© Multivariate Balanced Vector-Valued Refinable Functions

Charles K. Chui, Qingtang Jiang

Abstract

Vanishing moments of sufficiently high order and compact supports of reasonable size contribute to the great success of wavelets in various areas of applications, particularly in signal and image processing. However, for multi-wavelets, polynomial preservation of the refinable function vectors does not necessarily imply annihilation of discrete polynomials by the high-pass filters of the corresponding orthogonal or bi-orthogonal multiwavelets. This led to the introduction of the notion of “balanced” multiwavelets by Lebrun and Vertterli, and later, generalization to higherorder balancing by Selesnick. Selesnick’s work is concerned only with orthonormal refinable function vectors and orthonormal multi-wavelets. In this paper after giving a brief overview of the state-of-the-art of vectorvalued refinable functions in the preliminary section, we will discuss our most recent contribution to this research area. Our goal is to derive a set of necessary and sufficient conditions that characterize the balancing property of any order for the general multivariate matrix-dilation setting. We will end the second section by demonstrating our theory with examples of univariate splines and bivariate splines on the four-directional mesh.

Introduction

Orthonormal multi-wavelets associated with certain refinable function vectors (also called scaling function vectors) have several advantages in comparison with scalar wavelets. For example, an orthonormal multi-wavelet can possess all the desirable properties of orthogonality, short support, high order of smoothness and vanishing moments, and symmetry/anti-symmetry [8, 10, 11, 12, 33]. Thus, orthonormal multi-wavelets offer the possibility of superior performance for signal/image processing applications, particularly for feature extraction, pattern recognition, and noise reduction (removal) [52, 53].

However, various mathematical difficulties arise in applying multi-wavelets to process scalar-valued data. Although pre-filtering methods have been suggested and work well for some applications [1, 16, 37, 52, 53, 57, 58], the extra effort requires additional computational cost and often leads to other complications. More recently, the notion of “balanced” orthonormal multi-wavelets was introduced in [40] in an attempt to eliminate the need of pre-filtering. After a follow-up work [48] was completed, the terminology “balancing” in [40] is now called “1-balancing,” since this notion is generalized to “K-balancing” for any K ≥ 1 for better performance. However, with the exception of a few examples constructed in [48, 49], all the balanced orthonormal multi-wavelets in the open literature are only 1-balanced [19, 43, 54, 55, 56].

Nonetheless, as compared with scalar-valued wavelets, even 1-balanced multiwavelets already achieve at least comparable results when applied to image compression. For example, it was demonstrated in [19, 43, 56], that 1-balanced orthonormal multi-wavelets already perform better than scalar-valued orthogonal wavelets in several comparison tests among a wide variety of natural images, and even outperform the bi-orthogonal 9/7 wavelet for certain images such as “Barbara”. It is therefore convincing that K-balanced wavelets, for K ≥ 2, should provide a much more powerful tool. In this regard, it should be mentioned that the bi-orthogonal 9/7 wavelet was adopted by the JPEG-2000 standard for image compression and by the MPEG-4 standard as an option for compression of I-frames for videos.

In this paper we generalize the notion of K-balanced multi-wavelets from the orthonormal setting in [48] to the bi-orthogonal and multivariate settings in order to give more flexibility for construction (particularly for the univariate setting) and to allow for a broader range of applications (when multivariate multi-wavelets are preferred). More precisely, suppose that a_1, · · · , a_r ∈ IR^s. A compactly supported vector-valued function F = [f_1, · · · , f_r]^T ∈ (L^2)^r := (L^2(IR^s))^r is said to be K-balanced relative to (a_1, · · · , a_r), if ∫ IR^s

f_l(x)(x − a_l)^αdx = ∫ IR^s

f_i(x)(x − a_i)^αdx,

for 1 ≤ l, i ≤ r, |α| < K. Let Φ, ~Φ be refinable function vectors that are bi-orthogonal duals to each other. We will give several characterizations for K-balancing of ~Φ. In particular, a characterization formulation in terms of the vectors ~y_α in the definition of the sum rule order of the mask of Φ (see §1.3 about sum rule order) will be given. More precisely, we will see that ~Φ is K-balanced relative to (a_1, · · · , a_r) ⊂ IR^s if and only if ~y_α = (y_{α,1}, · · · , y_{α,r}) satisfy y_{α,l} = ∑ β≤α ( α β ) (a_l − a_1)^β y_{α−β,1}, 2 ≤ l ≤ r, |α| < K.

This condition enables us to decide easily the balancing order K of the biorthogonal dual of a refinable function vector, and helps us to construct orthonormal and biothogonal refinable function vectors.

This paper is organized as follows. We will first discuss preliminary results on refinable function vectors in Section 1. K-balancing of the refinable function vectors and its characterizations are discussed in Section 2, where some examples of balanced refinable function vectors are also given.

1 Preliminary Results

The study of polynomial preservation (or polynomial reproduction) in the linear algebraic span of integer-shifts of a finite number of compactly supported functions has been a popular area of investigation in the Approximation Theory community. We first give a very brief summary in §1.1 of several equivalent statements of this problem in the distribution setting in IR^s, s ≥ 1. A general approach for constructing such compactly supported distributions that are refinable relative to a given expansive dilation matrix and some matrix-valued Laurent polynomial symbol P (z) is discussed in §1.2. The notion of sum rules to be satisfied by P (z) is introduced in §1.3, where sum rules and polynomial preservation are shown to be intimately related for compactly supported refinable distributions. In §1.4, we show that these distributions are indeed functions in L^2, provided that the transition operator associated with P (z) satisfies Condition E and that P (z) itself satisfies the sum rule of at least the first order. Smoothness of these L^2 functions and methods, along with available software, to determine the order of Sobolev and Hölder smoothness are discussed in §1.5. Finally, the characterization of bi-orthogonal duals by the bi-orthogonal condition of their corresponding two-scale Laurent polynomial symbols is formulated in terms of the sum rule and Condition E in §1.6.

1.1 Polynomial preservation

Let ϕ_ℓ, ℓ = 1, · · · , r, be compactly supported distributions in IR^s, s ≥ 1, and Φ := [ϕ_1, · · · , ϕ_r]^T . We say that Φ has the property of polynomial preservation of order m (or Φ ∈ PP_m for short) if there exists a (finite) linear combination φ of integer shifts of ϕ_1, · · · , ϕ_r, such that ∑ k∈ZZ^s q(k)φ(· − k) = q, q ∈ π^s_{m−1}, holds in the distribution sense (i.e. equality holds upon taking inner product with any test function), where π^s_{m−1} denotes the space of all polynomials of total degree < m in IR^s. It follows from the Poisson summation formula that the above formulation is equivalent to the (modified) Strang-Fix conditions:

D^αφ̂(2πk) = δ_{0,α}δ_{0,k} |α| < m, k ∈ ZZ^s. (1.1)

It is also easily seen that Φ satisfies (1.1) if and only if there exists a 1 × r vector t(ω) = ∑ |α|<m tαe −iαω of trigonometric polynomials such that

D^α(tΦ̂)(2πk) = δ_{0,α}δ_{0,k}, |α| < m, k ∈ ZZ^s, (1.2)

which, in turn, is equivalent to

x^α = ∑ k∈ZZ^s { ∑ β≤α ( α β ) k^{α−β} y_β}Φ(x − k), |α| < m, (1.3)

in the distribution sense, with

y_α := (−iD)^αt(0), |α| < m. (1.4)

For r = 1, this formula was discussed in [6], and for arbitrary r ≥ 1, the reader is referred to [25].

1.2 Construction of compactly supported Φ

Let A be an expansive matrix (i.e. all eigenvalues λ of A satisfy |λ| > 1) with integer entries. For any finite sequence {P_k} of square matrices of dimension r, we consider its corresponding matrix-valued Laurent polynomial symbol

P (z) := 1 a ∑ k∈ZZ^s

P_kz^k, a := |det(A)|, (1.5)

and say that P (1), 1 := (1, · · · , 1), satisfies Condition E (or P (1) ∈ E for short [51]), if the value 1 is a simple eigenvalue of the matrix P (1) and all other eigenvalues of P (1) lie in |z| < 1. Under the assumption that P (1) ∈ E, it follows that the infinite product Π^∞_{j=1} P (e^{−i(AT )−j ω}) converges uniformly on every compact subset of IR^s. This was first proved in [17] for s = 1 and A = [2], and extended to A = 2I_s in [42]. The proof for our more general matrix A follows the same argument given in [42]. Let v_0 be the right eigen-vector of P (1) corresponding to the eigenvalue 1, i.e.

P (1)v_0 = v_0,

such that |v_0| = 1, and define

^Φ(ω) = Π^∞_{j=1} P (e^{−i(AT )−j ω})v_0. (1.6)

Then its inverse Fourier transform Φ is a compactly supported distribution that satisfies the so-called refinement equation

Φ(x) = ∑ k∈ZZ^s

P_kΦ(Ax − k). (1.7)

We call the sequence {P_k} and its corresponding symbol P (z) the mask and two-scale symbol of Φ, respectively. We also call Φ a normalized solution of the refinement equation (1.7).

On the other hand, if Φ is a compactly supported distribution vector that satisfies (1.7) for some finite sequence {P_k}, we say that Φ is a refinable distribution vector. For such Φ, if each entry of the matrix ∑ k∈ZZ^s ( ^Φ ^Φ

∗)(ω) is a bounded function and that the matrix ∑ k∈ZZ^s

( ^Φ ^Φ^∗)(2kπ)

is non-singular, then the symbol P (z) defined by (1.5) satisfies P (1) ∈ E (see e.g. [34]).

1.3 Sum rules

In this section, we will always assume that P (1) ∈ E. We will study conditions on the finite sequence {P_k} under which the compactly supported distribution Φ introduced in (1.6) satisfies Φ ∈ PP_m as discussed in §1.1.

Let A be defined as in §1.2, and let ω_h, with ω_0 = 0 and 0 ≤ h < a, be the representors of ZZ^s/A^T ZZ^s. We say that P satisfies the sum rule of order m (or P ∈ SR_m for short) if there exist constant vectors ~y^α, with ~y_0 ≠ 0, such that ∑ β≤α (−1)^{|β|} ( α β ) ~y_{α−β} J_{β,γh} = ∑ |τ |=|α| ∑ |β|=|α| (A^{−1}β)^β t^α_{βτ} ~y^τ τ! , (1.8) for all |α| < m, γ_h ∈ ZZ^s/A^T ZZ^s, where J_{β,γh} := ∑ k (k + A^{−1}γ_h)^βP_{Ak+γh} ,

and [ t^α_{βτ} ] is the inverse of the matrix [_{βτ} τ ! ] |τ |,|β|=|α| . For the case A = 2I_s, (1.8) can be simplified to be ∑ β≤α (−1)^{|β|} ( α β ) ~y_{α−β} J_{β,γ} = 2^{−α} ~y_α, (1.9)

for all γ ∈ {0, 1}^s, |α| < m, with J_{β,γ} := ∑ k (k + 2^{−1}γ)^β P_{2k+γ} .

Of course when r = 1, we can further simplify (1.9) to { ∑ k∈ZZ^s Pk = 2 s, ∑ k∈ZZ^s (2k + γ)

αP_{2k+γ} = ∑ k∈ZZ^s (2k) αP_{2k}, γ ∈ {0, 1}^s, |α| < m, for some suitable choice of {~y_α}. Now, consider an r-vector ~t(ω) = ∑ k∈ZZ^s ~tke

−ikω of trigonometric polynomials

that gives ~y_α = (−iD)^α~t(0) for all |α| < m. It was shown in [25] that (1.8) is equivalent to D^α(~t(A^T ω)P (e^{−iω}))|_{ω=2πA}−T_{ωh} = δ_{h,0}D^α~t(0), |α| < m, (1.10) for all 0 ≤ h < a.

The following result shows that if P ∈ SR_m, then the normalized solution Φ of (1.7) has the property of polynomial preservation of order m (Φ ∈PP_m). Theorem 1.1. Let P ∈ SR_m for some integer m ≥ 1 and Φ be a compactly supported normalized solution of (1.7). Then Φ satisfies (1.3) with y_α = ~y_α; or equivalently, Φ ∈PP_m.

Conversely, if Φ is some compactly supported refinable distribution vector with finite mask {P_k} that satisfies PP_m such that the matrices ∑ k( ^Φ^Φ^∗)(2kπ + 2πA^{−T} ω_h) are non-singular for all 0 ≤ h < a, then P ∈ SR_m with ~y_α = y_α. Theorem 1.1 was obtained in [21] for r = 1, and independently in [2] and [34] for any r ≥ 1. The equivalence of PP_m and SR_m in the vector setting were derived earlier under certain stronger assumptions on Φ, such as linear independence of {ϕ_ℓ(· − k) : k ∈ ZZ^s, ℓ = 1, · · · , r} in [18] for s = 1 and [3, 4] for s ≥ 1, and stability of Φ in [46] for s = 1.

For a given finite mask {P_k} and dilation matrix A, (1.8) can be used to determine the maximum sum rule order m of P and to find the vectors ~y_α, and hence, the maximum polynomial preservation order and the vectors y_α = ~y_α in (1.3) for generating π^s_{m−1}. Matlab routines for calculating sum rule orders can be downloaded from the website of the second author at www.math.umsl.edu/∼jiang.

1.4 From compactly supported distributions to function vectors

To assure that the compactly supported distribution vector Φ constructed in §1.2 is a function vector in (L^2)^r, we consider the transition operator T_P associated with the symbol P (z) in (1.5). Let C_0(TT^s)^{r×r} denote the space of all r × r matrices with trigonometric polynomial entries. The transition operator T_P associated with P is defined on C_0(TT^s)^{r×r} as

T_P F (ω) = ∑ 0≤h<a P (e^{−iA−T (ω+2πωh)})F (A^{−T} (ω + 2πω_h))P (e^{−iA−T (ω+2πωh)})^∗, The representation matrix of T_P , also denoted by T_P for convenience, is

T_P = [B_{Ak−j}]_{k,j}, (1.11)

where B_j = 1 a ∑ k P_{k−j} ⊗ P_k,

and ⊗ denotes the Kronecker product of A and B, namely A ⊗ B = [a_{ij} B] (see e.g. [34]).

Next, consider the refinement operator

U_P f := ∑ k∈ZZ^s

P_kf(A · − k), f ∈ (L^2)^r, (1.12)

that defines the so-called cascade algorithm { Φ_n := U_P Φ_{n−1}, n = 1, 2, · · · , Φ_0 ∈ (L^2)^r.

(1.13)

It is known (see e.g. [5]) that for the cascade algorithm (1.13) with compactly supported initial function vector Φ_0 ∈ (L^2)^r to converge in the (L^2)^r-norm, it is necessary that Φ_0 satisfies ∑ k∈ZZ^s

y_0Φ_0(· − k) = c_0 ≠ 0, (1.14)

where c_0 is a nonzero constant and y_0 is the left eigenvector of P (1) corresponding to the eigenvalue 1. The significance of the convergence of the cascade algorithm is that the limit Φ, which is necessary an (L^2)^r function vector, is a refinable function vector that satisfies (1.7). The following result is established in [5] for the more general Sobolev setting.

Theorem 1.2. A necessary and sufficient condition for the cascade algorithm to converge in the (L^2)^r-norm for any initial compactly supported Φ_0 ∈ (L^2)^r that satisfies (1.14) is that

P ∈ SR_1 and T_P ∈ E. (1.15)

We remark that special cases of this theorem have been considered in earlier works [14, 28, 39, 50, 51]. In particular, Theorem 1.2 itself was already established in [50] for A = 2I_s. The convergence in the L^p-norm has also been studied in [15, 20, 28].

The cascade algorithm (1.13) is closely related to the theory of stationary vector subdivision. The vector subdivision operator S_P

(S_P u)_k := ∑ j∈ZZ^s

u_jP_{k−Aj}, k ∈ ZZ^s , (1.16)

defined on ℓ_0(ZZ^s)^{1×r}, where u = (u_j)_{j∈ZZ}s , is used to generate u^n := S_P u^{n−1}, n = 1, 2, · · ·, with initial u^0 ∈ ℓ_0(ZZ^s)^{1×r}. The characterization of L^p convergence of (u^n) (for s = 1, r ≥ 1) was studied in [45].

To verify (1.15), the difficulty is to study T_P ∈ E. In this regard, it is sufficient to consider certain truncation of T_P . More precisely, consider

Ω := { ∞∑ k=1 A^{−k}x_k : x_k ∈ [−N, N]^s, k ∈ IN}, where N = N_2 − N_1, with N_1 and N_2 denoting the lower and upper coordinate degrees of P , respectively. Also, consider the invariant subspace

H_Ω := {F (ω) ∈ C_0(TT^s)^{r×r} : F (ω) = ∑ k∈Ω∩ZZ^s F_ke^{−ikω}}, of C_0(TT^s) under T_P . It was shown in [22] and [34] that eigenfunctions of T_P corresponding to the nonzero eigenvalues lie in H_Ω. Thus, to study the eigenvalues and eigenfunctions of T_P , one needs only consider those of the restriction T_{P,Ω} of T_P to the finite-dimensional space H_Ω, or equivalently those of T_{P,Ω} = [B_{Ak−j}]_{k,j∈(Ω∩ZZ}s_).

For Φ = [ϕ_1, · · · , ϕ_r]^T ∈ (L^2)^r, we say that Φ is (L^2)^r-stable, provided that there exist positive constants 0 < C_1 ≤ C_2 < ∞ such that

C_1‖c‖_ℓ2_{(ZZ}s_)1×r ≤ ‖ ∑ k∈ZZ^s

c_kΦ(· − k)‖_L2_{(IR}s_) ≤ C_2‖c‖_ℓ2_{(ZZ}s_)1×r , ∀c ∈ ℓ^2(ZZ^s)^{1×r}.

The following theorem is concerned with the stability of the refinable vectorvalued functions (see [50] for A = 2I_s and a straightforward generalization to arbitrary A in [34]).

Theorem 1.3. The normalized solution Φ of (1.7) is (L^2)^r-stable if and only if (1.15) is satisfied and that the matrix-valued eigenfunction of T_P corresponding to the eigenvalue 1 is either positive or negative definite.

From Theorems 1.2 and 1.3, we see that stability implies the convergence of the cascade algorithm.

1.5 Smoothness of refinable function vectors

The Sobolev smoothness of the refinable vector-valued functions was discussed in [9, 27, 29, 34, 44, 47, 50]. The results for s = 1 in [9, 44] are based on the factorization of the symbol P (z). In general, it is not possible to generalize these results to the multivariate setting. On the other hand, the smoothness estimates in [34, 50] for IR^s are related to both the eigenvalues and the corresponding eigenvectors of the transition operator T_P , while those in [27, 47] are related to the spectral radius of the operator T_P restricted to an invariant subspace of T_P . Since computation of the eigenvectors of a large matrix is not as stable as that of the eigenvalues, it is difficulty to decide whether an eigenvalue of T_{P,Ω} should be kept or thrown away when the methods in [34, 50] are used for matrices T_{P,Ω} of high dimensions. On the other hand, due to roundoff error, it is difficulty to find the invariant subspaces in [27, 29, 47] when the size of matrix T_{P,Ω} is large. A characterization of the Sobolev smoothness in terms solely of the eigenvalues of the transition operator is desired. For the scalar case, such a characterization is available in [31] when the dilation matrix A is isotropic, meaning that all eigenvalues of A have the same magnitude. Recently a characterization of the smoothness for vector-valued Φ in terms of the eigenvalues of T_P was obtained in [26].

More precisely, suppose that A is istropic with eigenvalues σ_1, · · · σ_s, and that the mask {P_k} satisfies the sum rule of order m. Let σ = (σ_1, · · · , σ_s), and λ_j , 1 ≤ j ≤ r with λ_1 = 1 and |λ_j | < 1, j = 2, · · · r, be the eigenvalues of P (1). Set S_m := spec(T_{P,Ω})\ ~S_m , (1.17) with ~S_m being the set of all σ^{−α}λ_j, σ^{−α}λ_j , σ^{−β}, α, β ∈ ZZ^s_+, |α| < m, |β| < 2m, 2 ≤ j ≤ r, where multiplicities of the above σ^{−α}λ_j , σ^{−α}λ_j, σ^{−β} are taken into account in the definition of ~S_m. Also let ν_2(Φ) denote its critical Sobolev exponent, defined by ν_2(Φ) := sup{ν : ϕ_j ∈ W^ν (IR^s), j = 1, · · · , r}, where W^ν (IR^s) is the Sobolev space defined by

W^ν(IR^s) := {f : ∫ IR^s (1 + |ω|^2)^ν |f̂(ω)|^2dω < ∞}. Then we have following theorem [26].

Theorem 1.4. Let Φ ∈ (L^2)^r be the normalized solution of (1.7) with mask {P_k} and some isotropic dilation matrix A. Also, let m be the largest positive integer for which P ∈ SR_m, and ρ_0 = max{|λ| : λ ∈ S_m}, where S_m is defined in (1.17). Then ν_2(Φ) ≥ − s 2 log_a ρ_0 . (1.18)

If, in addition, Φ is (L^2)^r-stable, then

ν_2(Φ) = − s 2 log_a ρ_0 . (1.19)

For the scalar case (r = 1), ~S_m is given by ~S_m = {σ^{−β} : |β| < 2m}. Theorem 1.4 for r = 1 and s ≥ 1 is contained in [31]. This theorem leads to some efficient ways for computing highly accurate values for the Sobolev smoothness ν_2(Φ) by standard eigenvalue solvers.

The Hölder smoothness of Φ can be characterized in terms of the uniform joint spectral radius of the family A_m := {A_{P,γ} |_{Vm} , γ ∈ Γ}, where Γ is a fixed set of representators for ZZ^s/AZZ^s, and A_{P,γ} , γ ∈ Γ are the operators defined by

(A_{P,γ} v)_k = ∑ j∈ZZ^s

P_{γ+Ak−j}v_j , k ∈ ZZ^s, v ∈ ℓ_0(ZZ^s)^r,

and V_m is the subspace of ℓ_0(ZZ^s)^r consisting of {v_k} with support in an appropriate finite set Ω_1 ∩ ZZ^s, and satisfying

D^α(~t(ω)v(ω))|_{ω=0} = 0, |α| < m, (1.20)

where v(ω) := ∑ k∈Ω_1∩ZZ^s vke

−ikω and ~t(ω) is the vector in (1.10). (See Theo-

rem 5 in [36] for the details.) For s = 1, a different characterization of Hölder smoothness of Φ was obtained in [29] using an invariant subspace of A_{P,γ} different from V_m. For the subspace V_m defined in (1.20), since we know ~t(ω), we can easily give its basis. Therefore we can give the representating matrices of the operators A_{P,γ} |_{Vm} . The reader is referred to [36] for the Matlab routines for calculation of the order of smoothness.

1.6 Bi-orthogonal duals

Let Φ = [ϕ_1, · · · , ϕ_r]^T ∈ (L^2)^r and ~Φ = [ ~ϕ_1, · · · , ~ϕ_r]^T ∈ (L^2)^r be compactly supported refinable vector-valued functions with dilation matrix A and with finite masks {P_k} and {G_k}, respectively. We say that Φ and ~Φ are bi-orthogonal duals of each other if {Φ(x − k)} and { ~Φ(x − k)} are bi-orthogonal, meaning that ∫

IR^s

Φ(x) ~Φ(x − k)^∗ dx = δ_{0,k}I_r, k ∈ ZZ^s. (1.21)

Hence, if ~Φ = Φ, we say that Φ is orthonormal.

A necessary condition for Φ and ~Φ to be bi-orthogonal duals is that their two-scale symbols satisfy m−1∑ n=0 P (ze^{−i2πA−T ωn} )G(ze^{−i2πA−T ωn} )^∗ = I_r, z = e^{−iω}, ω ∈ IR^s. (1.22) Under certain mild conditions, this condition is also sufficient, as follows.

Theorem 1.5. A necessary and sufficient condition for Φ and ~Φ, with finite maskes {P_k} and {G_k}, respectively, to be bi-orthogonal duals is that

(i) P (z) and Q(z) are bi-orthogonal matrix-valued Laurent polynomials as defined in (1.22),

(ii) P (1), G(1) ∈ E,

(iii) P, G ∈SR_1, and

(iv) T_P , T_G ∈ E.

The proof this theorem can be formulated as a generalization of the proof in [23] for s = 1, A = [2], and the proof in [24] for s ≥ 1. When Φ = ~Φ and P = G, Theorem 1.5 gives a characterization of the orthonormality of Φ in terms of its mask {P_k}.

Suppose Q^h(z) and H^h(z), 1 ≤ h < a, are matrix-valued Laurent polynomials that satisfy ∑ 0≤n<a P (ze −i2πA^{−T} ω_n )Hh(ze−i2πA^{−T} ω_n )∗ = 0, 1 ≤ h < a ∑ 0≤n<a Q h(ze^{−i2πA−T ωn} )G(ze^{−i2πA−T ωn} )^∗ = 0, 1 ≤ h < a ∑ 0≤n<a Q h(ze^{−i2πA−T ωn} )H^ℓ(ze^{−i2πA−T ωn} )^∗ = δ_{h,ℓ}I_r, 1 ≤ h, ℓ < a, (1.23) for ω ∈ IR^s, where z = e^{−iω}. Let Ψ^h, ~Ψ^h be the vector-valued functions defined by ^Ψ^h(A^T ω) = Q^h(z)Φ̂(ω), ^~Ψ^h(A^T ω) = H^h(z)^~Φ(ω). (1.24)

Then {a^{− n}2 Ψ^h(A^{−n}x − k), a^{− n}2 ~Ψ^h(A^{−n}x − k), 1 ≤ h < a, n ∈ ZZ, k ∈ ZZ^s} forms a bi-orthogonal system (cf. [30]).

We use {G, H^h, 1 ≤ h < a} and {P, Q^h, 1 ≤ h < a} for wavelet decomposition and reconstruction respectively. More precisely, the decomposition algorithm is given by

c^{(j−1)}_n = 1 √ m ∑ k G_{k−An}c^{(j)}_k , d^{(j−1)}_{n,h} = 1 √ m ∑ k H^h_{k−An}c^{(j)}_k , n ∈ ZZ^s, (1.25)

and the reconstruction algorithm is given by

c^{(j)}_n = 1 √ m ∑ k P^T_{n−Ak}c^{(j−1)}_k + 1 √ m ∑ 1≤h<a ∑ k (Q^h_{n−Ak})^T d^{(j−1)}_{k,h} , n ∈ ZZ^s. (1.26)

2 Balanced Refinable Vectors

The notion of balancing is generalized to the multivariate bi-orthogonal setting in this section. With balanced bi-orthogonal duals, discrete polynomials are preserved by the lowpass filters and annihilated by the highpass filters of the corresponding multi-wavelets. Several important characterization results for these two properties are discussed in this section. Examples are given in some details, first for univariate quadratic and cubic spline function vectors, then for continuous piecewise linear polynomials on the four-directional mesh △^2 in IR^2, and finally for C^1 cubic bivariate splines also on △^2. Both the dilation matrix 2I_2 and the quincunx matrix are considered in the bivariate examples.

2.1 The notion of balancing

Let a_1, · · · , a_r ∈ IR^s. A compactly supported vector-valued function F = [f_1, · · · , f_r]^T ∈ (L^2)^r is said to be K-balanced, K ≥ 1, relative to (a_1, · · · , a_r), if ∫

IR^s

f_l(x)(x − a_l)^αdx = ∫ IR^s

f_i(x)(x − a_i)^αdx, (2.1)

for 1 ≤ l, i ≤ r, |α| < K. This is an extension of the notion of K-balancing introduced for the orthonormal univariate setting by Lebrun and Vetterli [40] for K = 1 and Selesnick [48] for K ≥ 1. (See their other work [41, 49].) The motivation of their consideration is for processing scalar-valued digital data by r × r matrix-valued lowpass filters {P_k} without the need of pre-filtering as studied in [1, 16, 37, 52, 53, 57, 58], so that independent of shifts in the formulation of the r-vector blocks of the scalar-valued input data, the filtering process yields polynomial output upon lowpass filtering of any polynomial input data in π_{K−1} := π^1_{K−1}. This is significant in wavelet signal processing to allow for the discrete wavelet transform (DWT), with vanishing moments of order K or higher, to extract detailed features of the input signal. Our extension from IR^1 to IR^s and from orthogonal Φ to the bi-orthogonal setting facilitates the study of arbitrary dilation matrix A and achieving certain desirable filter and multi-wavelet design criteria. For example, the dilation matrix A with determinant of A equal to ±2 reduces implementation complexity and contributes to memory and cost reduction.

For the univariate and orthonormal setting, Selesnick [48] gave a complete characterization of compactly supported K-balanced orthonormal refinable function vector Φ with two-scale symbol P (z) = [p_{j,k}(z)] in terms of an associated polynomial r−1∑ j=0 j(j + r) · · · (j + (K − 1)r){ K−1∑ ℓ (−1)^ℓ (j + ℓr) ( K − 1 ℓ ) z^{rℓ}} r∑ k=1 p_{(j+1),k}(z^r)z^{k−1} (2.2) in that Φ is K-balanced relative to centers

a_1 = 0, a_2 = 1 r , · · · , a_r = r − 1 r if and only if the polynomial (2.2) is divisible by (1 + z + · · · z^{2r−1})^K . Hence, to construct P (z) and hence Φ, it is necessary to solve for the coefficients of p_{j,k}(z) so that the QMF condition P (z)P (z)^∗ + P (−z)P (−z)^∗ = I_r, |z| = 1, is satisfied.

In the next section we will give a necessary and sufficient condition for (2.1) in terms of an intimate relation between these centers and the vectors y_α in (1.8), or equivalently y_α in (1.3), where K ≤ m. We will also show that Kbalancing of ~Φ is equivalent to discrete polynomial preservation of total degree K −1 by its mask {G_k}, and that K-balancing of ~Φ implies discrete polynomial annihilation of total degree K − 1 by the highpass filters {H^h_k } corresponding to their lowpass filter {G_k}.

2.2 Characterization Theorems

Suppose that Φ and ~Φ are compactly supported bi-orthogonal dual refinable vector-valued functions in (L^2)^r with dilation matrix A and finite masks {P_k} and {G_k}, respectively. Let Q^h(z) and H^h(z), 1 ≤ h < a, be the matrix-valued Laurent polynomials satisfying (1.23) and that Ψ^h, ~Ψ^h be the vector-valued functions defined by (1.24).

Suppose Φ satisfies the sum rule with order m and y_α, |α| < m in (1.8). We have the following characterizations of K-balancing for ~Φ, K ≤ m. Theorem 2.1. ~Φ is K-balanced relative to (a_1, · · · , a_r) ⊂ IR^s if and only if y_α = [y_{α,1}, · · · , y_{α,r}] satisfy y_{α,l} = ∑ β≤α ( α β ) (a_l − a_1)^β y_{α−β,1}, 2 ≤ l ≤ r, |α| < K. (2.3)

For the case s = 1 with a_ℓ =^{ℓ−1}_r , (2.3) reduces to y_{α,l} = ∑ β≤α ( α β ) ( ℓ − 1 r )^β y_{α−β,1}, 2 ≤ l ≤ r, 0 ≤ α < K. (2.4)

Theorem 2.1 tells us that ~Φ is K-balanced if and only if y_α can be so chosen that both (1.8) and (2.3) are satisfied for |α| < K. Theorem 2.1 also enables us to decide the possible balanced order of the bi-orthogonal dual scaling vectors for a given refinable function vector, and tells us how to construct high balancing orthogonal multi-wavelets and the masks of the primal refinable function vectors with high balanced bi-orthogonal duals. We also have have the following:

Theorem 2.2. ~Φ is K-balanced relative to (a_1, · · · , a_r) ⊂ IR^s if and only if ∑ k [(k + a_1)^α, · · · , (k + a_r)^α]Φ(x − k) ∈ π^s_{|α|},

for all |α| < K.

The following result tells us that K-balancing of ~Φ implies the preservation of π^s_K for G and the annihilation of π^s_K for H^h.

Theorem 2.3. ~Φ is K-balanced relative to (a_1, · · · , a_r) ⊂ IR^s if and only if ∑ k G_{k−Aj} (k + a_1)^α . . (k + a_r)^α = p_α(j + a_1) . . p_α(j + a_r) , |α| < K, j ∈ ZZ^s,

where p_α ∈ π^s_{|α|}. If ~Φ is K-balanced relative to (a_1, · · · , a_r) ⊂ IR^s, then ∑ k H^h_{k−Aj} (k + a_1)^α . . (k + a_r)^α = 0 . . 0 , |α| < K, j ∈ ZZ^s, 1 ≤ h < a.

We also have the following result that gives the intimate relationship of polynomial preservation of total degree K − 1 by the mask of Φ and K-balancing of its bi-orthogonal dual ~Φ.

Theorem 2.4. ~Φ is K-balanced relative to (a_1, · · · , a_r) ⊂ IR^s if and only if ∑ k P^T_{j−Ak} (k + a_1)^α . . (k + a_r)^α = q_α(j + a_1) . . q_α(j + a_r) , j ∈ ZZ^s,

for all |α| < K, where q_α ∈ π^s_{|α|}.

The proofs of Theorems 2.1–2.4 are given in our paper [7].

2.3 Univariate B-splines

In this section we discuss univariate balanced bi-orthogonal dual ~Φ (relative to a_1 = 0, a_2 =^1_2 ) of Φ with spline components. We will use (1.8) to determine the sum rule order of the masks. For bi-orthogonal filters P, G, we will apply Theorem 1.5 to decide whether they generate bi-orthogonal refinabe function vectors, and Theorem 1.4 to calculate the Sobolev smoothness of the refinable function vectors.

Example 1. Let N_{3,0}, N_{3,1} be the normalized quadratic B-splines with knots 0, 0, 1, 1 and 0, 1, 1, 2, respectively, i.e.,

N_{3,0}(x) = 2x(1 − x)χ_{[0,1]}, N_{3,1}(x) = x^2χ_{[0,1]} + (2 − x)^2χ_{[1,2]}.

Then Φ_1 := [N_{3,0}, N_{3,1}]^T is refinable with two-scale symbol given by

P_1(z) = 1 8 ( [ 2 2 0 1 ] + [ 2 0 2 4 ] z + [ 0 0 2 1 ] z^2),

which satisfies the sum rule of order 3 with

y_0 = [1, 1], y_1 = [ 1 2 , 1], y_2 = [0, 1],

(cf. [46]). It is clear that these vectors don’t satisfy (2.4) with K = 3, but y_0, y_1 satisfy (2.4) with K = 2. Thus it is possible to construct a 2-balanced (but not 3-balanced) bi-orthogonal dual of Φ_1 by applying Theorem 2.1. On the other hand, for by

ϕ_1 = 3N_{3,0} + N_{3,1}, ϕ_2 = −N_{3,0} + N_{3,1},

Φ_2 := [ϕ_1, ϕ_2]^T is refinable with two-scale symbol given by

P_2(z) = 1 32 ( [ 13 15 −3 −1 ] + [ 12 4 4 12 ] z + [ 3 1 3 1 ] z^2),

which satisfies the sum rule of order 3 with

y_0 = [1, 1], y_1 = [ 3 4 , 5 4 ], y_2 = [ 1 2 , 3 2 ]. One can easily verify that these vectors satisfy (2.4) with K = 3. Therefore it is possible to construct a 3-balanced bi-orthogonal dual ~Φ of Φ. Indeed, we can construct such a ~Φ_2 in W^{1.1442}(IR) with supp( ~Φ_2)=[−1, 3]. Its mask {G_k} is given by

G_{−1} = [ −0.18960780661003 −0.18960780661003 0.24341593393929 0.24341593393929 ] , G_0 = [ 0.81782419542379 0.58025231948912 −1.08301023392189 −0.64562424126293 ] , G_1 = [ 1.07469506607298 −0.12915190410120 1.14314871878723 1.68587976841759 ] , G_2 = [ 0.12120349037547 −0.07884298044345 1.38787180492559 −0.86142245396542 ] , G_3 = [ −0.04574279673035 0.03897822313370 −0.58328696638954 0.46961173553079 ] , where G_k = 0 for k < −1 or k > 3. □

Example 2. Let N_{4,0}, N_{4,1} be the normalized cubic B-splines with knots 0, 0, 1, 1, 2 and 0, 1, 1, 2, 2, respectively, i.e.,

N_{4,0}(x) = 1 2 x^2(3 − 5 2 x)χ_{[0,1]} + 1 4 (2 − x)^3χ_{[1,2]},

N_{4,1}(x) = 1 4 x^3χ_{[0,1]} + 1 2 (2 − x)^2( 5 2 x − 2)χ_{[1,2]}.

Then Φ_3 := [N_{4,0}, N_{4,1}]^T is refinable with two-scale symbol given by

P_3(z) = 1 8 ( [ 2 5 0 1 ] + [ 6 2 2 6 ] z + [ 1 0 5 2 ] z^2),

which satisfies the sum rule of order 4 with

y_0 = [1, 1], y_1 = [ 2 3 , 4 3 ], y_2 = [ 1 3 , 5 3 ], y_3 = [0, 2].

However, it is clear that y_0, y_1 do not satisfy (2.4) with K = 2, but y_0 does with K = 1. Thus we can only construct a 1-balanced (but not 2-balanced) bi-orthogonal dual. On the other hand, for

φ_1 = 2N_{4,0} + 2N_{4,1}, φ_2 = 2 3 (N_{4,1} − N_{4,0}), that constitute the canonical Hermite cubic basis, the refinement mask corresponding to Φ_4 := [φ_1, φ_2]^T satisfies the sum rule of order 4 with

y_0 = [1, 0], y_1 = [1, 1], y_2 = [1, 2], y_3 = [1, 3].

Hence, it follows from Theorem 2.1 that Φ_4 does not have a balanced biorthogonal dual.

Next, consider the splines

ϕ_1 = 1 6 (7N_{4,0} − N_{4,1}), ϕ_2 = 1 6 (−N_{4,0} + 7N_{4,1}),

and Φ_5 := [ϕ_1, ϕ_2]^T with two-scale symbol given by

P_5(z) = 1 32 ( [ 11 21 −1 1 ] + [ 24 8 8 24 ] z + [ 1 −1 21 11 ] z^2),

which satisfies the sum rule of order 4 with

y_0 = [1, 1], y_1 = [ 3 4 , 5 4 ], y_2 = [ 1 2 , 3 2 ], y_3 = [ 1 4 , 7 4 ]. One can easily verify that these vectors don’t satisfy (2.4) with K = 4, but y_0, y_1, y_2 satisfy (2.4) with K = 3. It is therefore possible to construct a 3- balanced bi-orthogonal dual ~Φ_5 of Φ_5. Indeed we can construct such a ~Φ_5 in W^{0.8252}(IR) with supp( ~Φ_5)=[−1, 3] and mask given by

G_{−1} = 1 512 [ 133 −277 −29 61 ] , G_0 = 1 512 [ −161 815 33 −175 ] , G_1 = 1 256 [ 395 −83 −83 395 ] , G_2 = 1 512 [ −175 33 815 −161 ] , G_3 = 1 512 [ 61 −29 −277 133 ] , G_k = 0, k ∈ ZZ\{−1, 0, 1, 2, 3}. □ 2.4 The parametric approach

The following two examples are based on the parametric expression of the biorthogonal two-scale symbols P (z), G(z) in [32]. For the parametric expression of the symmetric filters which could generate high balanced orthonormal Φ, the reader is referred to [35].

Example 3. Consider the bi-orthogonal two-scale symbols

P (z) = 1 2 [ ~a −~b ] [d, −c] + 1 2 [ ~e 0 0 ~f ] z + 1 2 [ ~a ~b ] [d, c]z^2, G(z) = 1 2 [ a −b ] [c, −d] + 1 2 [ e 0 0 f ] z + 1 2 [ a b ] [c, d]z^2,

with b = 7/(16dc~b). If we choose e = ~e = 1, f = ~f = 1 2 , ac = ~ad = 1 2 , c = d/4/(d~b − 1), then P, G satisfy the sum rule of order 2 with the vectors y_0, y_1 for P given by

y_0 = [1, 0], y_1 = [c_0, 1 4 ], for some c_0 ∈ IR. Let

R_0 := √ 2 2 [ 1 −1 1 1 ] . Then for suitable choices of ~b, d, the symbols R_0G(z)R^T_0 , R_0P (z)R^T_0 generate a 2-balanced bi-orthogonal dual ~Φ of a 1-balanced Φ. For (~b, d) = −(6/13, 3/2), ~Φ ∈ W 0.736924(IR), Φ ∈ W 1.356559(IR), and for (~b, d) = (3/10, 13/6), ~Φ ∈ W^{0.4421}(IR), Φ ∈ W^{1.6027}(IR). □

Example 4. Let P =^1_2

∑_3 k=0 P_kz^k, G =^1_2

∑_3

k=0 G_kz^k be bi-orthogonal twoscale symbols with

P_0 = 1 2 [ 1 −^{x3}_{by}^1_{4y} 1/b − x_1 −^1_4 ] , P_1 = 1 2 [ 1 +^{x3}_{by}^1_{4y} −1/b − x_1^1_4 ] , P_2 = 1 2 [ 1 +^{x3}_{by} −^1_{4y} 1/b + x_1^1_4 ] , P_3 = 1 2 [ 1 −^{x3}_{by} −^1_{4y} −1/b + x_1 −^1_4 ] , G_0 = 1 2 [ 1 − x_1b −x_2 b − x_3/y x_2/y ] , G_1 = 1 2 [ 1 + x_1b −x_2 −b − x_3/y −x_2/y ] , G_2 = 1 2 [ 1 + x_1b x_2 b + x_3/y −x_2/y ] , G_3 = 1 2 [ 1 − x_1b x_2 −b + x_3/y x_2/y ] .

Figure 1: Bézier-nets for ϕ_1 and ϕ_2

By setting

x_3 = b + 1 2 , x_1 =

16b + 1 2b(4b + 5)

, x_2 = − 3b − 1 b(4b + 5)

, y = x_1x_3 − x_2 4 , P , G satisfy the sum rule of order 3 and 2 respectively, and the vectors y_0, y_1, y_2 for R_0P R^T_0 have the structure (2.3) for K = 3. With b = 28/13, ~Φ ∈ W 0.7222(IR), Φ ∈ W 2.5524(IR), and with b = 2, ~Φ ∈ W 0.7857(IR), Φ ∈ W^{2.4559}(IR). In both cases, R_0 ~Φ is 3-balanced. □

2.5 Bivariate linear splines

Example 5. Let △^2 denote the four-directional mesh with grid lines given by x = j, y = k, x + y = ℓ, and x − y = m, where j, k, ℓ, m ∈ ZZ. Let ϕ_1 denote the bivariate piecewise linear hat function with ϕ_1(0, 0) = 1 and support given by the square with vertices (1, 0), (0, 1), (−1, 0) and (0, −1), and ϕ_2 be the bivariate piecewise linear hat function with ϕ_2(^1_2 ,^1_2 ) = 1 and support given by the square [0, 1] × [0, 1]. See Fig.1 for the Bézier-nets of ϕ_1, ϕ_2. Then {ϕ_ℓ(· − k) : ℓ = 1, 2, k ∈ ZZ^2} is a basis of the space S^0_1 (△^2) of continuous bivariate piecewise linear splines on △^2. Then Φ = [ϕ_1, ϕ_2]^T is refinable with respect to the quincunx dilation matrix A = [ 1 1 1 −1 ] . (2.5)

See Fig.2 for the Bézier-nets of ϕ_1(A^{−1}·), ϕ_2(A^{−1}·). The two-scale symbol of Φ is given by

P_A(z) = 1 2 [ 1^1_2 (1 + z^{−1}_1 )(1 + z^{−1}_2 ) z_1 0 ] .

Figure 2: Bézier-nets for ϕ_1(A^{−1}·), ϕ_2(A^{−1}·)

One can easily verify that P satisfies the sum rule of order 2 with

y_{0,0} = [1, 1], y_{0,1} = [0, 1 2 ], y_{1,0} = [0, 1 2 ]. By Theorem 2.1, it is possible to construct a 2-balanced bi-orthogonal dual ~Φ with balanced centers a_1 = 0, a_2 = (^1_2 ,^1_2 ). Indeed we can construct such ~Φ in W^{1.5420}(IR^2) with mask {G_k} supported in [−2, 2]^2 ∩ ZZ^2. The mask is not provided here. □

Example 6. Consider the two-scale symbol P_A(z) in Example 5, and observe that Φ = [ϕ_1, ϕ_2]^T is also refinable with respect to the dilation matrix 2I_2 (cf. [13]), with two-scale symbol P (z) given by

P (z) = P_A(e^{−iAω})P_A(z), z = e^{−iω}.

Then P satisfies the sum rule of order 2 with the same y_α, |α| < 2. Φ has a 2-balanced bi-orthogonal dual in W^{0.2783}(IR^2) with mask {G_k} supported in [−2, 2]^2 ∩ ZZ^2. □

2.6 Bivariate C^1 cubic splines

Example 7. Let S^1_3 (△^2) denote the bivariate C^1 cubic spline space on the fourdirectional mesh △^2 and let ϕ_1, · · · , ϕ_5 be its basis functions, as constructed in [38]. See Fig.3 for the Bézier-nets for ϕ_j , 1 ≤ j ≤ 5. In Fig.3A and Fig.3B, only portions of the Bézier-nets of ϕ_1, ϕ_2 are displayed due to the symmetry

Figure 3: Bézier-nets for ϕ_1, 24ϕ_2 and 96ϕ_4 with ϕ_3(x, y) = ϕ_2(y, x), ϕ_5(x, y) = −ϕ_4(−y, −x)

of ϕ_1, ϕ_2: Here, ϕ_1 is symmetric about lines x = y, y = −x and x = 0, y = 0, and ϕ_2 is symmetric about the x-axis and anti-symmetric about the y-axis. In Fig. 3C, the Bézier coefficients that are not displayed are supposed to be zeros. Then Φ = [ϕ_1, · · · , ϕ_5]^T is refinable with respect to the quincunx dilation matrix A given in (2.5). See Fig.4, Fig.5 and Fig.6 for the Bézier-nets for ϕ_1(A^{−1}·), ϕ_2(A^{−1}·) and ϕ_4(A^{−1}·). Again due to the symmetric properties of ϕ_1, ϕ_2, only portions of the Bézier-nets of ϕ_1(A^{−1}·) and ϕ_2(A^{−1}·) are displayed in Fig.4 and Fig.5, while in Fig.6, the Bézier coefficients that are not displayed are supposed to be zeros. This mask is given by

P_{0,−2} = 1 16 0 0 0 0 0 0 0 0 2 0 0 0 0 2 0 0 0 0 1 0 0 0 0 1 0

, P_{−1,0} = 1 16 4 12 0 −24 0 −1 −3 1 2 2 −1 −3 −1 10 −2 0 0 0 0 0 1 6 1 2 −^1_2 1 −1 ,

Figure 4: Bézier-nets for ϕ_1(A^{−1}·)

Figure 5: Bézier-nets for 24ϕ_2(A^{−1}·)

Figure 6: Bézier-nets for 96ϕ_4(A^{−1}·)

P_{0,−1} = 1 16 4 0 12 0 −24 −1 1 −3 10 10 1 1 3 10 −2 1 6 1 2 1 2 −3 1 −^1_6^1_2 −^1_2 −3 3 , P_{−1,−1} = 1 16 0 0 0 −24 0 0 0 0 10 0 0 0 0 2 0 0 0 0 0 0 0 0 0 −3 0 ,

P_{1,−1} = 1 16 0 0 0 24 −24 0 0 0 2 2 0 0 0 10 −10 0 0 0 −3 −3 0 0 0 0 −1

, P_{0,0} = 1 16 16 0 0 0 0 0 8 8 10 10 0 8 −8 10 −10 0 0 0 0 0 0 0 0 0 3 ,

P_{0,1} = 1 16 4 0 −12 0 24 1 1 −3 2 2 −1 1 3 2 −10 0 0 0 0 0 0 0 0 0 0

, P_{1,1} = 1 16 0 0 0 0 24 0 0 0 0 10 0 0 0 0 −2 0 0 0 0 0 0 0 0 0 0 ,

P_{1,0} = 1 16 4 −12 0 24 0 1 −3 1 10 10 1 −3 −1 2 −10 −^1_6^1_2^1_2 1 −3 0 0 0 0 0

, P_{2,0} = 1 16 0 0 0 0 0 0 0 0 0 2 0 0 0 0 −2 0 0 0 0 1 0 0 0 0 0 ,

and P_k = 0 for other indices k.

Remark 2.1. Observe that for each j, supp(ϕ_j (· − k) for k ∈ ZZ^2 with |k| = 1 is not a subset of ∪^5_{j=1}supp(ϕ_j (A^{−1}·)). However Φ is still refinable with a finite mask.

Of course Φ = [ϕ_1, · · · , ϕ_5]^T is also refinable with 2I_2. In this case the twoscale symbol, denoted by R(z), is given by R(z) = P (e^{−iAω})P (z), where P is the two-scale symbol for the quincunx dilation matrix A given above, and the nonzero matrix coefficients R_k of R(z) are given by

R_{−1,−2} = 1 8 0 0 0 6 0 0 0 0 −1 0 0 0 0 −2 0 0 0 0 0 0 0 0 0 0 0 , R_{−1,−1} = 1 8 2 3 3 −6 6 −^1_2 −^1_2 −1 1 −2 −^1_2 −1 −^1_2 2 −1 0 0 0 0 0 1 12 0^1_4 0^1_2 ,

R_{−1,0} = 1 8 4 6 0 −6 0 −1 −1 0 1 0 0 0 2 −2 0 0 0 0^1_2 0 0 0 −^1_2 0 1

, R_{0,−1} = 1 8 4 0 6 0 −6 0 2 0 0 2 −1 0 −1 0 1 0 0 0 0 0 0 0 0 0^1_2 ,

R_{−1,1} = 1 8 2 3 −3 6 −6 −^1_2 −^1_2 1 −1 2 1 2 1 −^1_2 2 −1 1 12 1 4 0^1_2 0 −^1_{12} 0^1_4 0^1_2

, R_{0,1} = 1 8 4 0 −6 0 6 0 2 0 0 −2 1 0 −1 0 1 0 −^1_2 0 1 0 0 0 0 0^1_2 ,

R_{1,−2} = 1 8 0 0 0 −6 0 0 0 0 −1 0 0 0 0 2 0 0 0 0 0 0 0 0 0 0 0

, R_{1,−1} = 1 8 2 −3 3 6 −6 1 2 −^1_2 1 1 −2 −^1_2 1 −^1_2 −2 1 0 0 0 0 0 0 0 0 0 0 ,

R_{1,0} = 1 8 4 −6 0 6 0 1 −1 0 1 0 0 0 2 2 0 0 0 0^1_2 0 0 0 0 0 0

, R_{1,1} = 1 8 2 −3 −3 −6 6 1 2 −^1_2 −1 −1 2 1 2 −1 −^1_2 −2 1 −^1_{12}^1_4 0^1_2 0 0 0 0 0 0 ,

R_{2,−1} = 1 8 0 0 0 0 6 0 0 0 0 2 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0

, R_{2,1} = 1 8 0 0 0 0 −6 0 0 0 0 −2 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 ,

R_{0,0} = diag(1,^1_2 ,^1_2 ,^1_8 ,^1_8 ).

One can also verify that both P and R satisfy the sum rule of order 4 with the same vectors

y_{0,0} = [1, 0, 0, 0, 0], y_{1,0} = [0, 1, 0, 0, 0], y_{0,1} = [0, 0, 1, 0, 0], y_{2,0} = y_{1,1} = y_{2,0} = y_{3,0} = y_{0,3} = [0, 0, 0, 0, 0], y_{2,1} = [0, 0, 0, 0, 2], y_{1,2} = [0, 0, 0, 2, 0].

However, from the structure of y_α, we know that Φ does not have a balanced bi-orthogonal dual. □

Acknowledgement. The research of the first author was supported by NSF Grants #CCR-9988289 and #CCR-0098331 and ARO Grant # DAAD 19-00- 1-0512.

References

[1] K. Attakitmongcol, D.P. Hardin, D.M. Wilkes: Multiwavelet prefilters II:

Optimal orthogonal prefilters, IEEE Tran. Image Proc., to appear.

[2] C. de Boor, R. DeVore, A. Ron: Approximation orders of FSI spaces in L_2(IR^d), Constr. Approx. 14 (1998), 631–652.

[3] C. Cabrelli, C. Heil, U. Molter: Accuracy of lattice translates of several multidimensional refinable functions, J. Approx. Theory 95 (1998), 5–52.

[4] C. Cabrelli, C. Heil, U. Molter: Accuracy of several multidimensional refinable distributions, J. Fourier Anal. Appl. 6 (2000), 483–502.

[5] D.R. Chen, R.Q. Jia, S.D. Riemenschneider: Convergence of vector subdivision schemes in Sobolev spaces, Appl. Comput. Harmonic Anal. 12 (2002), 128–149.

[6] C.K. Chui: Multivariate Splines, NSF-CBMS Series #54, SIAM, Philadelphia, 1988.

[7] C.K. Chui, Q.T. Jiang: Characterization and construction of balanced multi-wavelets in IR^s, in manuscript.

[8] C. K. Chui, J. Lian: A study of orthonormal multi-wavelets, J. Appl.

Numer. Math. 20 (1996), 273–298.

[9] A. Cohen, I. Daubechies, G. Plonka: Regularity of refinable function vectors, J. Fourier Anal.Appl. 3

(1997), 295–324.

[10] G. Donovan, J. Geronimo, D.P. Hardin, P. Massopust: Construction of orthogonal wavelets using fractal interpolation functions, SIAM J. Math. Anal. 27 (1996), 1158–1192.

[11] G.C. Donovan, J.S. Geronimo, D.P. Hardin: Orthogonal polynomials and the construction of piecewise polynomial smooth wavelets, SIAM J. Math. Anal. 30 (1999), 1029–1056.

[12] J. Geronimo, D.P. Hardin, P. Massopust: Fractal functions and wavelet expansions based on several scaling functions, J. Approx. Theory 78 (1994), 373–401.

[13] T.N.T. Goodman: Pairs of refinable bivariate splines, In: Advanced Topics in Multivariate Approximation, F. Fontanelle, K. Jetter and L.L. Schumaker (eds.), World Sci. Publ. Co., Singapore, 1996.

[14] T.N.T. Goodman, S.L. Lee: Convergence of cascade algorithms, In: Mathematical Methods for Curves and Surfaces II, 191–212, M. Dæhlen, T. Lyche, and L.L. Schumaker (eds.), Vanderbilt University Press, Nashville, 1998.

[15] B. Han, R.Q. Jia: Multivariate refinement equations and convergence of subdivision schemes, SIAM J. Math. Anal. 29 (1998), 1177–1999.

[16] D.P. Hardin, D.W. Roach: Multiwavelet prefilters I: Orthogonal prefilters preserving approximation order p ≤ 2, IEEE Tran. Circuits and System-II 45 (1998), 1119–1125.

[17] C. Heil, D. Colella: Matrix refinement equations: existence and uniqueness, J. Fourier Anal. Appl. 2 (1996), 363–377.

[18] C. Heil, G. Strang, V. Strela: Approximation by translates of refinable functions, Numer. Math. 73 (1996), 75–94.

[19] L.R. Iyer, A.E. Bell: Improving image compression performance with balanced multiwavelets, in Proceedings of the 35th Asilomar Conference on Signals, Systems and Computers (Asilomar 2001), 773–777, Pacific Grove, CA, 2001.

[20] R.Q. Jia: Subdivision schemes in L_p spaces, Adv. Comp. Math. 3 (1995), 309–341.

[21] R.Q. Jia: Approximation properties of multivariate wavelets, Math. Comp.

67 (1998), 647–665.

[22] R.Q. Jia: Characterization of smoothness of multivariate refinable functions in Sobolev spaces, Trans. Amer. Math. Soc. 351 (1999), 4089–4112.

[23] R.Q. Jia: Convergence of vector subdivision schemes and construction of biorthogonal multiple wavelets, In: Advances in Wavelets, Ka-Sing Lau (ed.), 199–227, Springer-Verlag, Singapore, 1999.

[24] R.Q. Jia: Cascade algorithms in wavelet analysis, preprint, Univ. of Alberta, 2002.

[25] R.Q. Jia, Q.T. Jiang: Approximation power of refinable vectors of functions, In: Wavelet analysis and applications, Studies Adv. Math. #25, 155–178, Amer. Math. Soc., Providence, RI, 2002.

[26] R.Q. Jia, Q.T. Jiang: Spectral analysis of transition operators and its applications to smoothness analysis of wavelets, SIAM J. Matrix Anal. Appl., to appear.

[27] R.Q. Jia, K.S. Lau, D.X. Zhou: L_p solutions of refinement equations, J.

Fourier Anal. Appl. 7(2001), 143–167.

[28] R.Q. Jia, S.D. Riemenschneider, D.X. Zhou: Vector subdivision schemes and multiple wavelets, Math. Comp. 67 (1998), 1533–1563.

[29] R.Q. Jia, S.D. Riemenschneider, D.X. Zhou: Smoothness of multiple refinable functions and multiple wavelets, SIAM J. Matrix Anal. Appl. 21 (1999), 1–28.

[30] R.Q. Jia, Z. W. Shen: Multiresolution and wavelets, Proc. Edinburgh Math. Soc. 37 (1994), 271–300.

[31] R.Q. Jia, S.R. Zhang: Spectral properties of the transition operator associated to a multivariate refinement equation, Linear Algebra Appl. 292 (1999), 155–178.

[32] Q.T. Jiang: Biorthogonal multiwavelets, Tech. Report, National University of Singapore, 1997.

[33] Q.T. Jiang: Orthogonal multiwavelets with optimum time–frequency resolution, IEEE Trans. Signal Proc., 46 (1998), 830–844.

[34] Q.T. Jiang: Multivariate matrix refinable functions with arbitrary matrix dilation, Trans. Amer. Math. Soc. 351 (1999), 2407–2438.

[35] Q.T. Jiang: Parameterization of symmetric orthogonal multifilter banks with different filter length, Linear Algebra Appl. 311 (2000), 79–96.

[36] Q.T. Jiang, P. Oswald: On the analysis of √ 3-subdivision, J. Comp. Appl.

Math., to appear.

[37] B.R. Johnson: Multiwavelet moments and projection prefilters, IEEE Trans. Signal Proc. 48 (2000), 3100–3108.

[38] M.J. Lai: Approximation order from bivariate C^1 cubics on a four– directional mesh is full, Computer Aided Geometric Design 11 (1994), 215–223.

[39] W. Lawton, S.L. Lee, Z.W. Shen: Convergence of multidimensional cascade algorithm, Numer. Math. 78 (1998), 427–438.

[40] J. Lebrun, M. Vetterli: Balanced multiwavelets: Theory and design, IEEE Trans. Signal Processing 46 (1998), 1119–1125.

[41] J. Lebrun, M. Vetterli: High order balanced multiwavelets, In: Proc. IEEE Int. Conf. Acoust., Speech, Signal Processing (ICASSP), Seattle, 1998.

[42] R.L. Long, W. Chen, S.L. Yuan: Wavelets generated by vector multiresolution analysis, Appl. Comput. Harmonic Anal. 4 (1997), 317–350.

[43] M.B. Martin, A.E. Bell: New image compression techniques Using multiwavelets and multiwavelet packets, IEEE Trans. Image Proc. 10 (2001), 500–511.

[44] C.A. Micchelli, T. Sauer: Regularity of multiwavelets, Adv. Comp. Math.

7 (1997), 455–545.

[45] C.A. Micchelli, T. Sauer: On vector subdivision, Math. Z. 229 (1998), 621–674.

[46] G. Plonka: Approximation order provided by refinable function vectors, Constr. Approx. 13 (1997), 221–244.

[47] A. Ron, Z.W. Shen: The Sobolev regularity of refinable functions, J. Approx. Theory 106 (2000), 185–225.

[48] I.W. Selesnick: Multiwavelets with extra approximation properties, IEEE Trans. Signal Proc. 46 (1998), 2898–2909.

[49] I.W. Selesnick: Balanced multiwavelet bases based on symmetric FIR filters, IEEE Trans. Signal Proc. 48 (2000), 184–191.

[50] Z.W. Shen: Refinable function vectors , SIAM J. Math. Anal. 29 (1998), 235–250.

[51] G. Strang: Eigenvalues of (↓ 2)H and convergence of cascade algorithm, IEEE Trans. Signal Proc. 44 (1996), 233–238.

[52] V. Strela, P. Heller, G. Strang, P. Topiwala, C. Heil: The application of multiwavelet filter banks to image processing, IEEE Trans. Image Proc. 8 (1999), 548–563.

[53] V. Strela, A. Walden: Signal and image denoising via wavelet thresholding:

orthogonal and biorthogonal, scalar and multiple wavelet transforms, In: Nonlinear and nonstationary signal processing, 395–441, Cambridge Univ. Press, Cambridge, 2000.

[54] J.Y. Tham, L.X. Shen, S.L. Lee, H.H. Tan: A general approach for analysis and application of discrete multiwavelet transforms, IEEE Trans. Signal Proc. 48 (2000), 457–464.

[55] C. Weidmann, J. Lebrun, M. Vetterli: Significance tree image coding using balanced multiwavelets, In: Proceedings of IEEE ICIP, Vol. 1, 97–101, 1998.

[56] T. Xia, Q.T. Jiang: Optimal multifilter banks: Design, related symmetric extension transform and application to image compression, IEEE Trans. Signal Proc. 47 (1999), 1878–1889.

[57] X.G. Xia: A new prefilter design for discrete multiwavelet transform, IEEE Trans. Signal Proc. 46 (1998), 1558–1570.

[58] X.G. Xia, D.P. Hardin, J.S. Geronimo, B. Suter: Design of prefilters for discrete multiwavelet transforms, IEEE Trans. Signal Proc. 44 (1996), 25– 35.

Addresses:

Charles K. Chui University of Missouri-St. Louis Department of Mathematics and Computer Science St. Louis, MO 63121, USA; and Stanford University Department of Statistics Stanford, CA 94305, USA

Qingtang Jiang University of Missouri-St. Louis Department of Mathematics and Computer Science St. Louis, MO 63121, USA