Approximation Power of Refinable Vectors of Functions †

Rong-Qing Jia and Qingtang Jiang Department of Mathematical Sciences University of Alberta, Edmonton, Canada T6G 2G1

Abstract

In this paper we survey recent results on approximation power of refinable vectors of functions. Let Φ = (ϕ_1, . . . , ϕ_r)^T be an r × 1 vector of compactly supported functions in L_p(IR^s) (1 ≤ p ≤ ∞). The first part of this paper is devoted to an investigation of approximation power of S(Φ), the shift-invariant space generated from Φ. We review results on characterizations of the approximation order of S(Φ) and describe approximation schemes that achieve the optimal approximation order. We also give a self-contained treatment of various equivalent forms of the Strang-Fix conditions.

We say that Φ is refinable if Φ = ∑ α∈ZZ^s a(α)Φ(M · − α), where M is an expansive

s × s integer matrix, and the refinement mask a is finitely supported. The second part of this paper is dedicated to a study of accuracy of Φ. We review results on characterizations of the accuracy of Φ in terms of the mask in both time and frequency domains. We also discuss the relationship between the accuracy of Φ and the sum rules associated with the mask. Examples are provided to illustrate the general theory.

† Supported in part by NSERC Canada under Grant OGP 121336

Approximation Power of Refinable Vectors of Functions

§1. Introduction

In this paper we survey recent results on approximation power of refinable vectors of functions. Since wavelets are generated from refinable functions, this study plays an important role in wavelet analysis. Our goal is to give a characterization of the approximation order of a refinable vector of functions in a compact form, which can be easily applied to concrete problems.

Let IR denote the set of real numbers, and IR^s the s-dimensional Euclidean space. An element of IR^s is also viewed as an r × 1 vector of real numbers. The inner product of two vectors x and y in IR^s is denoted by x · y.

Let f be a (Lebesgue) measurable function from IR^s to C, where C denotes the set of complex numbers. For 1 ≤ p < ∞, let

‖f‖_p := (∫ IR^s |f(x)|^p dx )_{1/p} . For p = ∞, let ‖f‖_∞ be the essential supremum of f on IR^s. By L_p(IR^s) we denote the Banach space of all measurable functions f such that ‖f‖_p < ∞. A function f is said to be integrable if f lies in L_1(IR^s). If 1 ≤ p, p^′ ≤ ∞ and 1/p + 1/p^′ = 1, then p and p^′ are called conjugate exponents. Suppose f ∈ L_p(IR^s) and g ∈ L_p′ (IR^s), where p and p^′ are conjugate exponents. We define ⟨f, g⟩ := ∫ IR^s f(x)g(x) dx. Let IN denote the set of positive integers, and IN_0 the set of nonnegative integers. An stuple μ = (μ_1, . . . , μ_s) ∈ IN^s_0 is called a multi-index. The length of μ is |μ| := μ_1 +· · ·+μ_s, and the factorial of μ is μ! := μ_1! · · · μ_s!. For μ, ν ∈ IN^s_0, ν ≤ μ means ν_j ≤ μ_j , j = 1, . . . , s. If ν ≤ μ and ν ≠ μ, we write ν < μ. For ν ≤ μ, we define ( μ ν ) := μ! ν!(μ − ν)! . Let ZZ denote the set of integers. By ℓ(ZZ^s) we denote the linear space of all sequences on ZZ^s. A sequence b on ZZ^s is said to be finitely supported if b(α) ≠ 0 only for finitely many α. Let ℓ_0(ZZ^s) denote the linear space of all finitely supported sequences on ZZ^s.

A square integer matrix M is said to be expansive if its spectrum lie outside the closed unit disc. The transpose of M is denoted by M^T .

For a vector y ∈ IR^s, we use D_y to denote the differential operator given by

D_y f(x) := lim_{t→0} f(x + ty) − f(x) t , x ∈ IR^s.

Also, we use ∇_y to denote the difference operator given by ∇_yf = f − f(· − y). Let e_1, . . . , e_s be the unit coordinate vectors in IR^s. For j = 1, . . . , s, we write D_j for D_{ej} . For a multi-index μ = (μ_1, . . . , μ_s), D^μ stands for the differential operator D^{μ1}_1 · · · D^{μs}_s .

For a positive integer k and 1 ≤ p ≤ ∞, the Sobolev semi-norm | · |_{k,p} is defined by |f|_{k,p} := ∑ |μ|=k ‖D^μf‖_p.

The Sobolev space W^k_p (IR^s) consists of all functions f ∈ L_p(IR^s) such that |f|_{k,p} < ∞. We use C(IR^s) to denote the space of continuous functions on IR^s. The space C^k(IR^s) consists of all continuous functions f for which D^μf ∈ C(IR^s) for all |μ| ≤ k.

The Fourier transform of a function f ∈ L_1(IR^s) is defined by

f̂(ξ) := ∫ IR^s f(x)e^{−ix·ξ} dx, ξ ∈ IR^s, where i denotes the imaginary unit. The domain of the Fourier transform can be naturally extended to compactly supported distributions.

For μ = (μ_1, . . . , μ_s) ∈ IN^s_0 and x = (x_1, . . . , x_s) ∈ IR^s, define

x^μ := x^{μ1}_1 · · · x^{μs}_s .

The function x → x^μ (x ∈ IR^s) is called a monomial and its (total) degree is |μ|. A polynomial is a linear combination of monomials. The degree of a polynomial q = ∑ μ c_μx^μ is defined to be deg q := max{|μ| : c_μ ≠ 0}. By q(D) we denote the differential operator ∑ μ c_μD^μ. Let Π denote the linear space of all polynomials, and let Π_k denote the linear space of all polynomials of degree at most k. By convention, Π_{−1} = {0}.

Now let Φ = {ϕ_1, . . . , ϕ_r} be a collection of compactly supported functions in L_p(IR^s) (1 ≤ p ≤ ∞). The first part of this paper is devoted to an investigation of approximation power of S(Φ), the shift-invariant space generated from Φ. Under the mild condition that the sequences (ϕ̂_j (2πβ))_{β∈ZZ}s , j = 1, . . . , r, are linearly independent, it was shown in [15] that S(Φ) provides approximation order k if and only if S(Φ) ⊃ Π_{k−1}. In Section 2 we shall review this result and discuss approximation schemes which achieve the optimal approximation order. With the help of the Poisson summation formula, polynomial reproducibility of S(Φ) can be described as conditions on the Fourier transforms of ϕ_1, . . . , ϕ_r at 2πβ, β ∈ ZZ^s. These conditions are often called the Strang-Fix conditions (see [30]). In Section 3 we will give a self-contained treatment of various equivalent forms of the Strang- Fix conditions. As far as polynomial reproducibility is concerned, ϕ_1, . . . , ϕ_r are allowed to be compactly supported distributions. We say that Φ has accuracy k if S(Φ) ⊃ Π_{k−1}.

For compactly supported distributions ϕ_1, . . . , ϕ_r on IR^s, we use the same letter Φ to denote the r × 1 vector (ϕ_1, . . . , ϕ_r)^T . We say that Φ is refinable if Φ satisfies the following vector refinement equation Φ = ∑ α∈ZZ^s a(α)Φ(M · − α), where M is an expansive s × s integer matrix, and each a(α) is an r × r complex matrix. We call a the (refinement) mask and assume that a is finitely supported. The second part of this paper is dedicated to a study of accuracy of Φ. In Section 4, by using the Fourier analysis technique, we shall review results on accuracy of Φ in terms of the symbol of the mask. In Section 5 we will give a characterization of the accuracy of Φ in terms of the so-called sum rules associated with the mask. Finally, in Section 6, examples will be provided to show the reader how this characterization is applied to concrete problems.

§2. Approximation Power of Shift-invariant Spaces

A linear space S of functions from IR^s to C is called shift-invariant if it is invariant under multi-integer translates, i.e., f ∈ S =⇒ f(· − α) ∈ S ∀ α ∈ ZZ^s. Let Φ be a finite set of functions from IR^s to C. We denote by S_0(Φ) the linear span of shifts of the functions in Φ. Then S_0(Φ) is the smallest shift-invariant space containing Φ.

Given a function ϕ : IR^s → C and a sequence b ∈ ℓ(ZZ^s), the semi-convolution ϕ ∗^′ b is the sum ∑ α∈ZZ^s ϕ(· − α)b(α). This sum makes sense if either ϕ is compactly supported or a is finitely supported. Let Φ be a finite collection of compactly supported functions from IR^s to C. We use S(Φ) to denote the linear space of functions of the form ∑ ϕ∈Φ ϕ∗^′b_ϕ, where b_ϕ (ϕ ∈ Φ) are sequences on ZZ^s.

For a subset E of L_p(IR^s) (1 ≤ p ≤ ∞) and f ∈ L_p(IR^s), define the distance from f to E by dist (f, E)_p := inf_{g∈E}{‖f − g‖_p}. Let S be a closed shift-invariant subspace of L_p(IR^s). For h > 0, let σ_h be the scaling operator given by σ_hf := f(·/h) for functions f on IR^s. Let S^h := σ_h(S). For a positive integer k, we say that S provides L_p-approximation order k if, for every sufficiently smooth function f in L_p(IR^s),

dist (f, S^h)_p ≤ C_f h^k ∀ h > 0,

where C_f is a constant independent of h.

Let Φ be a finite collection of compactly supported functions in L_p(IR^s) (1 ≤ p ≤ ∞). Then S(Φ)∩L_p(IR^s) is closed in L_p(IR^s) (see [15, Theorem 3.1]). We say that S(Φ) provides approximation order k if S(Φ) ∩ L_p(IR^s) does.

The following result was established in [19, Theorem 4.1].

Theorem 2.1. Let ϕ be a compactly supported function in L_p(IR^s). If ∑ α∈ZZ^s q(α)ϕ(· − α) = q ∀ q ∈ Π_{k−1}, (2.1) then S(ϕ) provides L_p-approximation order k.

Let us review the approximation scheme given in [19]. First, choose a compactly supported nonnegative function ρ in C^k(IR^s) such that ∫ IR^s ρ(x) dx = 1. For h > 0, let

ρ_h(x) := ρ(x/h)/h, x ∈ IR^s. Second, for given f ∈ L_p(IR^s), set

f_h(x) := ∫ IR^s ( f − ∇^k_y f)(x)ρ_h(y) dy, x ∈ IR^s. Then f_h ∈ C^k(IR^s). Let

s_h(x) := ∑ γ∈IR^s f_h(hγ)ϕ(x/h − γ), x ∈ IR^s.

Suppose f ∈ W^k_p (IR^s). If ϕ satisfies (2.1), then it was proved in [19, Theorem 4.1] that ‖f − s_h‖_p ≤ C|f|_{k,p}h^k, h > 0, where C is a constant independent of h, p, and f.

Another approximation scheme was discussed by Lei, Jia, and Cheney in [27]. The scheme is based on quasi-projections (see [26] and [14]). Suppose ϕ̃ is a compactly supported function in L_p′ (IR^s), where p^′ is the exponent conjugate to p, i.e., 1/p + 1/p^′ = 1. Let T be the linear operator given by T f := ∑ γ∈ZZ^s ⟨f, ϕ̃(· − γ)⟩ϕ(· − γ), f ∈ L_p(IR^s).

T is called a quasi-projection operator. For h > 0, we denote by T^h the operator σ_hT σ_{1/h}, where σ_h is the scaling operator given by σ_hf = f(·/h). Suppose f ∈ W^k_p (IR^s). It was proved in [27, Theorem 2.1] that there exists a positive constant C independent of h, p, and f such that ‖T^hf − f‖_p ≤ C|f|_{k,p}h^k, h > 0, provided T q = q for all q ∈ Π_{k−1}.

Now let Φ = {ϕ_1, . . . , ϕ_r} be a finite collection of compactly supported functions in L_p(IR^s) (1 ≤ p ≤ ∞). If there exists some ϕ ∈ S_0(Φ) satisfying (2.1), then Theorem 2.1 tells us that S(Φ) provides approximation order k. Is the same conclusion still valid under the weaker condition S(Φ) ⊃ Π_{k−1}? The answer is a surprising no. The first counterexample was given by de Boor and Höllig in [3] by considering bivariate C^1-cubics. Their results can be described as follows. Denote by h the hat function given by h(x) := max{1 − |1 − x|, 0}, x ∈ IR. Let ϕ_1 and ϕ_2 be the functions on IR^2 given by

ϕ_1(x_1, x_2) :=

∫_1 0 h(x_1 − t)h(x_2 − t) dt and ϕ_2(x_1, x_2) :=

∫_1 0 h(x_2 − t)h(x_1 − x_2 + t) dt, where (x_1, x_2) ∈ IR^2. In [3], de Boor and Höllig proved that S(ϕ_1, ϕ_2) ⊃ Π_3 but S(ϕ_1, ϕ_2) does not provide L_∞-approximation order 4. In fact, the optimal L_∞-approximation order provided by S(ϕ_1, ϕ_2) is 3. This conclusion was also established in [2] by using a different method. Note that in this example ∑ α∈ZZ^2

ϕ_1(x − α) = 1 = ∑ α∈ZZ^2

ϕ_2(x − α) ∀ x ∈ IR^2.

Suppose Φ satisfies the following additional condition: For c_1, . . . , c_r ∈ C, r∑ j=1 ∑ α∈ZZ^s c_j ϕ_j (· − α) = 0 =⇒ c_1 = · · · = c_r = 0.

In terms of the Fourier transform, this condition is equivalent to saying that the sequences (ϕ̂_j (2πβ))_{β∈ZZ}s , j = 1, . . . , r, are linearly independent. Under this condition, S(Φ) ⊃ Π_{k−1} implies the existence of a function ψ ∈ S_0(Φ) such that ∑ α∈ZZ^s q(α)ψ(· − α) = q ∀ q ∈ Π_{k−1}. (2.2) Therefore we have the following result (see [15, Theorem 8.2]).

Theorem 2.2. Let Φ = {ϕ_1, . . . , ϕ_r} be a finite collection of compactly supported functions in L_p(IR^s) (1 ≤ p ≤ ∞). Suppose that the sequences (ϕ̂_j (2πβ))_{β∈ZZ}s , j = 1, . . . , r, are linearly independent. For a positive integer k, the following statements are equivalent: (a) S(Φ) provides L_p-approximation order k. (b) S(Φ) ⊃ Π_{k−1}.

(c) There exists an element ψ ∈ S_0(Φ) such that (2.2) is valid.

In this situation, quasi-projection also can be used to construct an approximation scheme. Suppose ϕ̃_1, . . . , ϕ̃_r are compactly supported functions in L_p′ (IR^s), where p^′ is the exponent conjugate to p. Let T be the linear operator on L_p(IR^s) given by T f := r∑ j=1 ∑ γ∈ZZ^s ⟨f, ϕ̃_j(· − γ)⟩ϕ_j(· − γ), f ∈ L_p(IR^s). Set T^h := σ_hT σ_{1/h}. Then T^h can be expressed as follows:

T^hf := r∑ j=1 ∑ γ∈ZZ^s 1 h ⟨f, ϕ̃_j(·/h − γ)⟩ϕ_j(·/h − γ), f ∈ L_p(IR^s). Suppose f ∈ W^k_p (IR^s). It was proved in [27, Theorem 2.1] that there exists a positive constant C independent of h, p, and f such that ‖T^hf − f‖_p ≤ C|f|_{k,p}h^k, h > 0, provided T q = q for all q ∈ Π_{k−1}.

Suppose Φ is a finite collection of compactly supported distributions on IR^s. Then the definitions of S_0(Φ) and S(Φ) still make sense. Moreover, if the sequences (ϕ̂_j (2πβ))_{β∈ZZ}s , j = 1, . . . , r, are linearly independent, then condition (b) and condition (c) in Theorem 2.2 are equivalent.

§3. The Strang-Fix Conditions Let ϕ be a compactly supported integrable function on IR^s. With the help of the Poisson summation formula it can be shown that the conditions in (2.1) are equivalent to the following conditions:

D^μϕ̂(2πβ) = δ_{0μ}δ_{0β} ∀ |μ| < k and β ∈ ZZ^s, (3.1)

where δ denotes the Kronecker symbol. These conditions were formulated by Strang and Fix [30]. As a matter of fact, in the univariate case (s = 1), these conditions were known to Schoenberg [29].

The equivalence between (2.1) and (3.1) is a special case of the more general results in the following lemma. These results were stated in [30]. Also see [4] for more detailed discussions. In what follows, by Δ_k we denote the set {μ ∈ IN^s_0 : |μ| < k}. Lemma 3.1. Let ϕ_1, . . . , ϕ_r be compactly supported integrable functions on IR^s. For each μ ∈ Δ_k, suppose ψ_μ is a linear combination of ϕ_1, . . . , ϕ_r. The following statements are equivalent: (a) x^μ μ! = ∑ ν≤μ ∑ α∈ZZ^s α^ν ν! ψ_{μ−ν} (x − α) ∀ μ ∈ Δ_k.

(b) ∑ ν≤μ ∑ α∈ZZ^s (α − x)^ν ν! ψ_{μ−ν} (x − α) = δ_{0μ} ∀ μ ∈ Δ_k.

(c) ∑ ν≤μ (−iD)^ν ν! ψ̂_{μ−ν} (2πβ) = δ_{0μ}δ_{0β} ∀ μ ∈ Δ_k and β ∈ ZZ^s.

Proof. (a) ⇒ (b): By the Binomial Theorem we have (α − x)^ν ν! = ∑ τ≤ν (−x)^τ τ! α^{ν−τ} (ν − τ)! .

It follows that ∑ ν≤μ ∑ α∈ZZ^s (α − x)^ν ν! ψ_{μ−ν} (x − α) = ∑ τ≤μ (−x)^τ τ! ∑ τ≤ν≤μ α^{ν−τ} (ν − τ)! ψ_{(μ−τ)−(ν−τ)}(x − α). (3.2)

Hence, for μ ∈ Δ_k, condition (a) implies ∑ ν≤μ ∑ α∈ZZ^s (α − x)^ν ν! ψ_{μ−ν} (x − α) = ∑ τ≤μ (−1)^τ x^τ τ! x^{μ−τ} (μ − τ)! = x^μ μ! ∑ τ≤μ (−1)^τ ( μ τ ) .

Consequently, condition (b) is valid, since ∑ τ≤μ (−1)^τ ( μ τ ) = { 1 for μ = 0, (1 − 1)^μ = 0 for |μ| > 0.

(b) ⇒ (a): The proof proceeds by induction on |μ|. For μ = 0, (b) implies ∑ α∈ZZ^s ψ_0(x − α) = 1.

Suppose |μ| > 0 and (a) is true for all multi-indices μ^′ with |μ^′| < |μ|. Then for 0 < τ ≤ μ we have x^{μ−τ} (μ − τ)! = ∑ τ≤ν≤μ ∑ α∈ZZ^s α^{ν−τ} (ν − τ)! ψ_{(μ−τ)−(ν−τ)}(x − α). (3.3) Moreover, condition (b) implies ∑ ν≤μ ∑ α∈ZZ^s (α − x)^ν ν! ψ_{μ−ν} (x − α) = 0.

This together with (3.2) and (3.3) yields ∑ 0<τ≤μ (−x)^τ τ! x^{μ−τ} (μ − τ)! + ∑ ν≤μ ∑ α∈ZZ^s α^ν ν! ψ_{μ−ν} (x − α) = 0. (3.4)

On the other hand, ∑ 0<τ≤μ (−x)^τ τ! x^{μ−τ} (μ − τ)! + x^μ μ! = x^μ μ! ∑ τ≤μ ( μ τ ) (−1)^τ = 0. (3.5)

Comparing (3.4) with (3.5), we obtain ∑ ν≤μ ∑ α∈ZZ^s α^ν ν! ψ_{μ−ν} (x − α) = x^μ μ! , 0 < |μ| < k.

(b) ⇒ (c): Let

g_μ(x) := ∑ ν≤μ ∑ α∈ZZ^s (α − x)^ν ν! ψ_{μ−ν} (x − α), x ∈ IR^s.

Then g_μ is 1-periodic, i.e., g_μ(· + γ) = g_μ for all γ ∈ ZZ^s. For β ∈ ZZ^s we have ∫ [0,1]^s g_μ(x)e^{−i2πβ·x}dx = ∑ ν≤μ ∑ α∈ZZ^s ∫ [0,1]^s (α − x)^ν ν! ψ_{μ−ν} (x − α)e^{−i2πβ·x} dx

= ∑ ν≤μ ∫ IR^s (−x)^ν ν! ψ_{μ−ν} (x)e^{−i2πβ·x} dx = ∑ ν≤μ (−iD)^ν ν! ψ̂_{μ−ν} (2βπ).

It follows from (b) that g_μ = δ_{0μ} for |μ| < k. Hence, ∫ [0,1]^s g_μ(x)e^{−i2πβ·x}dx = δ_{0μ}δ_{0β} . (3.6) Consequently, ∑ ν≤μ (−iD)^ν ν! ψ̂_{μ−ν} (2βπ) = δ_{0μ}δ_{0β} , |μ| < k. (c) ⇒ (b): (c) implies (3.6). Hence, the Fourier coefficients of the 1-periodic function g_μ are δ_{0μ}δ_{0β} , β ∈ ZZ^s. It follows that g_μ = δ_{0μ}, |μ| < k.

A trigonometric polynomial h is a function from IR^s to C having the form h(ξ) = ∑ γ∈ZZ^s c_γ e^{iγ·ξ}, ξ ∈ IR^s, where c_γ are complex numbers and c_γ = 0 except for finitely many γ.

Recall that Δ_k = { μ ∈ IN^s_0 : |μ| < k } . It is known that the matrix (γ^μ)_{γ,μ∈Δk} is invertible (see, e.g., [1, §4]).

Lemma 3.2. For given complex numbers b_μ, μ ∈ Δ_k, there exists a unique trigonometric polynomial h : ξ → ∑ γ∈Δ_k c_γ e^{iγ·ξ}, ξ ∈ IR^s, such that (−iD)^μh(0) = b_μ ∀ μ ∈ Δ_k. (3.7) Proof. We have (−iD)^μh(0) = ∑ γ∈Δ_k c_γ γ^μ. Hence, (3.7) is equivalent to the following system of linear equations: ∑ γ∈Δ_k c_γ γ^μ = b_μ ∀ μ ∈ Δ_k.

Since the matrix (γ^μ)_{γ,μ∈Δk} is invertible, this system of linear equations has a unique solution for (c_γ )_{γ∈Δk} .

Let Φ be an r × 1 vector (ϕ_1, . . . , ϕ_r)^T , where ϕ_1, . . . , ϕ_r are compactly supported integrable functions on IR^s. We say that Φ satisfies the Strang-Fix conditions of order k if there exists a (finite) linear combination ψ of shifts of ϕ_1, . . . , ϕ_r such that D^μψ̂(2βπ) = δ_{0μ}δ_{0β} ∀ μ ∈ Δ_k and β ∈ ZZ^s.

Such a function is often called a superfunction. Note that ψ̂(ξ) = B(ξ)Φ̂(ξ), ξ ∈ IR^s, where B is a 1 × r vector of trigonometric polynomials. Thus, Φ satisfies the Strang-Fix conditions of order k if and only if there exists a 1×r vector B of trigonometric polynomials such that D^μ(BΦ̂)(2πβ) = δ_{0μ}δ_{0β} for all μ ∈ Δ_k and β ∈ ZZ^s.

Theorem 3.3. Let Φ be an r × 1 vector (ϕ_1, . . . , ϕ_r)^T , where ϕ_1, . . . , ϕ_r are compactly supported integrable functions on IR^s. Then the following statements are equivalent. (a) Φ satisfies the Strang-Fix conditions of order k. (b) There exist ψ_μ ∈ span{ϕ_1, . . . , ϕ_r}, μ ∈ Δ_k, such that ∑ ν≤μ (−iD)^ν ν! ψ̂_{μ−ν} (2βπ) = δ_{0μ}δ_{0β} ∀ μ ∈ Δ_k and β ∈ ZZ^s.

(c) There exist ψ_μ ∈ span{ϕ_1, . . . , ϕ_r}, μ ∈ Δ_k, such that x^μ μ! = ∑ ν≤μ ∑ α∈ZZ^s α^ν ν! ψ_{μ−ν} (x − α) ∀ μ ∈ Δ_k. Proof. It was proved in Lemma 2.1 that (b) and (c) are equivalent. Hence, it remains to show that (a) and (b) are equivalent. Suppose Φ satisfies the Strang-Fix conditions of order k. Then there exists a 1 × r vector B of trigonometric polynomials such that D^μ(BΦ̂)(2βπ) = δ_{0μ}δ_{0β} for all μ ∈ Δ_k and β ∈ ZZ^s. Let

ψ_μ := (−iD)^μB(0)Φ μ! μ ∈ Δ_k. By the Leibniz formula for differentiation we obtain (−iD)^μ(BΦ̂)(2βπ) μ! = ∑ ν≤μ (−iD)^{μ−ν} B(0) (μ − ν)! (−iD)^νΦ̂(2βπ) ν! = ∑ ν≤μ (−iD)^νψ̂_{μ−ν} (2βπ) ν! . (3.8)

But D^μ(BΦ̂)(2βπ) = δ_{0μ}δ_{0β} for all μ ∈ Δ_k and β ∈ ZZ^s. Hence, (b) is true.

Conversely, suppose (b) is true. Then for each μ ∈ Δ_k, ψ_μ = B_μΦ, where B_μ is a 1×r vector of complex numbers. By Lemma 3.2 there exists a 1 × r vector B of trigonometric polynomials such that (−iD)^μB(0) μ! = B_μ ∀ μ ∈ Δ_k.

Hence, condition (b) and (3.8) together yield (−iD)^μ μ! (BΦ̂)(2βπ) = ∑ ν≤μ (−iD)^ν ν! ψ̂_{μ−ν} (2βπ) = δ_{0μ}δ_{0β} ∀ μ ∈ Δ_k and β ∈ ZZ^s.

Therefore, Φ satisfies the Strang-Fix conditions of order k.

We remark that Theorem 3.3 is still valid if ϕ_1, . . . , ϕ_r are compactly supported distributions on IR^s. Recall that Φ has accuracy k if S(Φ) ⊃ Π_{k−1}.

§4. Accuracy of Refinable Vectors of Functions

Let Φ = (ϕ_1, . . . , ϕ_r)^T be an r × 1 vector of compactly supported distributions on IR^s such that Φ̂(0) ≠ 0. Suppose Φ satisfies the following vector refinement equation Φ = ∑ α∈ZZ^s a(α)Φ(M · − α), (4.1) where M is an expansive integer matrix, and the mask a is finitely supported.

In the univariate case (s = 1), accuracy of refinable vectors of functions was investigated by Heil, Strang, and Strela [11], and by Plonka [28]. They characterized the accuracy of Φ in terms of the mask a under the assumption of linear independence or stability of Φ.

In the multivariate case, approximation by refinable vectors of square-integrable functions was studied by de Boor, DeVore, and Ron [2], and by Jiang [24]. They characterized the approximation order of Φ in terms of the symbol of a by using the Fourier analysis technique. Without using the Fourier analysis technique, Cabrelli, Heil, and Molter [5, 6] determined the accuracy of Φ in terms of the mask a. Moreover, they determined explicitly the coefficients in the expansion of polynomials into a series of multi-integer translates of Φ. In [8], Chen, Sheng, and Xiao combined techniques in both frequency and time domains and improved some earlier results on accuracy of Φ.

Taking Fourier transform of both sides of (4.1), we obtain Φ̂(ξ) = A((M^T )^{−1}ξ)Φ̂((M^T )^{−1}ξ), ξ ∈ IR^s, (4.2)

where A(ξ) = 1 | det M| ∑ α∈ZZ^s a(α)e^{−iα·ξ}. (4.3) It follows from (4.2) that Φ̂(0) = A(0)Φ̂(0).

In other words, Φ̂(0) is a right eigenvector of A(0) corresponding to eigenvalue 1.

Let Ω be a complete set of representatives of the distinct cosets of ZZ^s/M^T ZZ^s. Without loss of any generality, we may assume 0 ∈ Ω.

The following two theorems extend the results in [2, Theorem 5.2] and [24, Theorem 3.2] to the case when ϕ_1, . . . , ϕ_r are compactly supported distributions on IR^s.

Theorem 4.1. Let Φ = (ϕ_1, . . . , ϕ_r)^T be an r × 1 vector of compactly supported distributions on IR^s such that Φ̂(0) ≠ 0. Suppose Φ is a solution of the refinement equation (4.1). Then Φ satisfies the Strang-Fix conditions of order k, provided there exists a 1 × r vector B of trigonometric polynomials such that, with G given by G(ξ) = B(M^T ξ)A(ξ), ξ ∈ IR^s, the following three conditions are satisfied: (a) B(0)Φ̂(0) = 1;

(b) D^μG(2π(M^T )^{−1}ω) = 0 for all μ ∈ Δ_k and ω ∈ Ω \ {0}; (c) D^μG(0) = D^μB(0) for all μ ∈ Δ_k.

Proof. Let f(ξ) := B(ξ)Φ̂(ξ), ξ ∈ IR^s. Then condition (a) tells us f(0) = B(0)Φ̂(0) = 1. By (4.2) we have

f(ξ) = B(ξ)A((M^T )^{−1}ξ)Φ̂((M^T )^{−1}ξ) = G((M^T )^{−1}ξ)Φ̂((M^T )^{−1}ξ), ξ ∈ IR^s. (4.4)

Condition (b) implies D^μ(G ∘ (M^T )^{−1})(2πω) = 0 for all μ ∈ Δ_k and ω ∈ Ω \ {0}. Suppose β ∈ ZZ^s \ M^T ZZ^s. Then β = ω + M^T γ for some ω ∈ Ω \ {0} and γ ∈ ZZ^s. By the Leibniz formula for differentiation we obtain D^μf(2πβ) = ∑ ν≤μ ( μ ν ) D^ν ( G ∘ (M^T )^{−1} ) (2πβ) D^{μ−ν} (^ Φ ∘ (M^T )^{−1} ) (2πβ).

But condition (b) tells us that D^ν ( G ∘ (M^T )^{−1} ) (2πβ) = D^ν ( G ∘ (M^T )^{−1} ) (2πω + 2πM^T γ) = D^ν ( G ∘ (M^T )^{−1} ) (2πω) = 0

for all ω ∈ Ω \ {0} and ν ∈ Δ_k. Hence,

D^μf(2πβ) = 0 ∀μ ∈ Δ_k and β ∈ ZZ^s \ M^T ZZ^s.

It follows from (4.4) that

f(M^T ξ) = G(ξ)Φ̂(ξ), ξ ∈ IR^s.

Since both G and B are 2π-periodic, condition (c) gives D^μG(2πβ) = D^μB(2πβ) for μ ∈ Δ_k and β ∈ ZZ^s. By the Leibniz formula for differentiation we obtain

D^μ(f ∘ M^T )(2πβ) = ∑ ν≤μ ( μ ν ) D^ν G(2πβ)D^{μ−ν}Φ̂(2πβ)

= ∑ ν≤μ ( μ ν ) D^ν B(2πβ)D^{μ−ν}Φ̂(2πβ) = D^μf(2πβ). (4.5)

By using this relation repeatedly we conclude that D^μf(2πβ) = 0 for all μ ∈ Δ_k and β ∈ (M^T )^nZZ^s \ (M^T )^{n+1}ZZ^s, n = 0, 1, . . .. Note that the set ZZ^s \ {0} is the union of the sets (M^T )^nZZ^s \ (M^T )^{n+1}ZZ^s, n = 0, 1, . . .. Therefore,

D^μf(2πβ) = 0 ∀ μ ∈ Δ_k and β ∈ ZZ^s \ {0}.

Let g := f ∘ M^T . It follows from (4.5) that

D^μg(0) = D^μ(f ∘ M^T )(0) = D^μf(0) ∀ μ ∈ Δ_k.

Consequently, D^μ(g −f)(0) = 0 for all μ ∈ Δ_k. By using the Chain Rule for differentiation we deduce that D^μ ( (g − f) ∘ (M^T )^{−n} ) (0) = 0 ∀ μ ∈ Δ_k and n ∈ IN.

But g ∘ (M^T )^{−n} = f ∘ (M^T )^{−n+1}. Hence, D^μ ( f ∘ (M^T )^{−n+1} ) (0) = D^μ ( f ∘ (M^T )^{−n} ) (0) ∀ μ ∈ Δ_k and n ∈ IN.

It follows that

D^μf(0) = D^μ ( f ∘ (M^T )^{−n} ) (0) ∀ μ ∈ Δ_k and n ∈ IN.

Therefore, for μ ∈ Δ_k \ {0} we have

D^μf(0) = lim_{n→∞} D^μ ( f ∘ (M^T )^{−n} ) (0) = 0.

We have shown that D^μ(BΦ̂)(2πβ) = δ_{0μ}δ_{0β} for all μ ∈ Δ_k and β ∈ ZZ^s. In other words, Φ satisfies the Strang-Fix conditions of order k.

For the scalar case (r = 1), the above theorem can be simplified as follows: If D^μA(2π(M^T )^{−1}ω) = 0 for all μ ∈ Δ_k and ω ∈ Ω \ {0}, then Φ has accuracy k (see [16, Theorem 3.1]). The converse of this statement is true under the additional condition that, for each ω ∈ Ω, there exists some β ∈ ZZ^s such that Φ̂(2π(M^T )^{−1}ω + 2πβ) ≠ 0. Without this additional condition, there is a counterexample (see [16, Example 4.2]).

For the vector case (r > 1), the converse of Theorem 4.1 is true under a similar additional condition. In what follows, for a subset E of a vector space, spanE denotes the linear span of E.

Theorem 4.2. Suppose span{Φ̂(2π(M^T )^{−1}ω + 2πβ) : β ∈ ZZ^s} = C^r for all ω ∈ Ω. If Φ has accuracy k, then there exists a 1 × r vector B of trigonometric polynomials such that conditions (a), (b), and (c) in Theorem 4.1 are satisfied.

Proof. Since Φ has accuracy k and span{Φ̂(2πβ) : β ∈ ZZ^s} = C^r, by Theorem 2.2 we see that Φ satisfies the Strang-Fix conditions of order k. Hence, there exists a 1 × r vector B of trigonometric polynomials such that the function f given by f(ξ) := B(ξ)Φ̂(ξ), ξ ∈ IR^s, satisfies D^μf(2πβ) = δ_{0μ}δ_{0β} ∀ μ ∈ Δ_k and β ∈ ZZ^s.

In particular, B(0)Φ̂(0) = f(0) = 1. This verifies condition (a). We claim that B also satisfies conditions (b) and (c).

Let G(ξ) := B(M^T ξ)A(ξ), ξ ∈ IR^s. Then f(M^T ξ) = G(ξ)Φ̂(ξ), ξ ∈ IR^s. We first establish (b) by induction on |μ|. It follows from f(M^T ξ) = G(ξ)Φ̂(ξ) that for ω ∈ Ω \ {0},

0 = f(2πω + 2πM^T β) = G(2π(M^T )^{−1}ω)Φ̂(2π(M^T )^{−1}ω + 2πβ) ∀ β ∈ ZZ^s.

Since span{Φ̂(2π(M^T )^{−1}ω + 2πβ) : β ∈ ZZ^s} = C^r, we must have

G(2π(M^T )^{−1}ω) = 0 ∀ ω ∈ Ω \ {0}.

This proves (b) for μ = 0. Suppose 0 < m < k. Assume that (b) is valid for all |ν| < m. Let |μ| = m. For ω ∈ Ω \ {0} and β ∈ ZZ^s, we have

0 = D^μ(f ∘ M^T ) ( 2π(M^T )^{−1}ω + 2πβ ) = ∑ ν≤μ D^ν G ( 2π(M^T )^{−1}ω ) D^{μ−ν}Φ̂ ( 2π(M^T )^{−1}ω + 2πβ )

= D^μG ( 2π(M^T )^{−1}ω )^ Φ ( 2π(M^T )^{−1}ω + 2πβ ) .

This is true for all β ∈ ZZ^s. Since span{Φ̂(2π(M^T )^{−1}ω + 2πβ) : β ∈ ZZ^s} = C^r, we obtain D^μG(2π(M^T )^{−1}ω) = 0 for all ω ∈ Ω \ {0}. This completes the induction procedure.

Next, let us prove (c). This will be done by induction on |μ|. It follows from the equation f(M^T ξ) = G(ξ)Φ̂(ξ) that

1 = G(0)Φ̂(0) and 0 = f(2πM^T β) = G(0)Φ̂(2πβ), β ∈ ZZ^s \ {0}.

On the other hand, the equation f(ξ) = B(ξ)Φ̂(ξ) yields

1 = B(0)Φ̂(0) and 0 = f(2πβ) = B(0)Φ̂(2πβ), β ∈ ZZ^s \ {0}.

It follows that [G(0) − B(0)]Φ̂(2πβ) = 0 for all β ∈ ZZ^s. Since {Φ̂(2πβ) : β ∈ ZZ^s} = C^r, we must have G(0) − B(0) = 0, i.e., G(0) = B(0). This proves (c) for μ = 0.

Suppose 0 < m < k. Assume that (c) is true for all |ν| < m. Let |μ| = m. For β ∈ ZZ^s, it follows from the equation f(M^T ξ) = G(ξ)Φ̂(ξ) that

0 = D^μ(f ∘ M^T )(2πβ) = ∑ ν≤μ ( μ ν ) D^ν G(0)D^{μ−ν}Φ̂(2βπ)

= D^μG(0)Φ̂(2πβ) + ∑ ν<μ ( μ ν ) D^ν G(0)D^{μ−ν}Φ̂(2βπ).

On the other hand, the equation f(ξ) = B(ξ)Φ̂(ξ) yields

0 = D^μf(2πβ) = ∑ ν≤μ ( μ ν ) D^ν B(0)D^{μ−ν}Φ̂(2βπ)

= D^μB(0)Φ̂(2πβ) + ∑ ν<μ ( μ ν ) D^ν B(0)D^{μ−ν}Φ̂(2βπ). By the induction hypothesis, D^ν G(0) = D^ν B(0) for |ν| < m. Therefore, we have

[D^μG(0) − D^μB(0)]Φ̂(2πβ) = 0 ∀β ∈ ZZ^s.

Since {Φ̂(2πβ) : β ∈ ZZ^s} = C^r, we must have D^μG(0) − D^μB(0) = 0. This completes the induction procedure and thereby the proof of the theorem.

We note that the condition

span{Φ̂(2π(M^T )^{−1}ω + 2πβ) : β ∈ ZZ^s} = C^r ∀ ω ∈ Ω

is a consequence of linear independence or stability (see [20]). A viable way for checking this condition in terms of the mask was provided in [12]. In the univariate case (s = 1), without requiring such a condition, Jia, Riemenschneider, and Zhou [21] gave a characterization of the accuracy of Φ strictly in terms of the refinement mask.

For the scalar case (r = 1), Theorem 4.1 is valid under conditions (a), (b), and G(0) = B(0). Is this true for the vector vase (r > 1)? The following example gives a negative answer.

Example 4.3. Let s = 1, r = 2, and M = (2). Suppose the mask a is supported in [0, 1],

a(0) = [ 1 0 −1/2 1/4 ] and a(1) = [ 1 0 1/2 1/4 ] . Then [22, Example 6.1] tells us that there exist functions ϕ_1 and ϕ_2 in L_2(IR) supported on [0, 1] such that Φ = (ϕ_1, ϕ_2)^T satisfies the refinement equation

Φ = a(0)Φ(2·) + a(1)Φ(2· − 1)

and Φ̂(0) = (1, 0)^T . We observe that 1/2 is not an eigenvalue of the block matrix [ a(0) 0 0 a(1) ] . Hence, by [21, Theorem 2.1], Φ does not have accuracy 2.

We have A(ξ) = 1 2 [ a(0) + a(1)e^{−iξ} ] = [ (1 + e^{−iξ} )/2 0 (−1 + e^{−iξ} )/4 (1 + e^{−iξ})/8 ] , ξ ∈ IR. If we choose B(ξ) = (1, (1 − e^{−iξ})/2), ξ ∈ IR, then B(0) = (1, 0). Hence, B(0)Φ̂(0) = 1 and B(0)A(0) = B(0). Let G(ξ) = B(2ξ)A(ξ), ξ ∈ IR. It can be easily checked that G(π) = 0 and G^′(π) = 0. Consequently, B satisfies condition (b) in Theorem 4.1 for k = 2.

§5. Accuracy and the Sum Rules

Let Φ be an r×1 vector of compactly supported distributions satisfying the refinement equation (4.1). In this section our goal is to give a characterization of the accuracy of Φ in terms of the sum rules associated with the refinement mask.

Let Γ be a complete set of representatives of the distinct cosets of ZZ^s/MZZ^s. Without loss of any generality we may assume 0 ∈ Γ. For γ ∈ Γ and μ ∈ IN^s_0, define K_{μ,γ} := 1 μ! ∑ β∈ZZ^s (Mβ + γ)^μa(Mβ + γ). (5.1) Suppose r = 1. We say that a satisfies the basic sum rule if ∑ β∈ZZ^s a(Mβ + γ) = ∑ β∈ZZ^s a(Mβ) ∀ γ ∈ Γ. The basic sum rule was employed by Cavaretta, Dahmen, and Micchelli [7] in their study of stationary subdivision. More generally, a is said to satisfy the sum rules of order k if K_{μ,γ} = K_{μ,0} ∀μ ∈ Δ_k and γ ∈ Γ. If the mask a satisfies the sum rules of order k, then it was proved in [16] that Φ has accuracy k. This extends an earlier result of Daubechies and Lagarias [9] on univariate refinable functions. Conversely, if Φ has accuracy k, and if the sequence (Φ̂(2π(M^T )^{−1}ω+2πβ))_{β∈ZZ}s is nonzero for each ω ∈ Ω, then the mask a satisfies the sum rules of order k.

For the vector case (r > 1), a certain form of the sum rules was discussed by Jetter and Plonka [13].

Our starting point is the following lemma.

Lemma 5.1. Let a be a finitely supported sequence of r × r complex matrices, and let

A(ξ) := 1 m ∑ α∈ZZ^s a(α)e^{−iα·ξ}, ξ ∈ IR^s, where m := | det M| = #Ω = #Γ. Then for polynomials p_1, . . . , p_r of s variables, the following two statements are equivalent:

(i) [p_1(iD), . . . , p_r(iD)]A(2π(M^T )^{−1}ω) = 0 for all ω ∈ Ω \ {0}. (ii) ∑ β∈ZZ^s [p1(Mβ), . . . , pr(Mβ)]a(Mβ) = ∑ β∈ZZ^s [p1(Mβ+γ), . . . , pr(Mβ+γ)]a(Mβ+γ) for all γ ∈ Γ.

Proof. For the scalar case (r = 1), this result was established in [16, Lemma 3.3]. For the general case, the proof is almost the same. Let us sketch the proof.

From the expression of A(ξ) we have m[p_1(iD), . . . , p_r(iD)]A(ξ) = ∑ α∈ZZ^s [p_1(α), . . . , p_r(α)]a(α)e^{−iα·ξ}, ξ ∈ IR^s.

An element α ∈ ZZ^s can be written uniquely as Mβ + γ with β ∈ ZZ^s and γ ∈ Γ. Observe that, for ξ := 2π(M^T )^{−1}ω, ω ∈ Ω, −iα·ξ = −i(Mβ + γ)·2π(M^T )^{−1}ω = −i 2πβ·ω − i 2πM^{−1}γ · ω. Consequently, m[p_1(iD), . . . , p_r(iD)]A(2π(M^T )^{−1}ω) = ∑ γ∈Γ b(γ)e^{−i2πM −1γ·ω}, ω ∈ Ω,

where b(γ) := ∑ β∈ZZ^s [p_1(Mβ + γ), . . . , p_r(Mβ + γ)]a(Mβ + γ), γ ∈ Γ.

Note that the matrix (e^{−i2πM −1γ·ω}/ √ m)_{γ∈Γ,ω∈Ω} is a unitary matrix (see [16, Lemma 3.2]).

Therefore, ∑ γ∈Γ b(γ)e^{−i2πM −1γ·ω} = 0 for all ω ∈ Ω \ {0} if and only if b(γ) = b(0) for all γ ∈ Γ. This establishes the equivalence between (i) and (ii).

Lemma 5.1 enables us to transfer conditions (a), (b), and (c) in Theorem 4.1 into certain sum rules associated with the mask. Let us first consider the case when M is a diagonal integer matrix: M = diag(σ_1, . . . , σ_s), where |σ_j | > 1, j = 1, . . . , s. For μ = (μ_1, . . . , μ_s) ∈ ZZ^s, we write σ^μ for σ^{μ1}_1 · · · σ^{μs}_s . Suppose that there exists a 1 × r vector B of trigonometric polynomials such that conditions (b) and (c) in Theorem 4.1 are satisfied. Recall that G(ξ) = B(M^T ξ)A(ξ), ξ ∈ IR^s. Clearly, D_j G(ξ) = σ_j D_j B(M^T ξ)A(ξ) + B(M^T ξ)D_jA(ξ), j = 1, . . . , s.

More generally, for μ ∈ IN^s_0 we have (−iD)^μG(ξ) = ∑ ν≤μ ( μ ν ) σ^{μ−ν} (−iD)^{μ−ν} B(M^T ξ)(−iD)^ν A(ξ), ξ ∈ IR^s.

Hence, condition (b) is equivalent to saying that, for all ω ∈ Ω \ {0} and μ ∈ Δ_k,

0 = (−iD)^μG(2π(M^T )^{−1}ω) = ∑ ν≤μ ( μ ν ) σ^{μ−ν} (−iD)^{μ−ν} B(0) (−iD)^νA(2π(M^T )^{−1}ω).

With B_μ := (−iD)^μB(0)/μ!, μ ∈ Δ_k, we see that condition (b) is equivalent to ∑ ν≤μ σ^{μ−ν} B_{μ−ν} (−iD)^ν A(2π(M^T )^{−1}ω)/ν! = 0 ∀ μ ∈ Δ_k and ω ∈ Ω \ {0}.

By Lemma 5.1 we conclude that the above equation is equivalent to the following: ∑ ν≤μ (−1)^{|ν|}σ^{μ−ν} B_{μ−ν} K_{ν,γ} = ∑ ν≤μ (−1)^{|ν|}σ^{μ−ν} B_{μ−ν} K_{ν,0} ∀ μ ∈ Δ_k and γ ∈ Γ \ {0}. (5.2)

Furthermore, we observe that condition (c) is equivalent to

(−iD)^μB(0) = (−iD)^μG(0) = ∑ ν≤μ ( μ ν ) σ^{μ−ν} (−iD)^{μ−ν} B(0) (−iD)^νA(0) ∀ μ ∈ Δ_k.

This in turn is equivalent to

B_μ = ∑ ν≤μ σ^{μ−ν} B_{μ−ν} (−1)^{|ν|} 1 m ∑ γ∈Γ K_{ν,γ} ∀ μ ∈ Δ_k. (5.3)

Equations (5.2) and (5.3) together are equivalent to ∑ ν≤μ (−1)^{|ν|}σ^{μ−ν} B_{μ−ν} K_{ν,γ} = B_μ ∀ μ ∈ Δ_k and γ ∈ Γ. (5.4)

We are in a position to establish the following theorem, which generalizes Theorem 4.1 in [17] from the univariate case (s = 1) to the multivariate case.

Theorem 5.2. Let Φ be an r × 1 vector of compactly supported distributions satisfying the refinement equation (4.1) associated with an expansive matrix M = diag(σ_1, . . . , σ_s) and a finitely supported mask a. If there exist 1 × r vectors B_μ ∈ C^{1×r}, μ ∈ Δ_k, such that B_0Φ̂(0) = 1 and (5.4) holds true, then Φ has accuracy k. Moreover, x^μ μ! = ∑ ν≤μ ∑ α∈ZZ^s α^ν ν! B_{μ−ν} Φ(x − α) ∀ μ ∈ Δ_k. (5.5)

Conversely, if Φ has accuracy k, and if span{Φ̂(2π(M^T )^{−1}ω + 2πβ) : β ∈ ZZ^s} = C^r for all ω ∈ Ω, then there exist 1 × r vectors B_μ ∈ C^{1×r}, μ ∈ Δ_k, such that B_0Φ̂(0) = 1 and (5.4) holds true.

Proof. Suppose B_μ (μ ∈ Δ_k) are 1 × r vectors of complex numbers such that (5.4) holds true and B_0Φ̂(0) = 1. By Lemma 3.2 there exists a 1 × r vector B of trigonometric polynomials such that (−iD)^μB(0) μ! = B_μ ∀ μ ∈ Δ_k. (5.6)

It follows that B(0)Φ̂(0) = B_0Φ̂(0) = 1. Let G(ξ) = B(M^T ξ)A(ξ), ξ ∈ IR^s. Then conditions (b) and (c) in Theorem 4.1 are satisfied. Hence, Φ has accuracy k. Moreover, from the proof of Theorem 4.1 we see that (−iD)^μ(BΦ̂)(2βπ) = δ_{0μ}δ_{0β} for all μ ∈ Δ_k and β ∈ ZZ^s. Let ψ_μ := B_μΦ, μ ∈ Δ_k. Then it follows from (3.8) that ∑ ν≤μ (−iD)^ν ν! ψ̂_{μ−ν} (2πβ) = δ_{0μ}δ_{0β} ∀ μ ∈ Δ_k and β ∈ ZZ^s.

In light of Lemma 3.1, this implies (5.5).

Conversely, if Φ has accuracy k, and if span{Φ̂(2π(M^T )^{−1}ω + 2πβ) : β ∈ ZZ^s} = C^r for all ω ∈ Ω, then there exists a 1 × r vector B of trigonometric polynomials such that conditions (a), (b), and (c) in Theorem 4.1 are satisfied. Let B_μ (μ ∈ Δ_k) be given by (5.6). Then B_0Φ̂(0) = B(0)Φ̂(0) = 1. Since conditions (b) and (c) together are equivalent to (5.4), we conclude that (5.4) holds true.

Next, we consider the case when M is a general dilation matrix. Recall that e_1, . . . , e_s are the unit coordinate vectors in IR^s. We may view e_j as the jth column of the s × s identity matrix. Let v_j := (M^T )^{−1}e_j , j = 1, . . . , s. We have

D_{vj} (f ∘ M^T )(ξ) = lim_{t→0} f(M^T ξ + te_j ) − f(M^T ξ) t = D_j f(M^T ξ), ξ ∈ IR^s.

Suppose that there exists a 1×r vector B of trigonometric polynomials such that conditions (a), (b), and (c) in Theorem 4.1 are satisfied. Recall that G(ξ) = B(M^T ξ)A(ξ), ξ ∈ IR^s. Clearly, D_{vj} G(ξ) = D_j B(M^T ξ)A(ξ) + B(M^T ξ)D_{vj} A(ξ). More generally, with D^μ_V := D^{μ1}_{v1} · · · D^{μs}_{vs} , we have

D^μ_V G(ξ) = ∑ ν≤μ ( μ ν ) D^{μ−ν} B(M^T ξ)D^ν_V A(ξ), ξ ∈ IR^s. (5.7)

Consequently, condition (b) is equivalent to saying that, for ω ∈ Ω \ {0} and μ ∈ Δ_k,

0 = (−iD_V )^μG(2π(M^T )^{−1}ω) = ∑ ν≤μ ( μ ν ) (−iD)^{μ−ν} B(0) (−iD_V )^ν A(2π(M^T )^{−1}ω).

With B_μ (μ ∈ Δ_k) given by (5.6) we see that condition (b) is equivalent to ∑ ν≤μ B_{μ−ν} (−iD_V )^ν A(2π(M^T )^{−1}ω) ν! = 0 ∀ ω ∈ Δ_k and ω ∈ Ω \ {0}. (5.8)

For ν = (ν_1, . . . , ν_s), it follows from (4.3) that

(iD_V )^ν A(ξ) = 1 m ∑ α∈ZZ^s (v^T_1 α)^{ν1} · · · (v^T_s α)^{νs} a(α)e^{−iα·ξ}.

An element α ∈ ZZ^s can be written uniquely as Mβ + γ with β ∈ ZZ^s and γ ∈ Γ. Hence, we obtain (iD_V )^ν A(2π(M^T )^{−1}ω) ν! = 1 m ∑ γ∈Γ J_{ν,γ} e^{−i2πγ·(M T )−1ω}, where J_{ν,γ} := 1 ν! ∑ β∈ZZ^s ( v^T_1 (Mβ + γ) )_{ν1} · · · ( v^T_s (Mβ + γ) )_{νs} a(Mβ + γ). Note that v^T_j (Mβ + γ) = e^T_j M^{−1}(Mβ + γ) = e^T_j (β + M^{−1}γ).

Hence, J_{ν,γ} = 1 ν! ∑ β∈ZZ^s (β + M^{−1}γ)^ν a(Mβ + γ). (5.9)

By Lemma 5.1 we conclude that (5.8) is equivalent to the following: ∑ ν≤μ (−1)^{|ν|}B_{μ−ν} J_{ν,γ} = ∑ ν≤μ (−1)^{|ν|}B_{μ−ν} J_{ν,0} ∀ μ ∈ Δ_k and γ ∈ Γ. (5.10)

Furthermore, we observe that condition (c) is equivalent to D^μ_V G(0) = D^μ_V B(0) for all μ ∈ Δ_k. By (5.7) we have

D^μ_V G(0) = ∑ ν≤μ ( μ ν ) D^{μ−ν} B(0)D^ν_V A(0).

Therefore, condition (c) is equivalent to

(−iD_V )^μB(0) μ! = ∑ ν≤μ (−1)^{|ν|}B_{μ−ν} 1 m ∑ γ∈Γ J_{ν,γ} ∀ μ ∈ Δ_k. (5.11)

Equations (5.10) and (5.11) together are equivalent to

(−iD_V )^μB(0) μ! = ∑ ν≤μ (−1)^{|ν|}B_{μ−ν} J_{ν,γ} ∀ μ ∈ Δ_k and γ ∈ Γ.

Suppose |μ| = n and D^μ_V μ! = ∑ |τ|=n c_{μτ} D^τ τ! . Let us determine the coefficients c_{μτ} (|μ| = n, |τ| = n). Suppose v_j = (v_{j1}, . . . , v_{js})^T , j = 1, . . . , s. It follows from the above equation that 1 μ! (v_{11}x_1 + · · · + v_{1s}x_s)^{μ1} · · · (v_{s1}x_1 + · · · + v_{ss}x_s)^{μs} = ∑ |τ|=n c_{μτ} x^τ τ! ,

where x = (x_1, . . . , x_s) ∈ IR^s. Choose x = (λ_1, . . . , λ_s)^T , where λ_1, . . . , λ_s ∈ IN_0 and λ_1 + · · · + λ_s = n. Then ∑ |τ|=n c_{μτ} λ^τ τ! = 1 μ! (v^T_1 λ)^{μ1} · · · (v^T_s λ)^{μs} .

But v^T_j λ = e^T_j (M^{−1}λ). Hence, ∑ |τ|=n c_{μτ} λ^τ τ! = (M^{−1}λ)^μ μ! .

The matrix (λ^τ /τ!)_{|τ|=n,|λ|=n} is invertible. Let (t_{λν} )_{|λ|=n,|ν|=n} be its inverse. In other words, ∑ |λ|=n λ^τ τ! t_{λν} = δ_{τν} , |τ| = n, |ν| = n. Consequently, c_{μν} = ∑ |λ|=n (M^{−1}λ)^μ μ! t_{λν} . It follows that

(−iD_V )^μB(0) μ! = ∑ |τ|=n ∑ |λ|=n (M^{−1}λ)^μ μ! t_{λτ} (−iD)^τ B(0) τ! = ∑ |τ|=n [ ∑ |λ|=n (M^{−1}λ)^μ μ! t_{λτ} ] B_τ .

The foregoing discussion can be summarized as follows.

Theorem 5.3. Let Φ be an r × 1 vector of compactly supported distributions satisfying the refinement equation (4.1) with a general expansive matrix M and a finitely supported mask a. If there exist 1 × r vectors B_μ ∈ C^{1×r}, μ ∈ Δ_k, such that B_0Φ̂(0) = 1 and ∑ ν≤μ (−1)^{|ν|}B_{μ−ν} J_{ν,γ} = ∑ |τ|=|μ| [ ∑ |λ|=|μ| (M^{−1}λ)^μ μ! t_{λτ} ] B_τ ∀ μ ∈ Δ_k and γ ∈ Γ, (5.12) then Φ has accuracy k. Moreover, x^μ μ! = ∑ ν≤μ ∑ α∈ZZ^s α^ν ν! B_{μ−ν} Φ(x − α) ∀ μ ∈ Δ_k. Conversely, if Φ has accuracy k, and if span{Φ̂(2π(M^T )^{−1}ω + 2πβ) : β ∈ ZZ^s} = C^r for all ω ∈ Ω, then there exist 1 × r vectors B_μ ∈ C^{1×r}, μ ∈ Δ_k, such that B_0Φ̂(0) = 1 and (5.12) holds true.

A mask a is said to satisfy the sum rules of order k if there exist 1 × r vectors B_μ ∈ C^{1×r}, μ ∈ Δ_k, such that B_0 ≠ 0 and (5.12) holds true. A mask a is said to satisfy the weak sum rules of order k if there exist 1 × r vectors B_μ ∈ C^{1×r}, μ ∈ Δ_k, such that B_0 ≠ 0 and (5.10) holds true. If a satisfies the sum rules of order k, and if Φ is a solution of the refinement equation associated with the mask a and B_0Φ̂(0) = 1, then Φ has accuracy k. For the vector case (r > 1), however, this conclusion is not valid if a only satisfies the weak sum rules of order k, as was demonstrated by Example 4.3.

The accuracy of Φ is related to the spectrum of the transition operator associated with the mask (see [11], [21], and [23]). The transition operator T_a is the linear operator on (ℓ_0(ZZ^s))^{r×1} defined by T_av(α) = ∑ β∈ZZ^s a(Mα − β)v(β), α ∈ ZZ^s, v ∈ (ℓ_0(ZZ^s))^{r×1}. For the scalar case (r = 1), it was shown in [12] that the transition operator T_a has only finitely many nonzero eigenvalues. The same proof works for the general case. The following is an outline of the proof. For a bounded subset H of IR^s, the set ∑_∞ n=1 M^{−n}H is defined as {∑_∞ n=1 M^{−n}h_n : h_n ∈ H for n = 1, 2, . . . } . If H is a compact set, then ∑_∞ n=1 M^{−n}H is also compact. By suppa we denote the set {α ∈ ZZ^s : a(α) ≠ 0}. Let

E := (∑_∞ n=1 M^{−n}(suppa) ) ∩ ZZ^s.

We use ℓ(E) to denote the linear space of all sequences supported in E. It is easily seen that (ℓ(E))^{r×1} is invariant under T_a. Moreover, if v is an eigenvector of T_a corresponding to a nonzero eigenvalue of T_a, then v must lie in (ℓ(E))^{r×1}. Consequently, any nonzero eigenvalue of T_a must be an eigenvalue of the block matrix ( a(Mα − β) ) α,β∈E. In particular, T_a has only finitely many nonzero eigenvalues.

The following theorem extends [21, Theorem 2.1] and [23, Theorem 2.2]. Its proof is similar to those given in [21] and [23].

Theorem 5.4. Let Φ be an r × 1 vector of compactly supported distributions satisfying the refinement equation (4.1) with a general expansive matrix M and a finitely supported mask a. If Φ has accuracy k, then the spectrum of the block matrix ( a(Mα − β) ) α,β∈E contains {σ^{−μ} : |μ| < k}, where σ = (σ_1, . . . , σ_s) is the s-tuple of the eigenvalues of M and σ^{−μ} := σ^{−μ1}_1 · · · σ^{−μs}_s for a multi-index μ = (μ_1, . . . , μ_s).

§6. Examples

In this section we give two examples to show the reader how to apply Theorem 5.2 or Theorem 5.3 to concrete problems. To determine the accuracy of a refinable vector Φ of compactly supported distributions, we need to solve the system of linear equations in (5.8) or (5.12) for B_μ, μ ∈ Δ_k, subject to the condition B_0Φ̂(0) = 1. Note that the solution is unique if span{Φ̂(2πβ) : β ∈ ZZ^s} = C^r.

Example 6.1. Let r = 4, s = 2, and M = ( 2 0 0 2 ) . Suppose the mask a is supported in [−1, 1]^2, a(−1, −1), a(0, −1), a(1, −1) are given by

1/4 1/4 1/4 1/2 0 0 0 0 0 0 0 0 0 0 0 0 , 1/4 0 1/2 1/4 0 1/4 0 1/4 0 0 0 0 0 0 0 0 , 0 0 0 0 0 0 1/4 0 0 0 0 0 0 0 0 0 ,

a(−1, 0), a(0, 0), a(1, 0) are given by

1/4 1/2 0 1/4 0 0 0 0 0 0 1/4 1/4 0 0 0 0 , 1 1/2 1/2 1/2 0 1/2 0 0 0 0 1/2 0 0 0 0 1/2 , 1/4 0 1/4 0 1/2 1/2 1/4 1/4 0 0 0 0 0 0 1/4 1/4 ,

and a(−1, 1), a(0, 1), a(1, 1) are given by

0 0 0 0 0 0 0 0 0 1/4 0 0 0 0 0 0 , 1/4 1/4 0 0 0 0 0 0 1/2 1/4 1/2 1/4 0 1/4 0 1/4 , 1/4 0 0 0 0 1/4 0 0 0 0 1/4 0 1/2 1/4 1/4 1/2 .

We observe that 1 is a simple eigenvalue of the matrix

A := 1 4 1∑ α_1=−1 1∑ α_2=−1

a(α_1, α_2) = 1 8 5 3 3 3 1 3 1 1 1 1 3 1 1 1 1 3 ,

and (1/2, 1/6, 1/6, 1/6)^T is a right eigenvector of A corresponding to eigenvalue 1. In light of [25, Theorem 2.4] there exists a unique 4 × 1 vector Φ of compactly supported distributions such that Φ = ∑ α∈ZZ^2 a(α)Φ(2· − α) and Φ̂(0) = (1/2, 1/6, 1/6, 1/6)^T . It can be proved that Φ actually is continuous.

Clearly, Γ := {(0, 0), (1, 0), (0, 1), (1, 1)} is a complete set of representatives of the cosets ZZ^2/2ZZ^2. For μ ∈ IN^s_0 and γ ∈ Γ, K_{μ,γ} is computed as in (5.1). For k = 3, the equations in (5.4) can be written as follows:

B_{(0,0)} = B_{(0,0)}K_{(0,0),γ}, B_{(1,0)} = 2B_{(1,0)}K_{(0,0),γ} − B_{(0,0)}K_{(1,0),γ}, B_{(0,1)} = 2B_{(0,1)}K_{(0,0),γ} − B_{(0,0)}K_{(0,1),γ}, B_{(2,0)} = 4B_{(2,0)}K_{(0,0),γ} − 2B_{(1,0)}K_{(1,0),γ} + B_{(0,0)}K_{(2,0),γ}, B_{(1,1)} = 4B_{(1,1)}K_{(0,0),γ} − 2B_{(1,0)}K_{(0,1),γ} − 2B_{(0,1)}K_{(1,0),γ} + B_{(0,0)}K_{(1,1),γ}, B_{(0,2)} = 4B_{(0,2)}K_{(0,0),γ} − 2B_{(0,1)}K_{(0,1),γ} + B_{(0,0)}K_{(0,2),γ}, where γ ∈ Γ. Solving the above system of linear equations subject to the condition B_{(0,0)}(1/2, 1/6, 1/6, 1/6)^T = 1, we obtain

B_{(0,0)} = (1, 1, 1, 1), B_{(1,0)} = (0, 1/2, 0, 1/2), B_{(0,1)} = (0, 0, 1/2, 1/2), B_{(2,0)} = (0, 0, 0, 0), B_{(1,1)} = (0, 0, 0, 0), B_{(0,2)} = (0, 0, 0, 0).

By Theorem 5.2 we conclude that Φ has accuracy 3. Moreover, we observe that 1/8 is not an eigenvalue of the block matrix (a(2α − β))_{α,β∈[−1,1]}2_{∩ZZ}2 . Hence, Φ does not have accuracy 4, by Theorem 5.4. Thus, the optimal accuracy of Φ is 3.

If the expansive matrix M is not diagonal, then Theorem 5.3 will be used. In this case the matrix (τ^λ/τ!)_{|τ|=n,|λ|=n} and its inverse (t_{λν} )_{|λ|=n,|ν|=n} need to be computed. For this purpose we fix an ordering in IN^s_0 as follows: For two multi-indices μ = (μ_1, . . . , μ_s) and ν = (ν_1, . . . , ν_s), if there exists some j ∈ {1, . . . , s} such that μ_1 = ν_1, . . . , μ_{j−1} = ν_{j−1}, and μ_j > ν_j , then we write μ ≺ ν. For the two-dimensional case (s = 2), (τ^λ/τ!)_{|τ|=0,|λ|=0} is (1), and (τ^λ/τ!)_{|τ|=1,|λ|=1} is the 2 × 2 identity matrix. Furthermore, (τ^λ/τ!)_{|τ|=2,|λ|=2} and its inverse are 2 1/2 0 0 1 0 0 1/2 2 and 1/2 −1/4 0 0 1 0 0 −1/4 1/2 . Example 6.2. Let r = 2, s = 2, and M = ( 1 1 1 −1 ) . Suppose the mask a is supported in [−1, 1]^2, a(−1, −1) = 1 32 [ 2 2 0 −8 ] , a(−1, 0) = 1 32 [ 3 2 −12 16 ] , a(−1, 1) = 1 32 [ 1 0 −16 −4 ] , a(0, −1) = 1 32 [ 13 −7 −4 4 ] , a(0, 0) = 1 32 [ 26 0 0 −8 ] , a(0, 1) = 1 32 [ 13 7 4 4 ] , and a(1, −1) = 1 32 [ 1 0 16 −4 ] , a(1, 0) = 1 32 [ 3 −2 12 16 ] , a(1, 1) = 1 32 [ 2 −2 0 −8 ] .

We observe that 1 is a simple eigenvalue of the matrix

A := 1 2 1∑ α_1=−1 1∑ α_2=−1

a(α_1, α_2) = [ 1 0 0 1/8 ] , and (1, 0)^T is a right eigenvector of A corresponding to eigenvalue 1. In light of [18] there exist unique compactly supported distributions ϕ_1 and ϕ_2 such that Φ = (ϕ_1, ϕ_2)^T satisfies Φ = ∑ α∈ZZ^2 a(α)Φ(M · − α) and Φ̂(0) = (1, 0)^T . It can be proved that Φ actually is continuous.

Clearly, Γ := {(0, 0), (1, 0)} is a complete set of representatives of the cosets ZZ^2/MZZ^2. For μ ∈ IN^s_0 and γ ∈ Γ, J_{μ,γ} is computed as in (5.9). For k = 3, the equations in (5.12) can be written as follows: B_{(0,0)} = B_{(0,0)}J_{(0,0),γ} , 1 2 B_{(1,0)} + 1 2 B_{(0,1)} = B_{(1,0)}J_{(0,0),γ} − B_{(0,0)}J_{(1,0),γ} , 1 2 B_{(1,0)} − 1 2 B_{(0,1)} = B_{(0,1)}J_{(0,0),γ} − B_{(0,0)}J_{(0,1),γ} , 1 4 B_{(2,0)} + 1 4 B_{(1,1)} + 1 4 B_{(0,2)} = B_{(2,0)}J_{(0,0),γ} − B_{(1,0)}J_{(1,0),γ} + B_{(0,0)}J_{(2,0),γ} , 1 2 B_{(2,0)} − 1 2 B_{(0,2)} = B_{(1,1)}J_{(0,0),γ} − B_{(1,0)}J_{(0,1),γ} − B_{(0,1)}J_{(1,0),γ} + B_{(0,0)}J_{(1,1),γ} , 1 4 B_{(2,0)} − 1 4 B_{(1,1)} + 1 4 B_{(0,2)} = B_{(0,2)}J_{(0,0),γ} − B_{(0,1)}J_{(0,1),γ} + B_{(0,0)}J_{(0,2),γ} ,

where γ ∈ Γ. Solving the above system of linear equations subject to the condition B_{(0,0)}(1, 0)^T = 1, we obtain B_{(0,0)} = (1, 0), B_{(1,0)} = (0, 1/8), B_{(0,1)} = (0, −1/8), B_{(2,0)} = (−11/96, 0), B_{(1,1)} = (11/48, 0), B_{(0,2)} = (−31/96, 0).

By Theorem 5.3 we conclude that Φ has accuracy 3. Let us show that ϕ does not have accuracy 4. The matrix M has two eigenvalues σ_1 = √ 2 and σ_2 = − √ 2. Note that the mask a is supported in [−1, 1]^2 and ∑_∞ n=1 M^{−n}([−1, 1]^2) = { (x_1, x_2) ∈ IR^2 : |x_1| ≤ 3, |x_2| ≤ 3, |x_1 − x_2| ≤ 4, |x_1 + x_2| ≤ 4 } . The set E := ZZ^2 ∩ (∑_∞ n=1 M^{−n}([−1, 1]^2) ) has exactly 37 points. Among the 37 eigenvalues of the matrix (a(Mα − β))_{α,β∈E} the following are of the form σ^{−μ1}_1 σ^{−μ2}_2 for some doubleindex (μ_1, μ_2) with μ_1 + μ_2 ≤ 3: 1, √ 2 2 , − √ 2 2 , 1 2 , − 1 2 , 1 2 , √ 2 4 , − √ 2 4 . If Φ had accuracy 4, then √ 2/4 = σ^{−3}_1 = σ^{−1}_1 σ^{−2}_2 would be a double eigenvalue of the matrix (a(Mα − β))_{α,β∈E}, by Theorem 5.4. Therefore, the optimal accuracy of Φ is 3.

References

[1] C. de Boor, Topics in multivariate approximation theory, in Topics in Numerical Analysis, P. Turner (ed.), Lecture Notes in Math. 965, Springer-Verlag, 1982, pp. 39–78.

[2] C. de Boor, R. A. DeVore, and A. Ron, Approximation orders of FSI spaces in L_2(IR^d), Constr. Approx. 14 (1998), 631–652.

[3] C. de Boor and K. Höllig, Approximation order from bivariate C^1-cubics: a counterexample, Proc. Amer. Math. Soc. 87 (1983), 649–655.

[4] C. de Boor and R. Q. Jia, Controlled approximation and a characterization of local approximation order, Proc. Amer. Math. Soc. 95 (1985), 547–553.

[5] C. Cabrelli, C. Heil, and U. Molter, Accuracy of lattice translates of several multidimensional refinable functions, J. Approx. Theory 95 (1998), 5–52.

[6] C. Cabrelli, C. Heil, and U. Molter, Accuracy of several multidimensional refinable distributions, Journal of Fourier Analysis and its Applications 6 (2000), 483–502.

[7] A. S. Cavaretta, W. Dahmen, and C. A. Micchelli, Stationary Subdivision, Memoirs of Amer. Math. Soc., Volume 93, No. 453, 1991.

[8] H. L. Chen, Q. H. Sheng, and S. L. Xiao, Accuracy conditions of multivariate refinable vector in frequency domain, Computers and Mathematics with Applications, to appear.

[9] I. Daubechies and J. C. Lagarias, Two-scale difference equations: II. Local regularity, infinite products of matrices and fractals, SIAM J. Math. Anal. 23 (1992), 1031–1079.

[10] B. Han and R. Q. Jia, Multivariate refinement equations and convergence of subdivision schemes, SIAM J. Math. Anal. 29 (1998), 1177–1199.

[11] C. Heil, G. Strang, and V. Strela, Approximation by translates of refinable functions, Numer. Math. 73 (1996), 75–94.

[12] T. A. Hogan and R. Q. Jia, Dependence relations among the shifts of a multivariate refinable distribution, Constr. Approx., to appear.

[13] K. Jetter and G. Plonka, A survey on L_2-approximation order from shift-invariant spaces, preprint.

[14] K. Jetter and D. X. Zhou, Order of linear approximation from shift-invariant spaces, Constr. Approx. 11 (1995), 423–438.

[15] R. Q. Jia, Shift-invariant spaces and linear operator equations, Israel J. Math. 103 (1998), 259–288.

[16] R. Q. Jia, Approximation properties of multivariate wavelets, Math. Comp. 67 (1998), 647–665.

[17] R. Q. Jia, Convergence of vector subdivision schemes and construction of biorthogonal multiple wavelets, in Advances in Wavelets, Ka-Sing Lau (ed.), Springer-Verlag, Singapore, 1999, pp. 199–227.

[18] R. Q. Jia, Q. T. Jiang, and Z. W. Shen, Distributional Solutions of nonhomogeneous discrete and continuous refinement equations, SIAM J. Math. Anal. 32 (2000), 420– 434.

[19] R. Q. Jia and J. J. Lei, Approximation by multiinteger translates of functions having global support, J. Approx. Theory 72 (1993), 2–23.

[20] R. Q. Jia and C. A. Micchelli, On linear independence of integer translates of a finite number of functions, Proc. Edinburgh Math. Soc. 36 (1992), 69-85.

[21] R. Q. Jia, S. D. Riemenschneider, and D. X. Zhou, Approximation by multiple refinable functions, Canadian J. Math. 49 (1997), 944–962.

[22] R. Q. Jia, S. D. Riemenschneider, and D. X. Zhou, Vector subdivision schemes and multiple wavelets, Math. Comp. 67 (1998), 1533–1563.

[23] R. Q. Jia and S. R. Zhang, Spectral properties of the transition operator associated to a multivariate refinement equation, Linear Algebra and its Applications 292 (1999), 155–178.

[24] Q. T. Jiang, Multivariate matrix refinable functions with arbitrary matrix dilation, Trans. Amer. Math. Soc. 351 (1999), 2407–2438.

[25] Q. T. Jiang and Z. W. Shen, On existence and weak stability of matrix refinable functions, Constr. Approx. 15 (1999), 337–353.

[26] J. J. Lei, L_p(IR^d)-Approximation by certain projection operators, J. Math. Anal.

Appl. 185 (1994), 1–14.

[27] J. J. Lei, R. Q. Jia, and E. W. Cheney, Approximation from shift-invariant spaces by integral operators, SIAM J. Math. Anal. 28 (1997), 481–498.

[28] G. Plonka, Approximation order provided by refinable function vectors, Constr. Approx. 13 (1997), 221–244.

[29] I. J. Schoenberg, Contributions to the problem of approximation of equidistant data by analytic functions, Quart. Appl. Math. 4 (1946), pp. 45–99, pp. 112–141.

[30] G. Strang and G. Fix, A Fourier analysis of the finite-element variational method, in Constructive Aspects of Functional Analysis, G. Geymonat (ed.), C.I.M.E. (1973), pp. 793–840.