we obtain (assuming a planar curve):
Normal at kg =

1 1 1 1 1 1 1 1 T
0 0 0 0 0 0 0 0
[5%071,2 + 5%k0—1,2 7 5Vko+1,2 T 55ko+1,20 T5Vko—1,1 T 55ko—1,1 + 5 Vko+1,1 + §Sk0+1,1} ;

Curvature at kg =

1 1 1 2 1 1 1 1 273/2
’H4’/ [ "Uko 1,1 2520—1,1+§U20+1,1+§520+1,1) JF(f5'0120—1,2*5520—1,2+5”20+1,2+§520+1,2) ] .

where

1 1 1 1
0 0 0 0 0 0 0 0 0 0
H4 = (3vko—l,1+3Sk0—1,1_6’016071+68k0,1+3Uk}g+l,1+38k0+1,1) (_§Uk0—1,2_5%0—172+§Uk0+1,2+§5k0+1,2)

1 1 1 1
0 0 0 0 0 0 0 0 0 0
- (3vk0—1,2+35k0—1,2—6%,2+63k0,2+3Uko+1,2+35k0+1,2> <—§Uk0—1,1—§3k0—1,1+§Uk0+1,1+§3k0+1,1)-
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4.3 3-point C? approximating scheme

The nonzero coefficients Py of the mask for a C? approximating scheme in [4] are Py = W, P, =
Py = X,P, = Py = Z, where W, X, Z are defined by (2.2). Thus the subdivision matrix

S = [Pk_gj] 9<j<a_9<k<o is a 10 x 10 matrix. This subdivision mask has sum rule order at

least 3 (it has sum rule order 4 actually) with yo = [1,0],y1 = [0,0],y2 = [— 15, 5] Thus the
left eigenvectors lg, 11,12 defined in (2.7) are

10: [1707130717071>07170]7
11:[ 2,0,-1,0,0,0,1,0,2,0],

12:15[583133 —-2,3,13,3,58, 3].

1,1 55 4 are simple eigenvalues of S and other eigenvalues of S are smaller (111 modulus) than 1 i
The appropriately normalized right eigenvectors rg, ri, ro of eigenvalues 1, 4 3 4 resp. of S are:

1
rog = E[O’ 07 17 _17 10)07 1’ _1’ 0’ O]T’

11 11 .
ry = [0707 _5’ 570707 55 _5)070] )
ry =[0,0,1,—1,-2,-3,1,—1,0,0]7.
These ry, satisfy L ry = d;%,0 < k,j < 2. Thus using Theorem 2 we get

1
f' (ko + 2n) =2"(— ivgnkoﬂq + §3§”k0+i71 + §vg"ko+i+1 - §Sg"ko+i+1>'

In particular, we have

1 1, 1 1
f,(kf()) 2Uk)0 1 + 2Sk0 1 =+ 21)20+1 2820+1'

Using Theorem 2 for f” we obtain

" _o2n+1(,n n n n n n
I (ko + 2n) =2 (U2”k0+i—1 = Songg4im1 — 2V9ngg4i — 3Sonkti T Vangoritl — 32"k0+i+1)'
With ¢,n = 0, we have

" _ .0 0 0 0 0 0
f (ko) - vko—l - Sk’o—l - 2Uk3() - 35k0 + /Uk‘()-‘rl - Sko-i—l’

As with the interpolating case, we can obtain the normals and curvature of f at a particular
point (assuming a planar curve):

Normal at kg =

Fvo - 1SO lv + 15) —1110 + 150 + 1110 - 1SO }T
9 ko127 5%k0=1,2 7 9Yko+1,2 T 5%k0o+1,20 T 9 ko—1,1 T 5%ko—1,1 T 5Vko+1,1 T 5 %ko+1,1] >

Curvature at kg =

1 . 1, 2 /1, 1, 1, 1, 3/2
‘H5‘/K Uko 11+25k0 11"‘2 k0+1,1_§3k0+1,1) +(_ivko71,2+§Sk071,2+§vk0+1,2_§3k0+1,2) } .
(4.7)
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where

1 1 1 1
_ (0 0 0 0 0 0 0 0 0 0
Hs = (%04,1_51@071,1_2Uk0,1_35k0,1+vk0+1,1_3k0+1,1) (‘5%071,24‘551@071,2‘*‘5%0“,2_§5k0+1,2>
1 1 1 1
0 0 0 0 0 0 0 0 0 0
- (%071,2 = Sko—1,2— 2Vj;y 2= 38 2T Vkg+1,2 —3k0+1,2) (— 5 Vko—1,1 +§Sk071,1+§vk0+1,1 - §3k0+1,1)-
(4.8)

5. Applications to curve design

In this section we consider the selection of the shape control parameters 52 for curve design.
In § 5.1, for a given initial control polygon with vertices Ug, we consider a selection of the
shape parameters 32 such that the normals of the resulting limiting curve at all vertices v,g
are equal or close to the well-defined discrete normals of the initial control polygon. In § 5.2
and § 5.3, we consider the cases where we are wanting the limiting curve f (generated from the
initial control vector “polygon” {[v?, s9]}) to have a certain unit normal and/or curvature at
a vertex 1)20 of the initial points. In the following, we focus on planar curves and we use both

a 3-point C? interpolatory scheme and a 3-point C? approximating scheme for curve design.

5.1 General selection of s)

For planar curve design we will select 32 so that there is only one free variable, wy. Let
VO =09, 8%, with v) = [vg,l,vg,Q}T,sg = [8271,8272]71 € R?%. For a polygon {vQ}) define, as in

[25], the unit tangent at v}, denoted as T}, to be

T, + T,
k= e
1Ty + TP
where 0y O
T — k k—1 T+ _ k+1 k
k o_,0 ’ k = 0 _ 0"
||Uk Uk_1|| Hka ka

Assuming that vgfl, v,g and v,g 41 are not collinear, we define the normal (vector) at 1)2, denoted
as ng, to be a vector on the plane generated by T, and T,:r and orthogonal to T. Therefore,
we may define

T, - T
np=—t——k_ (5.1)
1T, =T/l
If 02_1, 1)2 and 1)2 41 are collinear, we define
0 0 0 01T
vy 5 — U v —v
= [Ve2 = Vet120 V11 — Vgl (5.2)

””2+1 - ”2”

As in [25], we say that a line segment vg_lvg is convex if Ixry > 0, where [ and ry are the

projections of v271v2 onto ni_1 and ng resp.:

e = (p_y — o) i1, 1= (v —vp_y) g
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We say v271v2 is an inflection line segment if [y, < 0, and we say v271v2 is a straight line

segment if [rp = 0. Next, we define s as follows, depending on the convexity of vg_lvg and
0,0
UkVkt1-
(i) If one or both of v v? and v)v 41 Is a straight line segment, or if both of them are
inflective, then set 32 = 0;

0
k+1

0

(ii) If one of v?_,v¥ and v¥v? | is convex and the other is inflective, then if v9_ v is convex,

0 _ 0_,0 \T 20,0 0 _ 0_,0 \T )
set s = wy, ((vk vp_q) nk>nk and if vjvy | is convex, set s = wy ((vk Viy1) nk>nk,

(iii) If both v)_ v and vQv),, are convex, then if Jop —vp_y Il < oy — vpll, set sp) =

con (0 = o) T g andlif o = o | > (o, — o, set 5 = cop (0 = o) T )

In (ii) and (iii), wy is a scalar. Its range of values that produce curves free of waviness varies
according to the mask of the scheme.

Testing with values for wi ranging from —3 to 1, the limiting curve appears satisfactory
for values of wy between —0.5 and 0.3 for the scheme in (2.2). Similarly the limiting curve
appears nice for values of wy between —1.5 and —0.1 for the scheme in (2.3). See Fig. 2 and
Fig. 3, where “unit normal” in Fig. 3 is the discrete normal to the initial polygon defined by
(5.1). We summarize the matrix-valued curve subdivision with the above described general
selection of s as Algorithm 1 below.

Algorithm 1

Step 1. For each point v,g on the initial control polygon, define ny as given in (5.1). If the points
are collinear, define nj, using (5.2).

Step 2. Letting wy = o (where one may choose a to be number between —0.5 to —0.1), define
0

s, using the procedure given in (i) to (iii) immediately above.

Step 3. Apply the subdivision scheme (1.3) to these initial [v), s?] and determine visually if the
limiting curve is suitable for one’s needs. If it isn’t suitable, then return to Step 2 and
adjust a.

5.2 Selection of s) for specific unit normal

For a polygon {vg} k> if a normal unit vector ny, = [nko’l,nko,g]T is desired for the limiting
curve at the point vgo we will consider the necessary relationship between wy,—1 and wgy 1.
We will assume that for the adjoining points (v,go_l and vgo +1) both the discrete unit nor-
mals (ng,—1, Nk,+1) and the shape parameters (Sg,—1, Sgo+1) Will be defined as in §5.1. We
will determine the corresponding wy,—1 and wy,+1. We will consider the 3-point interpolatory
scheme from §4.1 and the 3-point approximating scheme from §4.3.

In order that ng, - f'(ko) = 0, from (4.1), we have

1 1
Mo 1 (5 ( 120+1,1 - U20—1,1) + 6 ( 20—1,1 - 520+1,1) )

Lo 0 Lo 0
F1ko,2 (5 (Uko+1,2 - Uko—m) + 6 (Sko—l,Q - 3k0+1,2) ) =0.
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Approx. Scheme

Figure 2: Top: Initial polygon; Middle: Subdivision curve with 3-point interpolatory scheme
where w, = —1;
—-04

Bottom: Subdivision curve with 3-point approximating scheme where wy =

So

2

0
E :nko,jsko—l,j
Jj=1

2 2
_ .0 (.0 0
= § :nko,JSko—f—l,j + 32”’%»] (Uko—l,j Uk0+17j)

j=1 J=1
In a similar fashion for the approximating scheme
2 2 2
Z nko,jsgo—l,j = Z ”ko,j320+1,j + Z Tko,j (Ugo—m - Ugoﬂ,j)
j=1 j=1 j=1

Notice that s, does not appear. So we will define sz, and its corresponding wy, as in §5.1.
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unit unit
normal normal

unit unit
normal normal

Figure 3: Upper Left: 3-point interpolating scheme showing segment of subdivision curve where

wr = —1; Upper Right: Same interpolating scheme with a specific desired normal at vertex
vg: ny = [—.7151, —.6990]" which varies 4.35° from the polygon normal Lower Left: 3-point
approximating showing same segment with w,, = —0.4; Lower Right: Same approx. scheme
with same specific desired normal at verter vy: ng = [—.7151, —.6990]7.

(However, contrast this with the treatment of wy, in §5.3.) Hence assuming that conditions
(ii) or (iii) from §5.1 apply for the determination of sg,4+1 and sg,—1 we obtain for the inter-
polatory scheme

2
0 0
Who+1(Nko, 10 + Ny 28) + 3 '21 Nko,j (%071,]' - Uko+1,j)
]:
wko_l = s (53)
Mo, 1Y + Mk 2T
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or alternatively

2

0 0
Who—1 (Mo, 1Y + Mg 27) — 3 21 Nk, j (”k:o—l,j - vk0+1,j>
]:

Mo, 10+ Ny 28

wk:()-i—l — s (54)

where, depending on whether condition (ii) or condition (iii) in § 5.1 applies, «, [ are the
respective components of either
0 0T 0 0 T
<(vk0+1 - ka) nkOJrl) Mpo+1 OF ((vk0+1 - Uko+2) nk0+1> Nko+1

and v, 7 are the respective components of either

0 0 T 0 0T
((%071 — Uy-2) nko—l) Mko—1 OF ((%071 — Uky) nk0—1> Tko—1-
Similarly for the approximating case

2
0 0
Who+1 (Mo, 10 + Ny 28) + 21 Nko,j (vkofl,j - vko+1,j)
Why—1 = = : (5.5)
Nk, 1Y + Ny, 2T

or alternatively

2
0 0
Who—1(Mko, 1Y + Mg 2T) — Mko,j (Uko—l,j - ”k0+1,j)
Jj=1

Mo, 10+ Ny 28

(.Uk-0+1 = N (56)

Note that in (5.3) and (5.5) we assume that the desired ng, is not orthogonal to ng,_1
and similarly in (5.4) and (5.6) we assume that ng, is not orthogonal to ng,+1. Also note that

using (5.3) ((5.5) resp. for approx. scheme) wy,—1 and wg,+; lay on a straight line with slope
Mg, 10Nk, 2

and y-intercept
N, 1Y+ Nk, 2T Yy p

apg =

2

4,0 _ .0
3 Zlnkw (”ko—l,j ”kzo+1,j>

]:
co) =

Ny, 1Y + Nk, 2T

J

2
(.0 _0
2 Tk ,j (Uko—l,j Uko+1,j)
co = resp. for approx. scheme |.
Nko 17 + Nky, 2T

We propose the following method to select the values for wy,—; and wy,+1. Choose the point
on the straight line such that its distance from the origin is minimized. Notice that this point
will be the origin only if the y-intercept equals 0 (i.e. if ng, is orthogonal to vg,—1 — Vkg41)-
We obtain (different ¢y for approximating case as given above)

Co —apCo
Wko+1 =
a% +1’ o+ a% +1’

Wko—1 =

20



Using the initial polygon on the left side in Fig. 2 and looking at v7, we consider eight
different desired unit normals and examine the resulting curves and w values. Our experiments
with both the 3-point interpolatory scheme and the 3-point approximating scheme show that
when the specifically chosen unit normals are close to the discrete normal to the initial polygon
at vy, the resulting curves look nice. The detailed experimental results can be found in a long
version of this paper which can be downloaded from the website of one of the authors. We also
observed that as it would be expected the subdivision curves by the approximating scheme in
general look better than those by the interpolatory scheme. See Fig. 4 for some of the limiting
curves.

unit
normal

unit
normal

unit
normal

unit
normal

Figure 4: Top Left: Interpolating scheme using ny = [—.7677, —.6408]"; Top Right: Inter-
polating scheme using same segment with ny = [—.6977,—.7164];  Bottom Left: Approxi-
mating scheme using ny = [—.7677, —.6408|7; Bottom Right: Approzimating scheme with
ny = [—.6977,—.7164]; Blue (solid) line is limit curve. Unit normal in the pictures is
[—.7373, —.6755]T, which is the calculated discrete normal to the initial polygon at vy.

If condition (i) of § 5.1 applies to sgy+1 (Sky—1) but not to sgy—1 (Ske+1) then wyy—1 (Wry+1) is
predetermined. For instance, assume that condition (i) applies to sg,+1 but not to sg,—1. Then
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Sko+1 = 0 and we have (approximating case in parentheses)

) 2
32 ( "thod (Uko—l,j Uko+1,j) & ko <U’“0*1’j U’“O“vf)
Who—1 = :

J J

Wio—1 =

Nkg, 17+ Tg,2T Mo, 1Y + Tkg,2T

5.3 Selection of s! for specific curvature

We also want to consider how to select w values so that we can obtain a desired curvature at
a particular vertex of our curve. Since we start with a control (planar) polygon, it would be
beneficial to have a method to define curvature at a vertex of a planar polygon. In Differential
Geometry there is a unique circle that most closely resembles the curve at any point P (the
osculating circle with radius R) and the curvature equals %. So we will define the estimated
curvature at vertex v, as the reciprocal of the radius of the unique circle that vy, and its two
adjacent vertices (vy,—1 and vg,41) lay on:

Estimated curvature at vy, = = (5.7)

where R is radius of circle on which vg,_1, Vg, Vk,+1 lay.

So for a polygon {vg }k’ if we want not only a certain normal unit vector, ny, = [ng, 1, nkOQ]T
but also a certain curvature xy, for the limiting curve at the point 020 we will consider how
to calculate a suitable wg. Our basic procedure for calculating the shape parameters will only
vary from § 5.1 in the way corresponding wy, values are decided upon.

We will (initially) assume that conditions (ii) or (iii) as stated in § 5.1 apply for the calcu-
lation of the shape parameters sy,_1, si, and si,41. Since we are wanting a specific normal to
the limit curve at vy, we will determine wy,—1 and wy,+1 as in § 5.2.

Using the formula for curvature (4.5) and assuming that Hs in (4.6) is nonnegative we
obtain (for the interpolatory scheme)

Kko <(d + %rwko_l - %twko_,_l)z +(b+ %uwko_l _ émwk0+1)2>3/2
(59m = gpt) wror1 + (=5ug + gpr) w1 = 5ab+ 5pd
—ab+ cd — (gua — §rb — gre + fud) wy,—1
(5am — gpt) wo+1 + (—5ug + 5pr) wiy-1 — Sqb+ 5pd
— (—tma — LTtb+ Lte+ Imd) wyg1 + 15 (Fu — mr) wiy—1Wke+1
(%qm — %pt) Wko+1 + (—%uq + %pr) Who—1 — %qb n %pd

wy = (5.8)

_l’_

and using the formula for curvature (4.7) and assuming that Hs in (4.8) is nonnegative we
obtain for the 3-point approximating scheme

9 9\ 3/2
Kko ((d + %kao—l — %tkaH) + (b+ %kao—l - %mkaH) )

(—=3gm + 3pt) wrgr1 + (Bug — 3pr) wi,—1 + 3gb — 3pd
ab — éd + (Fua —rb— 5ré + ud) wg,—1

(—=3gm + 3pt) wig1 + (Bug — 3pr) wie—1 + 3gb — 3pd

wy = (5.9)

(—3ma — tb+ $t¢ + md) wyy1 + (rm — tu) wey—1Wk+1

(=3gm + 3pt) w1 + (Bug — 3pr) wiy—1 + 3gb — 3pd
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where ky,=desired curvature at vgo and

7 7
_ o 0 0 <0 0 0
@ = 5Vh-1,1 ~ T + 5 Vko+1,1> a=Upo—1,1 — 2051+ Vkot1,15
7 7
_ o 0 0 <0 0 0
€= 5Vko-12 7 T, 2 + 5 Vko+1,2> C=Vp_12 — 2V 2 T Vo125
1 1 1 1
_ 0 0 _ 0 0
d= 5 Vko—1,1 + 5 Vko+1,1 b= T 5Vko-1,2 + 9 Vko+1,25

and where, depending on whether condition (ii) or condition (iii) in § 5.1 applies, r, u are the
respective components of either

0 0 T 0 o\T
((vko—l - UkO—Q) nko—l) Nkgg—1 OT <('Uk0_1 — Uk()) nko_l) Nho—1

and ¢, p are the respective components of either

((1)20 - /U]g()—l)TnkO) nko or ((v.g:() - 1)20+1)Tnk0> nk‘o

and ¢, m are the respective components of either

0 o\T 0 0 T
<(”ko+1 ~ Vk,) ”k0+1) Mo+1 OF ((Uko—i-l — Upyt2) ”ko+1) Mko+1-

Alternatively, assuming that Hs3 in (4.6) is negative we obtain for the interpolatory scheme:

Kko ((d + rwig—1 — gtwigt1) + (b+ uwrg—1 — FMwk+1) )
w_ = S — — (5.10)
— (gam — §pt) wig1 — (—gua + 5pr) wey—1 + Fab — 3pd

+ab — cd + (%ua — %rb — %rc + %ud) Who—1
— (§am — §pt) wrgr1 — (—5ug + 5pr) w1 + Sqb— Spd
(—%ma — %tb + %tc + %md) Who+1 — 1—78 (tu — mr) Wiy—1Wkg+1
— (gam — gpt) w1 — (—gug + gpr) wi,—1 + 390 — 5pd

+

If Hs in (4.8) is negative we obtain for the approximating scheme:

Kko ((d + Srwe—1 — %tw1€0+1)2 + (b + tuwg,—1 — %mwk0+1)2)3/2
(5am — 5pt) wiot1 — (Suq — 3p7) wio—1 — 3gb+ 3pd
—ab + ¢d — (%ud —rb— %r& + ud) wiy—1
(3am — 5pt) wrg+1 — (3uq — 5pr) wiy—1 — 3gb + 3pd
— (—3ma — tb + 1té + md) wgy1 + (tu — TM) Wiy 1Wkg+1
(%qm — %pt) Who+1 — (%u — %pr) Why—1 — 3gb + 3pd

w_ =

(5.11)

_l’_

Having obtained wy and w_ we choose wy, to be the one with smaller absolute value.

If condition (i) of § 5.1 applies to sg,+1 (Sk,—1) then we need to modify (5.8), (5.10) or for
the approximating case (5.9), (5.11) by setting wy,+1 (wk,—1) equal to 0.

Using the initial polygon in Fig. 2, we carried out experiments with various curvatures at
two vertices, v7 that appears to have a small curvature and v44 that has a larger curvature
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unit
normal

unit
normal

Figure 5: Left: Subdivision curve by 3-point interpolating scheme with ny = [—.7677, —.6408]7,
curvature=.1592 (which is the discrete curvature to the initial polygon at vy); Right: Subdivision
curve by 3-point approvimating scheme with nyy = [.9040, .4275]7 and curvature =.7382 (which
is the discrete curvature to the initial polygon at vyq). Unit normal in the pictures is the
calculated discrete normal to the initial polygon at vertex vy or v4y4.

with 3-point interpolatory scheme and 3-point approximation scheme. For the approximating
scheme, if the desired curvature at v; or vy is close to the estimated discrete curvature, the
resulting curve looks very nice. For the interpolatory scheme, if the selected curvature at vy
is close to the estimated discrete curvature, the resulting curve looks good. At wyy which has
large curvature, the resulting curve with interpolatory scheme has some waviness if the resulted
curvature is close to the estimated (discrete) curvature. This is an area where more research
is needed. See Fig. 5 for the resulting curves at v7 with interpolatory scheme and at vqq with
approximation scheme.

6. Conclusions and future work

We have seen that we could obtain explicit formulas for both the first and second derivatives of
the limiting curve for both interpolatory and approximating matrix-valued curve subdivision
schemes whose refinement mask and subdivision matrix satisfied certain assumptions. Using
these formulas, we then could calculate the normals and curvature of the limiting curve. The
first components {v)} of the initial control vector net {vQ}; represent the initial control
polygon and the second components {sg}k are the so-called shape control parameters. We
used well-defined discrete normals to the control polygon based on [25] to guide us toward
some suitable selection of these shape parameters.

We presented an algorithm to formulate the shape parameters based on projections of
the polygon line segments onto these defined discrete normals. Depending on the outcome,
s = [0, O]T or s = wy times some calculated multiple of ny, where n; is the above-mentioned
discrete unit normal to the control polygon at vertex v and where wy, is some scalar. One of
the benefits of such an approach is that we now just need to determine one variable (wy) rather
than two when selecting a suitable shape parameter s;. Using a sample control polygon we
found that limiting curves were nice (i.e. relatively free of waviness) for wy values between
—1.5 and .3.

We also presented a method for selecting wy_1 and w11 (and as a result the respective
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shape parameters) if we desired to have a specific unit normal to the limit curve at vertex vy.
In some cases the choice of a desired normal that is close to the above-mentioned discrete unit
normal can improve the appearance of the final curve. Other choices, however, can increase
the waviness. Such results reinforce the work done in [3] that showed how the selection of the
shape control parameters change the shapes of the limiting surfaces dramatically.

In addition we presented a method for the selection of wy (and thus the shape parameter
s) if we also wanted a specific desired curvature for the limit curve at vy. If dealing with a
point on the curve with relatively small curvature then selecting a curvature near an estimated
(discrete) curvature can produce a nice curve.

Future work will include finding explicit formulas for first and second partial derivatives of
a limiting surface for both interpolatory and approximating matrix-valued surface subdivision
schemes whose refinement mask and subdivision matrix satisfy certain assumptions. We will
then be able to calculate normals and curvature to the limit surface at both regular and
extraordinary vertices. We will explore how we can select shape parameters based on defined
discrete normals of the initial control polyhedron.
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