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MULTIFILTER BANKS AND BIORTHOGONAL MULTIWAVELETS �

Abstract

This paper discusses the construction of compactly supported biorthogonal multiwavelets based on the parametric expressions

of symmetric FIR multi�lter banks satisfying the perfect reconstruction �PR� conditions� Explicit expressions of M�channel PR

multi�lter banks for symmetric�antisymmetric scaling functions and biorthogonal multiwavelets are obtained� Expressions of the

��channel symmetric PR multi�lter banks with high sum rule orders and high balancing orders is discussed� In particular	 we

give the expressions of the ��channel symmetric PR multi�lter banks with the sum rules of order � and symmetric PR multi�lter

banks with balancing order �� Based on expressions of the symmetric PR multi�lter banks	 constructions of smooth	 high balanced

biorthogonal multiwavelets and optimum time�frequency resolution biorthogonal multiwavelets which are more suitable for image

applications are discussed�
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Keywords

Approximation order	 balanced biorthogonal multiwavelet	 biorthogonal multiwavelet	 multi�lter bank	 scaling function	 smooth


ness	 symmetry	 parametrization	 time
frequency resolution�

I� Introduction

Recently� much work has been done on the construction and applications of multiwavelets �see e�g� ��	� �
	� ��	�

��	� ���	���
	� ��	� ���	� ��
	� ��	 and ���	�� This paper is about the construction of biorthogonal multiwavelets�

Biorthogonal multiwavelets have some advantages over the orthogonal multiwavelets� In particular� biorthogonal

multiwavelets will provide �exibility in their construction and applications� So their construction deserves a

systematic study�

For integer M � �� the construction of biorthogonal multiwavelets of dilation factor M starts with matrix �lters

H�� eH� satisfying
M��X
k��

H��� � �k��M�eH��� � �k��M�� � Ir� � � ��� ���� ���

Throughout this paper� B� �BT respectively� denotes the Hermitian adjoint �transpose respectively� of the matrix

B� and Ir and �r denote the r�r identity matrix and zero matrix respectively� Suppose �� � ������ � � � � �r���T ande�� � �e����� � � � � e�r���T are the �M�H�� and �M� eH�� re�nable vectors respectively� i�e�� �� and e�� are vector�valued

functions satisfying

���x� � M
X
k�Z

h��k����Mx� k�� e���x� � M
X
k�Z

eh��k�e���Mx� k�� ���

or equivalently satisfying

b����� � H����M�b�����M��
be����� � eH����M�

be�����M�� �
�

Suppose ��� e�� � L��R�r� De�ne the closed subspaces Vj����� Vj�e��� of L
��R� by

V����� �� spanf�i���x� k�� � � i � r� k � Zg� V��e��� �� spanfe�i���x� k�� � � i � r� k � Zg�

and Vj���� �� ff � f�M�jx� � V�����g� Vj�e��� �� ff � f�M�jx� � V��e���g� j � Z� Let �� � ������ � � � � �r���T

and e�� � �e����� � � � � e�r���T � � � � �M � �� be the vectors de�ned by

���x� � M
X
k�Z

h��k����Mx� k�� e���x� � M
X
k�Z

eh��k�e���Mx� k�� ���
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MULTIFILTER BANKS AND BIORTHOGONAL MULTIWAVELETS �

or by b����� � H����M�b�����M��
be����� � eH����M�

be�����M� ��

for some matrix �lters H� and eH�� Then the components of �� and e�� are in V����� and V��e��� respectively� If

�Vj����� and �Vj�e���� are two multiresolution analyses �MRA� of multiplicity r� then to construct biorthogonal

multiwavelets is to �nd H�� eH�� � � � �M � � such that ��� e�� de�ned by ��� satisfy that

f�j���� � k�� � � j � r� � � � �M � �� k � Zg

and

fe�j���� � k�� � � j � r� � � � �M � �� k � Zg

form the Riesz bases of V����� and V��e��� respectively with the property that

h�j��� e�j������ � k�i � 	�k�	�j � j��	��� ���� � � j� j� � r� � � �� �� �M � �� k � Z� ���

For such functions ��� e��� � � � �M � �� f�j���Mdx� k�� � � j � r� � � � � M � �� d� k � Zg and fe�j���Mdx�
k�� � � j � r� � � � � M � �� d� k � Zg constitute dual Riesz bases of L��R�� and we call such functions a set

of biorthogonal multiwavelets �abbreviated BIO multiwavelets in this paper�� A necessary condition for

��� e��� � � � � M � � to be BIO multiwavelets is that H�� eH�� � � � 
 M satisfy the perfect reconstruction

�PR� �or biorthogonal� conditions�

M��X
k��

H��� � �k��M�eH���� � �k��M�� � 	��� ���Ir� � � �� �� 
 M� ���

For matrix �lters H�� eH�� � � � 
 M � we say that H� �eH� respectively� generates a scaling function �� �e��

respectively� if �Vj����� ��Vj�e���� respectively� is an MRA� and say H�� eH�� � � � 
 M generate a set of BIO

multiwavelets �or generate biorthogonal multiwavelet bases� ifH�� eH� generate scaling functions ��� e�� and ��� e���

� � � � M � � de�ned by ��� are a set of BIO multiwavelets� The set of matrix �lters fH�� eH�� � � � 
 Mg
is called an M�channel multiwavelet �lter bank �often abbreviated multi�lter bank�� fH�� � � � 
 Mg and

feH�� � � � 
 Mg are called the analysis bank and synthesis bank respectively�

By ���� �� �e�� respectively�� � � � � M � � have the same regularity with �� �e�� respectively�� Thus in

general� the procedure to construct BIO multiwavelets with good regularity is that� �rst to �nd H� and eH� such

that they satisfy ��� and generate scaling functions ��� e�� with good regularity� then to �nd by matrix extension

H�� eH�� � � � 
 M such that fH�� eH�� � � � 
 Mg is PR� In some cases� e�g�� in the construction of multiwavelets

with good time�frequency localization� multiwavelets and scaling functions are constructed simultaneously� and

hence the analysis�synthesis banks are needed to be provided in terms of some parameters� This paper discusses

the parametric expressions of the PR multi�lter banks and the construction of BIO multiwavelets based on such

expressions�

The rest of this paper is organized as follows� In Section II� we review some results about the biorthogonality�

symmetry and regularity of BIO multiwavelets� In the �rst subsection of Section III� we discuss the parametric

expressions of M�channel PR multi�lter banks� and present expressions of a group of symmetric PR multi�lter

banks� Two�channel PRmulti�lter banks are discussed in more details in the second subsection of Section III� Based

on the parametric expressions of the symmetric PR multi�lter banks� we discuss in Section IV the construction
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of the scaling functions and BIO multiwavelets with good smoothness and approximation properties� with high

balancing orders and with optimum time�frequency resolution� The proofs of some lemmas and propositions

in Section II�IV are presented in Appendix� Matrix �lters H�� eH� discussed in this paper are �nite impulse

response �FIR� �lters� and the corresponding �lter coe�cients are real�

II� Preliminaries

In this section� we review some results about the biorthogonality� symmetry and regularity of the scaling functions

and BIO multiwavelets� Most of the results in this section have been known� Propositions ��
 and Lemma � are

new� and their proofs are provided in Appendix�

A� Biorthogonality

Recall that an MRA of multiplicity r is a nested sequence of closed subspace Vj in L��R� satisfying the

following conditions �see �	�� ���� Vj � Vj��� j � Z� ����
T
j�Z Vj � f�g� S

j�Z Vj is dense in L��R�� �
��f �
Vj � f�M �� � Vj��� ��

�� there exist r functions ��� � � � � �r such that the collection of integer translates f�j���k� �

� � j � r� k � Zg is a Riesz basis of V�� Vector�valued function � �� ���� � � � � �r�T is called a scaling function

and said to generate the MRA �Vj��

Let H be an FIR matrix �lter� Assume that h�k� � � if k 
 � or k � N for some positive integer N � For

positive integers N � M � �� let N�M� denote the largest integer smaller than N��M � ��� Let VN�M� denote

the space of all r � r matrices with each entry a trigonometric polynomial whose Fourier coe�cients are real and

supported in ��N�M�� N�M�	� The transition operator TH associated with H is de�ned on VN�M� by

THV��� ��

M��X
k��

H�
� � �k�

M
�V�

� � �k�

M
�H�

� � �k�

M
��� V��� � VN�M�� ���

TH leaves VN�M� invariant� It was shown in ���	 �see ���	 for M � �� that� if � is L��stable� then TH satis�es

Conditions E and the ��eigenvector of TH is positive �or negative� de�nite everywhere� For a matrix B �or an

operator B de�ned on a �nite dimensional linear space�� we say B satis�es Condition E if � is a simple eigenvalue

of B and other eigenvalues of B lie inside the open unit disk�

For two matrices A � �aij� and B � �bij�� let A	B �� �aijB� denote the Kronecker product of A�B� Then

the representation matrix of the operator TH is �see ��	� ���	 and ���	�

TH �� �MAMi�j��N�M��i�j�N�M�� ���

where Aj is the r� � r� matrix de�ned by Aj ��
PN

���
h�� j�	 h���

Assume that fH�� eH�� � � � 
 Mg is a PR FIR multi�lter bank� Then the condition that both TH and TeH satisfy

Condition E is enough for H�� eH� to generate scaling functions and BIO multiwavelets �see ��	 for M � �� and this

result can be generalized easily to the general case�� Thus for a PR FIR multi�lter bank fH�� eH�� � � � 
 Mg� to
check it generates biorthogonal multiwavelet bases� we need only to check both TH and TeH satisfy Condition E�

B� Symmetry

In this subsection we consider the symmetry of the scaling functions and BIO multiwavelets� For a vector

c � �c�� � � � � cr� with real numbers cj � denote

Dc��� �� diag�
e�ic����M����
e�ic����M���� � � � �
e�icr���M����� ����
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We have the following two propositions about the symmetry of the scaling functions and BIO multiwavelets�

Proposition �� Assume that H is an FIR matrix �lter and � � ���� � � � � �r�T is a compactly supported �M�H�

re�nable vector with b���� �� �� If H satis�es

Dc�M��H����Dc���� � H���� ����

for some c � �c�� � � � � cr� � Rr� then �j is symmetric�antisymmetric about
cj

��M��� � i�e�

�j�
cj

M � �
� x� � 
�j�x�� � � j � r� ����

Conversely� if � is L��stable� and Mcj � cimod�M � ��� � � i� j�� r� then ���� implies �����

Proposition �� Assume that H is an FIR matrix �lter satisfying ���� for some c � �c�� � � � � cr� � Rr� and

� � ���� � � � � �r�T is a compactly supported �M�H� re�nable vector with b���� �� �� Let G be an FIR matrix �lter�

and � � ���� � � � � �r�T be the vector�valued function de�ned by

��x� � M
X
k

g�k���Mx� k��

If G satis�es

Dd�M��G����Dc���� � G���� ��
�

for some d � �d�� � � � � dr� � Rr� then

�j�
dj

M � �
� x� � 
�j�x�� � � j � r� ����

Conversely� if � is L��stable� Mdj � cimod�M � ��� � � i� j�� r� then ���� implies ��
��

In Propositions � and �� the sign � �or �� in Dc and Dd coincide with � �or �� in ���� and ���� respectively�

For FIR matrix �lters H�G� ���� and ��
� also imply that Mcj � cimod�M � �� and Mdj � cimod�M � ��

respectively�

The symmetry of the scaling functions and multiwavelets is also considered in ��	 and ���	� Comparing with

their results� more conditions such as Mcj � cimod�M � �� are added here� We �nd in some cases such conditions

cannot be dropped�

C� Approximation and smoothness

The approximation order of a scaling function is related to the sum rules of the corresponding �lter� For a given

FIR matrix �lter H� if there exists a positive integer k and some �� r vectors yj � � � j 
 k with y� �� �� such thatX
��s�j

�
j

s

�
�iM�s�jysD

j�sH�
���

M
� � 	���M�jyj � � � � 
 M� ���

for all � � j 
 k� we say that the re�nement mask H has the sum rules of order k or H satis�es the vanishing

moment conditions of order k� Here DjH��� denote the matrix formed by the jth derivatives of the entries of

H���� For an FIR matrix �lter H� if H generates a scaling function �� then � provides approximation of order k

if and only if H has the sum rules of order k �see e�g�� ��	� ���	� and ���	�� In this case�

X
n�Z

jX
s��

�
j

s

�
nj�sys��x� n� � xj � � � j � k� ����
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Therefore to construct scaling function with good approximation� we need only to construct H satisfying addition

conditions ����

It was shown in ��	 �see also ���	 and ���	� that if an FIR matrix �lter H generates a compactly supported scaling

function� then H��� satis�es Condition E and H has the sum rules of order at least �� i�e� there exists �� r vector

y� such that

y�H���k�M� � 	�k�y�� � � k �M � �� ����

Based on this fact we have the following lemma and proposition�

Lemma �� Suppose fH�� eH�� � � � 
 Mg is a PR FIR multi�lter bank generating biorthogonal multiwavelet

bases� Then for any right column ��eigenvectors v and ev of H� and eH� respectively�

evTH���k��M� � 	�k�evT �vT eH���k��M� � 	�k�vT � � � k 
 M� ����

H����ev � �� eH����v � �� � � � 
 M� ����

Proposition �� Assume that PR FIR multi�lter bank fH�� eH�� � � � 
 Mg generates scaling functions ��� e���

and BIO multiwavelets ��� e��� Then

i� b�����
T �
be�����

T are left ��eigenvectors of eH����� H���� respectively� and
be�����

T b����� � ��

ii� each component of BIO multiwavelets ��� e��� � � � �M � � is a bandpass functions� i�e�� the integral of each

component of ��� e�� is zero�

The smoothness estimates of a re�nable vector � in terms of the �lter H are discussed in several papers� and

the details are not provided here� Here we use the estimate provided in ��	�

III� Symmetric PR FIR multifilter banks

In this section� we discuss the symmetric PR FIR multi�lter banks� In Section III�A we consider the case for

the general M � and in Section III�B we study in more details for M � ��

A� M�channel symmetric PR multi	lter banks

For M � �� denote W �� e���i�M � and z �� ei�� For an FIR matrix �lter H� we use H�z� �
P

k�Z h�k�z
�k

to denote H���� Suppose fH�� eH�� � � � 
 Mg is an M�channel FIR multi�lter bank� Let Hm denote the

modulation matrix of the analysis bank H�� � � � 
 M de�ned by �see ���	 and ���	 for r � ��

Hm��� ��
�
H��zW

k�
�
����k�M��� ����

and let eHm denote the modulation matrix of the synthesis bank eH�� � � � � M � � de�ned similarly� Then

fH�� eH�� � � � 
 Mg is PR if and only if Hm and eHm satisfy

Hm���eHm���� � IrM � ����

Write

H��z� ��

M��X
k��

z�kH���k��z
M �� h���k��n� �� h��Mn� k�� � � � �M � ��

De�ne the polyphase matrix Ep��� of H�� � � � 
 M by

Ep��� ��
�
H���k��z�

�
����k�M���
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The relation of the modulation and polyphase matrices of H�� � � � 
 M are given by

Hm��� �
p
MEp�M��UM�z��

where UM�z� is the rM by rM unitary matrix de�ned by

UM�z� ��

p
M

M

�
�zW k���Ir

�
����k�M���

Let eEp��� be the polyphase matrix of eH�� � � � 
 M � then

eHm��� �
p
M eEp�M��UM�z��

Thus fH�� eH�� � � � 
 Mg is PR if and only if

�
p
MEp�����

p
M eEp����

� � IrM � ����

Therefore to construct a PR FIR multi�lter bank fH�� eH�� � � � 
 Mg� we need only to �nd Ep��� and eEp���

such that they satisfy ����� Assume that Ep��� and eEp��� are de�ned by

Ep��� �

p
M

M
V��z�V����z� � � �V��z�U�� eEp��� �

p
M

M
eV��z�eV����z� � � � eV��z�eU��

where z � ei��U�� eU� are some rM � rM real matrices� and

Vk�z� �� IrM � �z�� � ��Bk� eVk�z� �� IrM � �z�� � ��eBk� ��
�

for some rM � rM real matrices Bk� eBk� If U� eUT
� � IrM �Vk�z��eVk�z

����T � IrM � � � k � �� then Ep��� andeEp��� satisfy ����� One can show Vk�z��eVk�z
����T � IrM if and only if eBk � BT

k �B
�
k � Bk� Once U� and Bk

are determined� then fH�� eH�� � � � 
 Mg de�ned by

�H����	
�
��M�� �

p
M

M
V��z

M �V����z
M � � � �V��z

M �U�

�
z��Ir

��
��M�� � ����heH����

i�
��M��

�

p
M

M
V��z

M�TV����z
M�T � � �V��z

M �TU�T
�

�
z��Ir

��
��M�� ���

is PR� where z � ei��

The lattice structures such as ���� and ��� give the factorization of the M �M FIR lossless systems �see ���	�

���	 and references therein�� The parametrization of orthogonal FIR multi�lter banks also can be provided in

such a lattice structure� see ���	� ��
	 and ���	� In this paper� we will use such a structure to construct PR FIR

multi�lter banks�

Theorem �� Assume that U� is a non�singular matrix and Bk� � � k � � are matrices satisfying B�
k � Bk�

Then fH�� eH�� � � � 
 Mg de�ned by ���� and ��� with Vk de�ned by ��
� is PR�

Next� we consider PR multi�lter banks for the symmetry BIO multiwavelets� In the following� we assume that

Mr is even� i�e� rM �� �n for some positive integer n� We will discuss parametric expressions for such PR

multi�lter banks that if they generate the scaling functions ��� e�� and BIO multiwavelets ��� e��� � � � �M � ��

then half of all components of f��� � � � �M��g are symmetric and the other half components are antisymmetric�

and the dual scaling functions and BIO multiwavelets e�� have the same symmetric property�

Assume that fH�� eH�� � � � 
 Mg is a PR FIR multi�lter back generating scaling functions ��� e�� and

BIO multiwavelets ��� e��� � � � � M � �� Suppose h��k� � �� eh��k� � � if k �� ��� �� � ��M � �	 for some
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� � Z�nf�g� then �� and e�� are supported in ��� � � � � �
M�� 	� By Proposition � and Proposition �� ��� e�� are

symmetric�antisymmetric about �
�
�� � � � �

M�� � if and only if H� and eH� satisfy

z�������M���D�H�����D� � H����� z
�������M���D� eH�����D� � eH����� z � ei�� ����

or equivalently

D�h���� � ��M � �� k�D� � h��k��D�
eh���� � ��M � �� k�D� � eh��k�� � � k 
 �� � ��M� ����

where D�� � � � �M � �� are some r � r diagonal matrices with diagonal elements 
�� Note that the sign � �or

�� in the �j� j� entry of D� means that the j�th components of ��� e�� are symmetric �or antisymmetric�� Denote

S� �� diag�D�� � � � �D�����

Then by our assumption� the trace of S� is zero� Thus there exists an rM � rM exchange matrix such that

M�S�M
T
� � diag�In��In��

For rM � rM real matrices U�� de�ne

A���� �� U��Ir� z
��Ir� � � � � z��MIr	T � eA���� �� U�T

� �Ir� z
��Ir� � � � � z��M Ir	T � ����

Then z��M���S�A�����D� � A���� if and only if U� can be written as

U� � �U�� U�� � � � � S�U�D�� S�U�D�	� ����

for some rM � r real matrices Uj � If we choose Vk�z� de�ned by ��
� satisfying z��S�Vk�z
���S� � Vk�z�� or

equivalently

z��diag�In��In�M�Vk�z
���MT

� diag�In��In� �M�Vk�z�M
T
� � �
��

and choose U� having the form of ����� then H�� � � � 
 M de�ned by ���� satisfy ����� In this case� eH� de�ned

by ��� also satisfy �����

We now decide Bk such that B�
k � Bk and Vk�z� de�ned by ��
� satis�es �
���

Lemma �� Assume that Vk�z� is de�ned by

Vk�z� ��MT
�

�
IrM � �z�� � ��Bk

�
M�� �
��

for some Bk with B�
k � Bk� Then Vk�z� satis�es �
�� if and only if

Bk �
�

�

�
In bk

b��k In

	
�
��

for some non�singular n� n real matrices bk�

Proof� Clearly if Bk is given by �
��� then Vk�z� satis�es �
��� Conversely� by �
��� Bk can be written as

Bk �
�

�

�
In b

c In

	
�

for some n� n real matrices b� c� By B�
k � Bk� one has c � b���

DRAFT



MULTIFILTER BANKS AND BIORTHOGONAL MULTIWAVELETS 


Note that if Vk�z� satis�es �
��� then so does Vk�z�
T �

Theorem �� Assume that U� is a non�singular matrix with the form of ����� and Bk are matrices given by

�
�� for some non�singular n � n real matrices bk� � � k � �� Then fH�� eH�� � � � 
 Mg de�ned by ���� and

��� with Vk de�ned by �
�� is PR and satis�es ����� Furthermore if TH�
and TeH� satisfy Condition E� then

fH�� eH�� � � � 
 Mg generates a set of symmetric�antisymmetric BIO multiwavelets�

Next� we discuss the two�channel symmetric PR multi�lter banks in more details�

B� Two
channel symmetric PR multi	lter banks

In this subsection we consider the two�channel PR multi�lter banks with the sum rules of order �� In this case�

we use H� eH to denote the matrix �lters for the scaling functions �� e�� and use G� eG to denote the matrix �lters

for BIO multiwavelets �� e��

Suppose fH� eH�G� eGg is an FIR multi�lter bank� For arbitrary non�singular real matrices u��u�� de�ne

H���� � u�H���u��� � eH���� � u�T� eH���uT� �

G���� � u�G���u��� � eG���� � u�T� eG���uT� �
�

�

Then fH� eH�G� eGg is PR if and only if fH�� eH��G�� eG�g is PR� and fH� eH�G� eGg generates scaling functions �� e�
and BIO multiwavelets �� e� if and only if fH�� eH��G�� eG�g generates scaling functions ��� e�� and biorthogonal

multiwavelets ��� e�� with

�� � u��� e�� � u�T� e�� �� � u��� e�� � u�T� e��
Denote i� �� ��� �� � � � � ��T � Rr�

Lemma �� Assume that x�y � Rr are two vectors with xTy � �� Then there exists a non�singular real matrix

u� such that

u�i� � x� u�T� i� � y�

By Proposition 
 i�� for any biorthogonal scaling functions ��� e��� b�����
T be����� � �� Thus to construct scaling

functions ��� e�� with b����� � x�
be����� � y for some x� y � Rr� xTy � �� by �

� with u� given in Lemma 
� we

need only to construct scaling functions �� e� with b���� � i��
be���� � i�� In the following� we give expressions for

the PR multi�lter banks with the sum rules of order � and scaling functions �� e� satisfying b���� � be���� � i�� In

this case by Lemma ��

iT�H��� � iT� � iT�H��� � �� iT� eH��� � iT� � iT� eH��� � �� G���i� � �� eG���i� � �� �
��

Let Hm��� and eHm��� be the modulation matrices of H�G and eH� eG respectively� By �
���

Hm��� �

�
� �

� U�

	
� eHm��� �

�
� �

� eU�

	
�

for some �r� � by �r� � real matrices U�� eU�� Thus the polyphase matrices Ep��� for H�G� and eEp��� for eH� eG
satisfy

Ep��� �
�

�

�
� �

� U�

	�
Ir Ir

Ir �Ir

	
� eEp��� �

�

�

�
� �

� eU�

	�
Ir Ir

Ir �Ir

	
�
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By Hm���eHT
m��� � I�r � U� eUT

� � I�r��� i�e� eU� � U�T
� � Suppose Vk�z� is de�ned by ��
� for M � � and some

Bk with B�
k � Bk� then f����H� ����G� ���� eH� ���� eGg de�ned by�

����H���

����G���

	
�

�

�
V��z

�� � � �V��z
��

�
� �

� U�

	 �� Ir

Ir

	
�

�
Ir

�Ir

	
z��

�
� �
�

�
���� eH���

���� eG���

	
�

�

�
V��z

��T � � �V��z
��T

�
� �

� U�T
�

	 �� Ir

Ir

	
�

�
Ir

�Ir

	
z��

�
�
��

where z � ei�� is PR and ����H� ���� eH satisfy the sum rules of order ��

Usually� the support lengths of the scaling functions and BIO multiwavelets constructed based on �
� and �
��

are �� ��� To construct scaling functions and BIO multiwavelets with even integer support lengths we would use

another form of parametric expression for multi�lter banks� Let f�H� �G� � eH� � eGg be PR FIR �lter bank de�ned

by �
� and �
�� with � � � for some B�� We want to choose B� such that the degrees of �H� �G and � eH� � eG as

polynomials of z�� are smaller than 
� To this end� choose B� such that

B�

�
� �

� U�

	�
Ir

�Ir

	
� ��r�r� BT

�

�
� �

� U�T
�

	�
Ir

�Ir

	
� ��r�r� �
��

Then one has that B�
� � B� and B� satis�es �
�� if and only if

B� �
�

�

�
� �

� U�

	�
b b

b b

	�
� �

� U��
�

	
�
��

for some r � r real matrices b with b� � b�

If B� is given by �
��� then�
�H���

�G���

	
�

�

�

�
� �

� U�

	 �� Ir

Ir

	
�Ir � b� �

�
Ir

�Ir

	
z�� �

�
Ir

Ir

	
bz��

�
� �
��

�
� eH���

� eG���

	
�

�

�

�
� �

� U�T
�

	 �� Ir

Ir

	
�Ir � bT � �

�
Ir

�Ir

	
z�� �

�
Ir

Ir

	
bT z��

�
� ����

Thus to construct scaling functions and multiwavelets with even integer support lengths� we use�
��H���

��G���

	
� V��z

�� � � �V��z
��

�
�H���

�G���

	
� ����

�
�� eH���

�� eG���

	
� V��z

��T � � �V��z
��T

�
� eH���

� eG���

	
� ����

where z � ei�� Vk�z� are given by ��
� with M � � and Bk satisfying B�
k � Bk� �H� �G and � eH� � eG are de�ned

by �
�� and ���� with r � r real matrices b satisfying b� � b�

In the rest of this subsection� we consider the PR FIR multi�lter banks for symmetric BIO multiwavelets� Here

for simplity� we consider the case that r � �r� for some positive integer r�� and the �rst half components of the

scaling functions and BIO multiwavelets are symmetric while the other half components are antisymmetric� In

this case D� � D� �daig�Ir� ��Ir��� and here we choose the exchange matrix M� to be

M� � diag�Ir� �

�
� Ir�

Ir� �

	
� Ir� �� ��
�
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In the following we will provide a group of PR FIR multi�lter banks H�G� eH� eG satisfying

z�ND�H����D� � H���� z�ND�G����D� � G����

z�ND� eH����D� � eH���� z�ND� eG����D� � eG����
����

where N � Z�nf�� �g�
Assume that FIR matrix �lters H�G are de�ned by �
� for some positive integer � and satisfy ���� with

N � �� � �� Then by ����� one has

H��� �

�
a �

� b

	
� H��� �

�
� c

d �

	
� G��� �

�
e �

� f

	
� G��� �

�
� g

p �

	

for some r� � r� real matrices a�b� c�d� e� f � g and p� Thus the non�singular real matrix U� in �
� has the form

�
� �

� U�

	
�

�����
a � � c

� b d �

e � � g

� f p �

������ � ���

Similarly� if H�G are de�ned by ���� for some positive integer � and satisfy ���� with N � ��� then the

non�singular real matrix U� in �
�� has the form

�
� �

� U�

	
�

�����
a � c �

� b � d

e � g �

� f � p

������ � ����

Since we hope that eH� eG de�ned by �
�� or by ���� also satifying ����� U�T
� in �
�� and ���� shall have the

same form to U�� Really� one can check that if U� has the form ��� or ����� then U�T
� has the same form to U��

In the next lemma we give b in �
�� and ���� such that �H� �G and � eH� � eG satisfy ���� with N � ��

Lemma �� Suppose �H� �G� � eH� � eG are de�ned by �
�� and ���� with U� having the form of ����� Then �H� �G�

� eH� � eG satisfy ���� for N � � if and only if �H� �G� � eH� � eG are given by�
�H���

�G���

	
�

�

�

�
� �

� U�

	 �� Ir

Ir

	�
Ir� �w

�w�� Ir�

	
� ����

�

�
Ir

�Ir

	
z�� �

�
Ir

Ir

	�
Ir� w

w�� Ir�

	
z��

�
�

�
� eH���

� eG���

	
�

�

�

�
� �

� U�T
�

	 �� Ir

Ir

	�
Ir� �w

�w�� Ir�

	T
� ����

�

�
Ir

�Ir

	
z�� �

�
Ir

Ir

	�
Ir� w

w�� Ir�

	T
z��

�
for some non�singular real r� � r� matrix w� where z � ei��

Theorem �� Suppose FIR �lters H�G� eH� eG are de�ned by �
� and �
�� or by ���� and ����� where Vk�z� are

de�ned by �
�� with M � � and Bk given by �
�� �n � r� for some non�singular r � r real matrices bk� the real
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matrix U� in �
� and �
�� has the form ���� and �H� �G� � eH� � eG are de�ned by ����� ���� for some r� � r�

non�singular real matrix w and the real matrix U� with the form ����� Then fH�G� eH� eGg is PR� has the sum

rules of order one and satis�es ���� for N � �� � � or N � ��� Further� if TH� TeH satisfy Condition E� then

fH�G� eH� eGg generates symmetric�antisymmetric BIO multiwavelets�

Proof� By Lemma �� what remains to show is that �H� �G� � eH� � eG de�ned by �
� and �
�� for � � � satisfy

���� with N � �� which follows immediately from the fact that U� and U�T
� have the form ����

IV� Biorthogonal multiwavelets

In this section� we discuss the construction of BIO multiwavelets with good approximation and smoothness

properties� BIO multiwavelets with high balancing orders and BIO multiwavelets with good time�frequency local�

ization� Here we consider the case M � �� r � �� In this case� symmetric PR multi�lter banks fNH�NG�N eH�N eGg
are de�ned by �
� and �
�� if N is odd and by ���� and ���� if N is even� where M� is given by ��
� with Ir� � ��

Vk�z� are de�ned by �
�� with Bk given by �
�� �with n � �� for some non�singular � � � real matrices bk� U�

in �
� and �
�� is de�ned by ��� for some real numbers b� d� f� g� p with g �� �� bp �� fd� and �H� �G� � eH� � eG are

de�ned by ���� and ���� with Ir� � � and w � w � Rnf�g� and U� by �����

A� Biorthogonal multiwavelets with good regularity

Based on the explicit expressions� we can construct the symmetric�antisymmetric BIO multiwavelets with good

regularity� First we consider the sum rules of �leters� The next proposition gives the relation of parameters for

the �leters with sum rule order �� Suppose bk is given by

bk �

�
xk yk

zk tk

	
� jbkj �� xktk � ykzk �� �� ����

Proposition �� Assume that ����H and ��H are the �lters de�ned above with bk given by ���� for some

xk� yk� zk� tk� Then ����H has the sum rules of order � if and only if� P�

k��
xkP�

k��
yk

	
�

�
b f

d p

	�� �
��b� ���

�
�
� �d�

	
���

for some � � R with y� � ��� ���y� � �� � �
�
� ��� ��H has the sum rules of order � if and only if� P�

k��
xkP�

k��
yk

	
�

�
b f

d p

	�� �
��b� ��� � w

�

�d� � w
�

	

for some � � R with y� � ��� ���y� � ��� ���

By the relationship of NH and N eH� one has ���� eH has � order sum rules if and only if� P�

k��

tk
jbk jP�

k��

zk
jbk j

	
�

�
b d

f p

	�
���b� ����

�
�
� � �d��

	
���

for some �� � R with �y� � ��� ��� �y� � �� � �
�
� ���� �� eH has � order sum rules if and only if� P�

k��

tk
jbk jP�

k��

zk
jbk j

	
�

�
b d

f p

	�
���b� ���� � �

�w

� �d�� � �
�w

	

DRAFT



MULTIFILTER BANKS AND BIORTHOGONAL MULTIWAVELETS ��

for some �� � R with �y� � ��� ��� �y� � ��� ���� where

�b ��
p

bp� df
� �d ��

�f
bp� df

�

We also can obtain relationship of the parameters for the �lters with higher orders of the sum rules� and the

details are not provided here� From Propositions �� we know if both NH and N eH have the sum rules of �� then

two parameters for the �lters can be expressed by other parameters� In general� if NH and N eH have the sum rules

of m� then ��m� �� parameters for the �lters will be reduced�

When we construct BIO multiwavelets with good approximation and smoothness properties� we �nd the pa�

rameters for the expressions of fNH�NG�N eH�N eGg given above are redundant� In the following we reduce the

�redundant parameters�

Note that for a PR FIR �lter bank generating scaling functions and BIO multiwavelets� with the change of the

PR FIR banks by �

� for some non�singular matrices u��u�� the corresponding new scaling functions and BIO

multiwavelets have the same approximation and smoothness properties to the old ones� In particular by choosing

u� �diag��� u��� u� �diag�u�� u�� for some uj �� �� we can assume that d� f� g of U� in ��� to be 
�� and f� g�w

in ���� and ���� to be 
�� Such special choices of d� f� g and f� g�w have no in�uence to the construction of scaling

functions and BIO multiwavelets with good approximation and smoothness properties� In the following we choose

U� �

���
b � �

� � �

� p �

���� �for odd N� and U� �

���
b � d

� � �

� � p

���� �for even N� � ���

with det�U�� �� �� and choose w in ���� and ���� to be �� In this case there are �N ��N � � respectively�

free parameters for fNH�NG�N eH�N eGg for odd N �for even N respectively�� and ��N �m � �� ���N �m� � �

respectively� free parameters for the �lter bank with NH and N eH having the sum rules of order m for odd N �for

even N respectively��

Let f�H� �G� � eH� � eGg be the PR FIR multi�lter bank given above for � � � with U� given by ���� By

Proposition �� the condition for �H having the sum rules of order � is

x� � ��b� ���y�p� ����� �y��

and the addition condition for both �H and � eH having the sum rules of order � is

t� �
� �d �f � ��b� �����y� � ��p�

�d� ��b� ����x�
z�� �
�

where �b �� p
bp�� �

�d �� �
��bp �

�f �� �
��bp � �p �� b

bp�� � Thus there are � free parameters for �H� � eH having the sum rules

of order �� One can check the addition condition for �H and � eH having the sum rules of order 
 are �y�� jb�j � �

and z� �
�
�
respectively� We �nd if both �H and � eH have the sum rules of order 
� we cannot construct the scaling

functions with good smoothness� We will construct smooth scaling functions with �H and � eH having the sum

rules of order 
 and order � respectively� In this case� there are 
 free parameters y�� b� p for the �lters� For

y� � ����� b � �
���� p � �����

then x� � ��������� z� � �����
��

� t� � ��������
������ and the corresponding �� � W �	��	��R�� and

�e� � W �	��	��R�� For

y� � ��
�� b � ���
�� p � �����
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then x� � 

����
����� z� � ���������
�� t� � 
����
�����
�������� and the corresponding �� �W �	��	��R��

and �e� �W �	�����R�� ��� �� and �e�� �e� are shown in Fig� � and Fig� � respectively� In this way we can construct

more BIO multiwavelets with good regularity�

For orthogonal scaling function � and multiwavelet � with the same symmetry and support to ��� ��� we

can only construct ��� � W �	
��	�R� with � providing approximation order � �see ���	�� Thus there are more

�exibilities for the construction of BIO multiwavelets than the orthogonal ones�

B� High balanced BIO multiwavelets

In image processing applications� the balanced orthogonal multiwavelets are required �see ��	�� In ���	� ���	�

high balanced �k�balanced� orthogonal multiwavelets are introduced� Suppose fH�G� eH� eGg is a PR multi�lter

bank generating scaling functions and BIO multiwavelets �� e� and �� e�� When we use fH�Gg as the analysis

�lter bank� we say � and e� or H is k�balanced �balanced for k � �� if H has the sum rules of order at least k

with some vectors yj � �yj��� yj��� andZ e���t�tjdt � Z e���t��t� �

�
�jdt� � � j 
 k� ���

By ����� yj �
R e��t�T tjdt� Thus ��� is equivalent to �see ���	 and ���	 for other equivalent forms�

yj�� � yj�� �
X
��s
j

�
j

s

�
�s�jys��� � � j 
 k� ��

In this case� we have

i�
R e��t�tjdt � �� � � j 
 k�

ii�
P

n
��n�j���t� n� � ��n� ��j���t� n� � Pj�R�� the space of polynomials of degree 
 j over R� � � j 
 k�

iii�
P

n
���n�j � ��n� ��j�H���n � �p����� p���� ��� for some p � Pj�R�� � � j 
 k�

iv�
P

n
���n�j � ��n� ��j�eGT

n��� � ��� ��� � � j 
 k�

Thus a k�balanced multi�lter bank has the properties� Annihilation of Pk�R� and Pk�Z�� preservation of Pk�R�

and Pk�Z� �see also ���	��

For the multi�lter bank fNH�NG�N eH�N eGg de�ned above� it would generate scaling functions with N b���� �
��� �	T �N

be���� � ��� �	T � So that the biorthogonal multiwavelets N��N e� cannot be balanced� Let NH
b�NG

b�N eHb�N eGb

be the PR multi�lter bank de�ned by

NH

b��� � R� NH���RT
� � N eHb��� � R� N eH���RT

� �

NG
b��� � u� NG���RT

� � N eGb��� � u�T� N eG���RT
� �

���

where R� is the matrix de�ned by

R� �

p
�

�

�
� ��

� �

	
�

and u� is a non�singular matrix� Then the corresponding scaling functions and BIO multiwavelets denoted

N�b�N�b and N�b�N e�b are balanced and satisfy

N�b � R� N�� N e�b � R� N e�� N�b � u� N�� N e�b � u�T� N e�� ���

Suppose NH has the sum rules of order m with yj � � � m � �� then NH
b has the sum rules of order m with

vj � � � m� � given by vj � yjR�� Thus NH
b is k�balanced �k � m� if and only if

yj�� � yj�� �

p
�

�

X
��s
j

�
j

s

�
�s�j�ys�� � ys���� � � j 
 k�
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In particular� y��� � y��� �
p
�
�

is equivalent to NH
b being ��balanced� Thus from Prop� �� by just letting

� � � � �
�
�

p
�
�

or � � � �
p
�
�
� we have the parametric expression for the ��balanced NH

b�

If we want to construct BIO multiwavelets with high balancing orders� again the parameters for NH
b�NG

b�N eHb�N eGb

given above are redundant� As in the above subsection� we can let f� g in U� to be 
��

Let f�H� �G� � eH� � eGg be the PR FIR multi�lter bank given above for � � � with f� g in U� to be ��� and let

�H
b� �G

b� � eHb� � eGb be the �lters de�ned by ���� If x�� y� are given by ��� �for � � �� with � � �
�
�

p
�
�
� then

�H
b is ��balanced� Let t� be given by �
� with �b �� p

bp�d
� �d �� ��

bp�d
� �f �� d

bp�d
� �p �� b

bp�d
� then � eHb has the sum

rules of order �� For

b � �������� d � ������� p � ������� z� � �
�����

the resulting ��balanced � � W �	��		�R�� and e� � W �	�
	��R�� Based on the parametric expressions of NH�N eH�

we can construct more high order balanced BIO multiwavelets�

C� Biorthogonal multiwavelets with optimum time
frequency resolution

In this subsection� we will construct BIO multiwavelets with better time�frequency resolution� The OPTFR

orthonormal multiwavelets were studied and constructed in ���	 and ���	� Here we will design the OPTFR BIO

multiwavelets which will be more suitable for image processing�

Recall for a window function f � the time�duration !f of f is de�ned by

!�
f ��

Z
R

�t� t��jf�t�j�dt�E� with t ��
R
R
tjf�t�j�dt�E� E ��

R
R
jf�t�j�dt�

The frequency�bandwidth of f is de�ned as !bf � The product of time�duration and frequency�bandwidth

�f �� !f!bf is called resolution cell�

Since Proposition 
 shows that every component denoted by fj of BIO multiwavelets is a bandpass function� we

shall also consider the frequency�bandwidth !bbfj of fj de�ned by

�!bbfj �� ��
Z ��

�

�� � �bfj ��jbfj���j�d�
�Z ��

�

jbfj���j�d�
with

�bfj ��

Z ��

�

�jbfj���j�d��Z ��

�

jbfj���j�d��
One can check that for real fj � �!

bbfj �� � !�bfj � ��bfj ��� We denote �bf �� !f!
bbf �

For M � �� formulas to compute the time�durations and frequency�bandwidths of scaling functions and BIO

multiwavelets are provided in ���	� Such results can be generalized to the case M � � and we would not give the

details here�

Assume that fH�G� eH� eGg is a PR FIR multi�lter bank� Then the lowpass frequency responses and highpass

frequency responses for this system are �see ���	�

h���� ��

P
k�Z h�k����e

��ik� � h�k����e
�i��k�����eh���� ��P

k�Z
eh�k����e��ik� � eh�k����e�i��k����� � � �� ��

���

and 

q���� ��

P
k�Z g�k����e

��ik� � g�k����e
�i��k�����eq���� ��P

k�Z eg�k����e��ik� � eg�k����e�i��k����� � � �� ��
���
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where A��j denotes the ��� j��entry of the matrix A� h��eh� act as lowpass �lters� while q�� eq� act as highpass

�lters� Thus it is required that

jh����j � jeh����j � jq����j � jeq����j � �� h���� � eh���� � q���� � eq���� � �� � � �� ��

Assume that H and eH generate scaling functions � and e� respectively� By Lemma � and the facts that

�h����� h����	
T � H������ ��T � �q����� q����	

T � G������ ��T � we have that if b���� � c���� ��
T �
be���� � �c���� ��

T �

then h���� � �� q���� � �� � � �� �� Similarly we have eh���� � �� eq���� � �� � � �� ��

Proposition �� Let fH�G� eH� eGg be a PR FIR multi�lter bank with H� eH balanced� Then

h���� � eh���� � �� q���� � eq���� � �� � � �� ��

From Proposition � what we need to design is the requirements�

h���� � eh���� � �� jq����j � jeq����j � �� � � �� �� ����

Proposition � Let NH
b� NG

b be the �lters de�ned by ��� with u� � R� and NH� NG satisfying ����� Let

Nh
b
��Nq

b
�� � � �� �� be the corresponding frequency responses de�ned by ��� and ��� respectively� then

Nh
b
���� � e�i��N����

Nh
b
������ Nq

b
���� � e�i��N����

Nq
b
������ ����

and Nh
b
���� � NH������� Nq

b
���� � NG������� here NH������ and NG������ denote the ��� ���entries of NH��� and

NG��� respectively�

On can show Proposition � as in ���	�

We now use the parametric expressions for PR FIR multi�lter banks provided in Section III�B to construct the

balanced BIO multiwavelets with good time�frequency localization under the constrained conditions ����� Assume

that the PR multi�lter bank fNH�NG�N eH�N eGg de�ned by �
�� �
�� or by ����� ���� with r � �� generates

N��N� and N��N e�� Let fNHb�NG
b�N eHb�N eGbg be the PR multi�lter bank de�ned by ��� with u� � R��

and let N�b�N�b and N�b�N e�b denote the corresponding balanced scaling functions and BIO multiwavelets� For

N�b � �N�
b
��N�

b
��
T and N�b � �N�

b
��N�

b
��
T � they lost symmetry� but they possess another property� the �rst

components are the re�ections of the second components about their center point N��� i�e�

N�
b
��N � x� � N�

b
��x�� N�

b
��N � x� � N�

b
��x��

N e�b and N e�b also possess the same property�

Let Nehb��Neqb�� � � �� �� be the frequency responses corresponding to N eHb� N eGb� Then by Proposition �� they

also satisfy the relationship ���� and Nehb���� � N eH������� Neqb���� � N eG������� Thus the requirements ���� for

Nh
b
��Nehb��Nqb��Neqb� are

NH������ � N eH������ � �� jNG������j � jN eG������j � �� ����

Constrained conditions ���� are equivalent to that U� in �
�� �
�� and in ����� ���� with r � � are given

respectively by

U� �

���
� d �

� � g


� � �

���� �for odd N� and U� �

���
� � d

� g �


� � �

���� �for even N� � ��
�
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In the following� U� in �
�� �
�� and in ����� ���� are given by ��
� for g � Rnf�g� In this case the number

of free parameters for NH
b�N eHb� NG

b�N eGb is �N � � if N is odd and is �N � � if N is even� We construct the

OPTFR BIO multiwavelets by minimizing the sum

NS �� �
b

N�b
�

� �b
Nb

�

� �b
Ne�b� � �bNeb� �

Let N�bo�N e�bo and N�bo� N e�bo denote the resulting scaling functions and BIO multiwavelets� Of course� to

construct OPTFR BIO multiwavelets� we can use other objective functions� e�g� �
N�b

�

� �
Nb

�

� �
Ne�b� � �Neb� �

�
b

Ne�b� � �bN eb� or �b
Nb

�

� �b
Neb� � The minimizations are performed as follows� First based on Propositions � and

on the parametric expressions of NH� NG� N eH� N eG with U� given by ��
�� to construct a group of smooth

scaling functions N��N e� and BIO multiwavelets N��N e� with approximation order �� then to use these N��N e�
and N��N e� as starting values for the construction of the OPTFR scaling functions and BIO multiwavelets� and

�nally to choose the best results� In Table �� the areas of the resolution cells of N�bo�N e�bo� N�bo� N e�bo are listed

for 
 � N � �� ��
bo� ��

bo and �e�bo� �e�bo are shown in Fig� 
 and Fig� � respectively� The optimal �lters are

available from the author�

V� Conclusion

In this paper� the explicit expressions of M�channel PR FIR multi�lter banks for symmetric�antisymmetric

scaling functions and biorthogonal multiwavelets are discussed� The expressions of the ��channel symmetric PR

FIR multi�lter banks with high sum rule orders and high balancing orders are discussed in more details� In

particular� we give the expressions of the ��channel symmetric PR FIR multi�lter banks with the sum rules

of order � and symmetric PR FIR multi�lter banks with balancing order �� The constructions of smooth� high

balanced biorthogonal multiwavelets and the optimum time�frequency resolution biorthogonal multiwavelets which

are more suitable for image applications are discussed�

Appendix

Proof of Lemma 	
 Since both H� and eH� generate compactly supported scaling functions� they satisfy the

sum rules of order �� and H����� eH���� satisfy Condition E� Thus for any left row ��eigenvectors y� and ey� of

H���� and eH����� respectively�

y�H����k�M� � 	�k�y�� ey� eH����k�M� � 	�k�ey�� � � k �M � ��

Applying
PM��

k��
H���k��M�eH���k��M�� � Ir	���� we have

y� eH����
T � y�	���� ey�H����

T � ey�	����
Thus yT� and eyT� are right ��eigenvectors of eH���� and H���� respectively� Since � is a simple eigenvalue of eH����

and H����� up to a constant� yT� � ev� eyT� � v� Thus ���� and ���� hold�

Proof of Proposition �
 Since b����� �
be����� respectively� is a right ��eigenvector ofH���� �eH���� respectively��b�����

T be�����
T satisfy ����� Thus b�����

T �
be�����

T are left ��eigenvectors of eH����� H���� respectively�

Since �� and e�� are biorthogonal to each other� i�e�
R
���x�e���x � k�T dx � 	�k�Ir� we have by the Poisson

summation formula� X
k

b�����k � ��
be�����k � ��� � Ir� � � ��� ���� ����
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For any left ��eigenvector v of H����� we have �see ���	� vb�����k� � � if k �� �� Thus
be�����

T b�����k� � � for any

k �� �� By �����
be�����

T b�����
be�����

T �
be�����

T � Therefore
be�����

T b����� � ��

By Lemma �� b����� and
be����� satisfy ����� Thus by ���

be����� �
be����� � �� � � � 
 M �

Proof of Lemma �
 For any x �� �� there exists an orthogonal matrix g�r� such that �see ���	� x �

kxkg�r�i�� where kxk� ��
Pr

k��
x�k� Let z � kxk�g�r��Ty� then z � ��� zT� 	

T for some z� � Rr��� Denote

U�� � kxk
�

� �zT�
� Ir��

	
� then U��

�� � �
kxk

�
� zT�

� Ir��

	
� Let u� � g�r�U��� Then u�i� � x�u�T� i� � y�

Proof of Proposition �
 Here we give the proof for ����H� The proof for ��H is similar� By the de�nition�

we have

Vk�z� �
�

�

�
uk vk

wk Tk

	
�

�

�

�
D�ukD� �vk
�wk D�TkD�

	
z���

with

uk �

�
� �xk

� tk
jbkj �

	
�vk �

�
� �yk
yk
jbk j �

	
�wk �

�
� �zk
zk
jbk j �

	
�Tk �

�
� �tk

� xk
jbkj �

	
�

Let �H���� �G��� be the �lters de�ned by �
� with � � �� Then�
D ����H����

D ����G����

	
�

�X
k��

DVk���

�
�H����

�G����

	
�

�
D �H����

D �G����

	
� � � �� ��

Thus

D ����H���� � D �H����� i

�X
k��

�D�ukD� �H����� vk �G������ � � �� ��

Suppose y� � ��� �� for some �� � � R� Then ����H has the sum rules of order � is equivalent to

�iy�D ����H���� � �y� ����H���� � 	���y��

where y� � ��� ��� One can check this is equivalent to

�� �

�
� ��� ���

P�

k��
bxk � fyk� � ���� b�� � ��� ���

� �
�
� ��� �

P�

k��
dxk � pyk� �� � ��d�� �� � ��

Thus � � � � �
�
and 


b
P�

k��
xk � f

P�

k��
yk � ��b� ����

d
P�

k��
xk � p

P�

k��
yk � �

�
� �d��

That is xk� yk satisfy ����
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