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Abstract

In this paper, we propose an approach to construct a family of two-dimensional compactly supported real-
valued symmetric quincunx tight framelets {¢; )1, 2,93} in Lo(R?) with arbitrarily high orders of vanishing
moments. Such symmetric quincunx tight framelets are associated with quincunx tight framelet filter banks
{a; b1, b2, b3} having increasing orders of vanishing moments and enjoying the additional double canonical prop-
erties:

bi(ky, ko) = (1) Rtkeg(1 — ky, —ko),  ba(ky, ko) = (1) R R b, (1 — by, —ky), Vi, ke € Z.

Moreover, the supports of all the high-pass filters by, b, b3 are no larger than that of the low-pass filter a. For a
low-pass filter a which is not a quincunx orthonormal wavelet filter, we show that a quincunx tight framelet filter
bank {a;b1,...,br} with b; taking the above canonical form must have L > 3 high-pass filters. Thus, our family
of symmetric double canonical quincunx tight framelets has the minimum number of generators. Numerical
calculation indicates that this family of symmetric double canonical quincunx tight framelets can be arbitrarily
smooth. Using one-dimensional filters having linear-phase moments, in this paper we also provide a second
approach to construct multiple canonical quincunx tight framelets with symmetry. In particular, the second
approach yields a family of 6-multiple canonical real-valued quincunx tight framelets in Lo(R?) and a family of
double canonical complex-valued quincunx tight framelets in Lo(R?) such that both of them have symmetry and
arbitrarily increasing orders of smoothness and vanishing moments. Several examples are provided to illustrate
our general construction and theoretical results on canonical quincunx tight framelets in Ly(R?) with symmetry,
high vanishing moments, and smoothness. Symmetric quincunx tight framelets constructed by both approaches
in this paper are of particular interest for their applications in computer graphics and image processing due to
their polynomial preserving property, full symmetry, short support, and high smoothness and vanishing moments.

Key words and phrases: Quincunx tight framelets, canonical tight framelets, symmetry, linear-phase moments,
vanishing moments, sum rule orders, smoothness exponents, wavelet analysis.
2010 Mathematics Subject Classification: 42C15, 42C40, 42B99, 41A30, 41A63.

*Research of B. Han was supported by the Natural Sciences and Engineering Research Council of Canada (NSERC Canada) under
Grant 05865. Research of Z. Shen was supported by several grants from Singapore. Research of X. Zhuang was supported by the
Research Grants Council of Hong Kong (Project No. CityU 11304414).



1 Introduction and motivations

In this paper we study quincunx tight framelets having full symmetry, short support, high vanishing moments and
smoothness. We say that a d x d matrix M is a dilation matriz if M is an integer matrix having all its eigenvalues
greater than one in modulus. In dimension two, typical and important dilation matrices M include

20 1 1 1 -1
21 := [O 2}, M 5= [1 _1], N 5= [1 1], (1.1)

where M 5 and N 5 are called quincunz dilation matrices. For functions ¢,¢1,..., ¢y in Ly(R%), we say that

{¢;91,...,91} is a tight M-framelet for Lo(R?) if the affine system AS({¢;¢1,...,1%1}) is a normalized tight
frame of Lo(R?); that is,

112 ey = D 1450~ k) S ST 1At~k Vf e La®D, (12

kezd j=0 (=1 kec74

where the affine system generated by the functions ¢, 1, ..., is defined to be
AS({e5 1, L)) == {o(- — k) = k€ ZT U {|det(M)P/2pp(M? - k) : jeNU{0}, kezdt=1,... L},

= Jra f( g(z)dz is the inner product, and | fllLoray == /(f, f) is the Lo-norm. If AS({¢;¢1,...,%r})
is an orthonormal ba81s of Ly(RY), then {¢;e)1,...,¢r} is called an orthonormal M-wavelet. Tt is known in [?,
Proposition 4] that if AS({¢;1,...,%r}) is a normalized tight frame (or an orthonormal basis) for Ls(R?), then

the homogeneous affine system AS({¢1,...,%r}) must be a normalized tight frame (or an orthonormal basis) for
L2(R%) as well, where

AS({ur, ..., oY) == {|det (M) Ppe(M7 - —k) : jeZ keZ t=1,...,L}. (1.3)

Tight M-framelets and orthonormal M-wavelets are often derived from M-refinable functions. By lo(Z?) we denote
the set of all finitely supported sequences u = {u(k)}czq¢ on Z%. For u € lo(Z%), its Fourier series (or symbol) 4 is
a 27 Z%periodic trigonometric polynomial defined by (w) := Y,z u(k)e *“, w € R For a,br,..., by, € lo(Z?)
such that @(0) = >, cza a(k) = 1, the following functions

~

o(w) = [[alM )7 w),  Yelw) =b(M")w)p(M)'w), weRLl=1,...,L (1.4)
j=1

are well defined ([?]). In the spatial domain, ¢ satisfies the following refinement equation
= |det(M)| Y a(k)p(M - —k)
kezd

and ¢ is called the M-refinable function/distribution associated with the filter/mask a. For the functions ¢, 11,
.., ¥, defined in (??) through the filters a,by,...,br € lo(Z%) satisfying a(0) = 1, {¢;¥1,...,%r} is a tight
M-framelet for Lo(R?) if and only if {a;b1,...,br} is a tight M-framelet filter bank; that is,

L L
@)+ ()P =1 and G(w)d(w +27E) + Y bp(w)be(w +27E) =0, € € U \{0}, (1.5)
_ /=1

where Q) is a set of representatives of the distinct cosets of the quotient group [(M T)~'Z%)/Z% and is given by
Q= (M) 1z9 N0, 1)4 (1.6)

As observed in [?, ?], the equations in (??) for a tight M-framelet filter bank only depend on the lattice MZ¢
instead of M itself. That is, for two d x d integer matrices M and N satisfying

MZ% = NZ4, (1.7)



{a;b1,...,br} is a tight M-framelet filter bank if and only if it is a tight N-framelet filter bank. This simple
observation in [?, ?] comes from the fact that (??) is equivalent to M = NE for some integer matrix £ with
|det(E)| = 1, which trivially implies (M ")71Z¢ = (N T)~1Z%. For example, the two quincunx dilation matrices in
(?7) satisfy M\@Z2 = N\/iZz, which is the quincunx lattice {(j, k) € Z? : j + k is even}.

When (?7?) holds, it was proved in [?] that the corresponding homogeneous affine system AS({¢1,...,¢r})
forms a normalized tight frame in Lo(R?), which is called the unitary extension principle. Under various conditions
on ¢,¢1,...,¢r and a,by,..., by, tight framelets have been studied in [?, ?, ?, ?] and references therein. Under
the natural and necessary condition a(0) = 1, the above one-to-one correspondence between a tight M-framelet
{¢;¢1,...,¢r} and a tight M-framelet filter bank {a;bi,...,br} has been presented in [?, Lemma 2.1, Theo-
rems 2.2 and 2.3] or more generally, [?, Corollary 12 and Theorem 17] for fully nonstationary tight framelets. In
particular, if {a;by,...,br} is a tight M-framelet filter bank with @(0) = 1, then the functions ¢, 1, ..., 1, defined
in (??) must be square integrable functions in Ly(R%) (see [?, Lemma 2.1]). Due to this one-to-one correspon-
dence between tight M-framelets and tight M-framelet filter banks, in this paper we shall concentrate on tight
M-framelet filter banks. Wavelets and framelets using the quincunx dilation matrices in (??) are called quincunx
wavelets or quincunx framelets in this paper.

For some applications such as computer graphics and computer aided geometric design, symmetry of framelets
and wavelets is highly desired. Let us now discuss the general symmetry of a filter. Let G be a finite set of d x d
integer matrices that forms a group under the usual matrix multiplication. We say that a filter a € Io(Z9) is
G-symmetric about a point ¢ € R? if

a(E(k—c)+c¢)=a(k), VkeZ® and VE €G. (1.8)

However, the symmetry of a low-pass filter a does not automatically guarantee the symmetry of the M-refinable
function ¢ defined in (??). As discussed in [?, 7, 7], some compatibility condition is needed. We say that a dilation
matrix M is compatible with a symmetry group G if MEM~! € G for all E € G. If M is compatible with a
symmetry group G, then ¢ in (??) is G-symmetric about ¢, := (M — I5)"'c (i.e., ¢(E(- — cg) + cp) = ¢ for all
E € G) if and only if a is G-symmetric about ¢ (see [?, Proposition 2.1] and [?, ?]). One of the commonly used
two-dimensional symmetry groups in computer graphics is the dihedral group D4 given by

D4;:{i[3 (l)]i[(l) fl],i[? é],i[_ol (1)]} (1.9)
Note that M s is compatible with the symmetry group Dy and its subgroup {I, —I>}, but it is not compatible
with the symmetry group D := {%diag(1,1), diag(1,—1)}. A matrix N is G-equivalent to M if N = EMF
for some E,F € G. Note that N 5 in (?77) is Ds-equivalent to M 5. It is of interest to point out here that [?,
Theorem 2| shows that every 2 x 2 matrix M compatible with D4 must be Dj-equivalent to either M = cIy or
M = c¢M s for some ¢ € Z. This makes the quincunx dilation matrices M 5 and N 5 particularly interesting
for constructing tight framelets having the full symmetry Dy. For a low-pass Ds-symmetric filter a, since N, s
is Dy-equivalent to M, 5, we shall see in this paper that the N g-refinable function is just a shifted version of
the M s-refinable function. However, the M s-refinable function and the N s-refinable function associated with
a low-pass filter a without symmetry could be completely different ([?, ?]). Because we are mainly interested in
symmetric quincunx tight framelet filter banks, as a consequence, there are no essential differences for using either
M, 5 or N, . Therefore, for simplicity, we mainly discuss the dilation matrix M, s in this paper.
A tight M-framelet filter bank {a;b1,...,br} with L = |det(M)| — 1 is called an orthonormal M -wavelet filter
bank. It is a simple consequence of the equations in (??) (by rewriting the equations in (??) in a matrix form)
that the low-pass filter a in a tight M-framelet filter bank must satisfy

Y law+2m)P <1, VweR” (1.10)
§€QNM

If the above inequality becomes an identity for all w € RY, then the low-pass filter a is called an orthonormal
M -wavelet filter. 1If {a;by,...,br} is an orthonormal M-wavelet filter bank, then a must be an orthonormal
M-wavelet filter and its corresponding {¢;1,...,1%z} in (??) is a tight M-framelet for Lo(R?) but it may fail
to be an orthonormal M-wavelet for Ly(R?) ([?]). For a filter bank {a;by,...,br} with L = |det(M)| — 1 and



a(0) = 1, {¢;e1,...,91} in (??) is an orthonormal M-wavelet for Lo(R%) if and only if {a;by,...,br} is an
orthonormal M-wavelet filter bank and sm(a, M) > 0, where the technical quantity sm(a, M) is defined in (?7?).
See [?, 7,7, 7,7, 27, 7,27, 7] and references therein for orthonormal wavelets. For a d x d dilation matrix M, it
is trivial to see that |det(M)| > 2. For |det(M)| = 2, an orthonormal M-wavelet filter bank {a;by,...,br} with
L = |det(M)| — 1 has only one high-pass filter b; which is derived from the low-pass filter a by

~

b (w) = e (w4 27¢), weR? with ~e zN\[M2ZY, ¢ € Qy\{0}. (1.11)

Therefore, for a dilation matrix M with |det(M)| = 2, an orthonormal M-wavelet {¢;1,..., ¢} with L =
| det(M)| — 1 has only one wavelet function ;. Hence, it is of interest in both theory and application to consider
dilation matrices M with |det(M)| = 2. This is another motivation for us to consider the quincunx dilation
matrices in (77?).

Due to the importance of high dimensional problems, multivariate wavelets and framelets have been studied
for many years now. For example, quincunx orthonormal wavelets have been investigated in [?, ?] and quincunx
biorthogonal wavelets have been studied in [?, ?, ?]. Using the dilation matrix M 2 and perturbation of the
Daubechies orthonormal wavelets, a family of quincunx orthonormal wavelets with arbitrarily smoothness orders
has been reported in [?]. However, compactly supported continuous quincunx orthonormal wavelets cannot have
symmetry (see [?] and [?, Proposition 2.2]). Moreover, it still remains unknown so far whether there exists a
C' compactly supported orthonormal N s-refinable function ([?] and [?, Example 3.6]). In fact, if the dilation
matrix M 5 is changed into N, 5 for the family of quincunx wavelet filter banks in [?], as a known phenomenon
observed in [?], their smoothness orders are no more than one and however decreases to zero. The quincunx
biorthogonal wavelets constructed in some literature such as [?, ?] have nice smoothness and/or full Dy-symmetry.
However the biorthogonal wavelets usually have large supports and the corresponding wavelet transforms have
large condition numbers. Pairs of quincunx dual frames have been obtained in [?, Corollary 3.4] having only three
wavelet functions without symmetry. Due to the difficulty in constructing multivariate wavelets with desirable
properties such as symmetry, short support and high vanishing moments (see [?, 7, 7, 7, ?] and references therein),
the current interest has been focusing on the construction of tight M-framelets with various dilation matrices and
properties. Tight M-framelets have been studied and constructed in many articles. For example, the topic of
wavelet frames has been investigated in [?, 7, 7, 7, 7, 7, ?] and references therein. The theory and construction of
one-dimensional tight 2-framelets are quite complete so far, for example, see [?, 7, 7,7, 7,7, 7,7, 7,7, 7] and many
references therein. In particular, if a is {1, —1}-symmetric, the construction of symmetric 2-framelet filter bank
{a;b1,...,br} with L = 2 or L = 3 and with short support have been completely solved in [?, ?, ?] with efficient
algorithms. The construction of multivariate tight framelets has been reported in [?, ?, 7, ?, 2, 7, 7 7 7] and
references therein. The applications of tight framelets to various applications such as image restoration have been
investigated in [?, 7, 7, ?]. Recently, wavelet frames have been used for surface processing [?, ?]. Furthermore, the
connections of wavelet frame based, especially spline tight wavelet frames based, approach for image restoration
to PDE based methods have been established in [?] for the total variational method and extended in [?] for the
nonlinear diffusion partial differential equation based methods, as well as in [?] for variational models on the space
of piecewise smooth functions.

We now explain our motivations to study quincunx tight framelets and quincunx tight framelet filter banks.
From the viewpoint of theory and application for particular areas such as computer aided geometric design and
image processing, the following are some key desirable features of a tight M-framelet filter bank {a;b1,...,bp}:

(i
(i

) The high-pass filters by, ..., bs, have desired high orders of vanishing moments.
)

(iii) The number L of high-pass filters should be relatively small for computational efficiency.
)

The low-pass filter a has full symmetry and all the high-pass filters by, ..., by, possess desired symmetry.

The low-pass filter a should have short support, while the supports of all high-pass filters by, ..., by, should
not be larger than the support of the low-pass filter a.

(iv

(v) The smoothness exponent sm(a, M) (see (??)) can be arbitrarily large.



Let {¢;41,...,9r} be its associated tight M-framelet for Ly(R%), where ¢, 41, ..., are defined in (?7). Ttem
(i) implies that all the wavelet generators 1, ..., have high orders of vanishing moments. The high order of
vanishing moments in item (i) is closely related to sparse approximation by tight framelets and necessarily requires
that the low-pass filter a should have high order of sum rules. Item (v) implies that the smoothness exponents of all
the functions ¢, 41, ..., can be arbitrarily large since sm(¢) > sm(a, M) and sm(¢1) = - -+ = sm(¢pr,) = sm(¢)
(see (?7)). The definitions of vanishing moments vm(a), sum rules sr(a, M), and smoothness exponents sm(¢) and
sm(a, M) will be defined in Section 2. High orders of vanishing moments in item (i) and smoothness in item (v)
are of theoretical interest and importance for characterizing function spaces by framelets. Item (ii) implies that all
the functions ¢, 1, ..., 1 have symmetry. The symmetry property in item (ii) is indispensable for applications
of tight framelets to certain areas such as computer graphics and is often strongly desired in areas such as image
processing for better visual quality. Item (iv) implies that all ¢,1)1,...,1 have shortest possible support. Items
(iii) and (iv) are important in applications for computational efficiency. We also point out here that because
different applications require different desirable properties of framelets and wavelets, it is not surprising that the
above outlined desirable properties in items (i)—(v) may not be needed or should be changed accordingly for a
particular application. For example, instead of high orders of vanishing moments in item (i), consecutive orders of
vanishing moments starting from vanishing moment one are found to be very useful in image processing [?, 7, ?].
To achieve directionality in [?, 7] for applications of complex tight framelets in image/video denoising, symmetry
of the high-pass filters in item (ii) is sacrificed (but the low-pass filter has symmetry and the high-pass filters have
pairwise symmetry). Nevertheless, the outlined properties in items (i)—(v) are highly desired for applications in
computer graphics, computer aided geometric design as well as other applications.

Despite numerous effort by many researchers on constructions of multivariate tight M-framelets and tight
M-framelet filter banks in many papers, none of them can really achieve all the above desirable properties in items
(i)—(v). For example, tight M-framelet filter banks with short supports have been constructed in [?, ?] from a
special class of almost separable low-pass filters. For a d-dimensional filter a € lo(Z%), we say that a is an almost
separable filter if its symbol is a finite product of symbols of one-dimensional filters as follows:

K
a(w) = H(ig(w ‘W), weR with ay € lo(Z), v, € 7% (1.12)
=1

Because the one-dimensional filters ay used in [?, ?] are Haar type low-pass filters with sum rule order one, it is
not surprising that all the constructed tight framelets in [?, ?] have only one vanishing moment. For every d x d
dilation matrix M, tight M-framelet filter banks with arbitrarily high vanishing moments have been reported in
[?, 7] by employing the simple observation in (??) on the role of a dilation matrix M in a tight M-framelet filter
bank. Note that every dilation matrix M can be written as M = EAF (see [?, ?]), where E, A, F' are integer
matrices such that |det(E)| = |det(F)| = 1 and A is diagonal. This allows [?, Theorem 1.1 and Lemma 3.1]
and [?, Corollary 3.4] to trivially have a tight A-framelet (or orthonormal A-wavelet) filter bank {a;by,...,b5}
with arbitrarily high vanishing moments and short support through tensor product of one-dimensional ones and
consequently, {a(E-);b1(E-),...,br(E-)} is a tight M-framelet (or orthonormal M-wavelet) filter bank. Note that

a(E-) is an almost separable filter by @(w} =a((ET)"'w). Tight M-framelet filter banks derived from almost
separable low-pass filters can be also trivially constructed in [?] through projecting tensor product tight framelet
filter banks. In particular, tight 2[;-framelet filter banks for every box spline filter having at least order one
sum rule can be painlessly constructed (see [?, Theorem 2.5]). In fact, all the constructions in [?, ?, 7, 7, ?]
can be regarded as various special cases of the projection method developed in [?]. Using sum of squares, for
a (two-dimensional) low-pass filter a satisfying (??), a general method has been proposed in [?, ?]. From any
box-spline filter a having at least order one sum rules, recently [?] constructs a tight 27;-framelet filter bank whose
high-pass filters have short support as that of the low-pass filter a and the number L — 1 is equal to the number of
nonzero coefficients in a. But all the constructed tight 2/;-framelet filter banks in [?] cannot have more than one
vanishing moment, since the method in [?] requires a low-pass filter to have nonnegative coefficients. However,
all the constructed tight framelets in [?, 2, 7, 7, 7, 7 ? 7] either lack symmetry or have a very large number
L of high-pass filters, while the supports of the constructed high-pass filters in [?] could be much larger than
the support of the low-pass filter. Beyond the above constructions of multivariate tight M-framelet filter banks,
particular examples of tight M-framelet filter banks have been given in [?, 7] and other references. However, it



remains unclear whether one can construct a family of tight M-framelet filter banks (in particular, for M = M NG
due to [?, Theorem 2] on all dilation matrices compatible with the symmetry group D,) achieving all the desirable
properties in items (i)—(v).

By (?7), the equations for a tight M s-framelet filter bank {a;b1,...,br} become

L
[@(w)? + o)+ loe(w)[? = 1, (1.13)
=2
L
a(w)a(w + (m, 7)) + by (w)by (w + (m,7)) + > by(w)be(w + (7)) = 0. (1.14)
=2

If in addition the following relation (which is a special case of (?7?)) holds:

~

bi(w) =e 08w+ (m,7), weR? (1.15)

we call {a;b1,...,br} a canonical quincunz tight framelet filter bank. Moreover, if {a;b1,...,bas—1} is a tight
M j-framelet filter bank satisfying (?7) and

—

bori1(w) = e*i“"(l’o)gg\g(w + (m,m)), (=1,...,5—1, w e R? (1.16)

then it is called an s-multiple canonical quincunx tight framelet filter bank. In particular, for s = 2, it is called a
double canonical quincunz tight framelet filter bank. Note that the particular vector (1,0) in (??) and (??) can be
replaced by any vector from Z2\[M \/522]. Also note that (?7?) is equivalent to

bi(ky, ko) = () Rtkeg(1 — k) —ky), ki ko €Z

and (7?) is equivalent to

bgg_;,_l(k:l, k‘Q) = (—1)1+k1+k2bgg(1 — /{71, —/{72), k‘l, ko € 7, /= 1,...,s—1.

The goal of this paper is to construct a family of quincunx tight framelet filter banks achieving all the above
desirable properties in items (i)—(v) with the additional canonical property in (??) and (??). For an s-multiple
canonical quincunx tight framelet filter bank {a; by, ..., bas—1}, the conditions in (??) and (??) automatically imply
(??) with L = 2s — 1. Hence, {a;b1,...,b2s—1} is an s-multiple canonical quincunx tight framelet filter bank if

and only if
1

[1526(w)? + [boe(w + (. m) 2| = 1 = fa(w)? — fa(w + (r, )2 (1.17)
1

»
I

~
I

which is simply a problem of sum of squares. If {a;b1,...,br} is a canonical quincunx tight framelet filter bank
satisfying (??) and if a is not an orthonormal M so-wavelet filter, then it is quite trivial to show that L > 3.
Indeed, if L = 1, then {a;b1} must be an orthonormal M sa-wavelet filter bank and consequently, a must be an
orthonormal M, 5-wavelet filter, which is a contradiction to our assumption on a. Hence, L > 2. Suppose that

L = 2. By (2?), the equation in (??) with L = 2 becomes by(w )ba(w+ (7, 7)) = 0, from which we must have by = 0.
This implies L = 1, a contradiction. Therefore, we must have L > 3. On the other hand, as shown in [?, 7], there

is a very restrictive necessary and sufficient condition for a symmetric tight 2-framelet filter bank {a;b1,...,br}
with L = 2. Due to similar reasons, it is natural that L = 3 is the smallest possible number of high-pass filters for
a symmetric quincunx tight framelet filter bank {a;by,...,br}. One of the main goals of this paper is to construct

a family of double canonical quincunx tight framelet filter banks {a; by, by, b3} with symmetry, short supports, and
increasing orders of vanishing moments achieving all the desirable properties in items (i)—(v).

The structure of the paper is as follows. In Section 7?7, we shall first introduce a family of symmetric minimally
supported two-dimensional low-pass filters with arbitrarily high sum rule orders and linear-phase moments. Then
we shall employ such symmetric low-pass filters to construct a family of compactly supported tight framelets with
double canonical quincunx tight framelet filter banks {a;b1, b2, b3} with symmetry and arbitrarily high orders



of vanishing moments. Numerical calculation also indicates that the smoothness exponents of this family of
compactly supported tight framelets can be arbitrarily large. In Section 7?7, we shall generalize the particular
construction in Section 7?7 and propose a general construction of double canonical quincunx tight framelet filter
banks with symmetry and vanishing moments which are derived from one-dimensional filters with linear-phase
moments. A few illustrative examples of such double canonical quincunx tight framelet filter banks {a; b, ba, b3}
are given in Sections 7?7 and ?7. In Section 7?7, we shall take another approach by studying multiple canonical
symmetric quincunx tight framelet filter banks using almost separable low-pass filters. In particular, we present a
family of compactly supported 6-multiple canonical real-valued quincunx tight framelets and a family of compactly
supported double canonical complex-valued quincunx tight framelets such that both of them have symmetry and
arbitrarily high orders of smoothness exponents and vanishing moments. We complete this paper by providing a
detailed proof to Theorems ?? and 7?7 in Appendix ?7.

2 Double canonical symmetric quincunx tight framelets with minimal sup-
port

In this section we shall first discuss how to construct a family of minimally supported symmetric low-pass filters
with increasing orders of sum rules and linear-phase moments. Such a family of low-pass filters is of particular
interest in their applications to computer graphics and computer aided geometric design, due to their polynomial
preservation property, short support and high smoothness. Then we shall use such low-pass filters to build double
canonical symmetric quincunx tight framelet filter banks with increasing order of vanishing moments.

For an integer j such that 1 < j <d, by 9; we denote the partial derivative with respect to the jth coordinate
of R%. Define Ny := NU {0}. For any pu = (u1,...,uq) € N&, we define |u| := |u1| + - + |ua| and O* the
differentiation operator 9{" - - - 85 ¢, For a nonnegative integer m and two smooth functions f, g, we shall use the
following big O notation

f(@) = g(w) + Oflw — woll ™), w — wp (2.1)

to mean the following relation:
oM f(wo) = g(wo), V e Ng satisfying |u] < m. (2.2)

For smooth functions, as shown in [?, Lemma 1], using the big O notation in (??) to mean (??) agrees with the
commonly accepted big O notation in the literature.

Let a € lo(Z?) be a filter. We say that the filter a has order m sum rules with respect to a dilation matrix
M if a(0) = 1 and a(w + 27¢) = O(||w||™) as w — 0 for all £ € Qp/\{0}. In particular, we define sr(a, M) :=m
with m being the largest such integer. We say that the filter a has order n vanishing moments if a(w) = O(||w||™)
as w — 0. In particular, we define vm(a) := n with n being the largest such integer. We say that a filter
a € lo(Z) has order n linear-phase moments with phase ¢ € R? if G(w) = e7% + O(||w||") as w — 0. In
particular, we define lpm(a) := n with n being the largest such integer. The notion of linear-phase moments
has been introduced in [?] for studying symmetric complex orthonormal 2-wavelets and plays a central role in
the construction of complex symmetric orthonormal wavelets, subdivision schemes with polynomial preservation
property in computer graphics, and symmetric tight framelets with vanishing moments (see [?, 7, 7, 7, ?]).

Suppose that {a;b,...,br} is a tight M-framelet filter bank. Through the equations in (??) and assume that
a(0) =1, it is shown (see e.g. [?, ?]) that

min(vm(by),...,vm(bz)) = min(sr(a, M), 3 Ipm(a * a*)), (2.3)
where m(w) = [a(w)[®. Tt is straightforward to see that Ipm(a * a*) > lpm(a). If the low-pass filter a is

symmetric about a point ¢ € R%: a(2c — k) = a(k) for all k € Z%, it has been shown in [?, Proposition 5.3] that
Ipm(a * a*) = lpm(a) and for a tight M-framelet filter bank {a;b1,...,br} with a(0) =1,

min(vm(by), ..., vm(bz)) = min(sr(a, M),  Ipm(a)). (2.4)

Therefore, to construct quincunx tight framelet filter banks with symmetry and high vanishing moments, it is
necessary to have low-pass filters having high orders of sum rules and linear-phase moments.



The following result presents a family of minimally supported D4-symmetric low-pass filters having increasing
orders of sum rules and linear-phase moments.

Theorem 2.1. For every positive integer n, there exists a unique two-dimensional filter a%ﬁzn such that a%fgn 18

supported inside [1 — n,n]?> NZ2, has order 2n sum rules with respect to M 5 and order 2n linear-phase moments
with phase ¢ := (1/2,1/2). Moreover,
(i) the filter a3y, is real-valued and is given by

—

2

1 = N .
a3l o, (w1, w2) = §[u(w1 + w2) + u(wr — wa)e” "2, (2.5)

where U(w) := (ab, (w/2) — ab, (w/2 +7))e”™/? and db,, is the interpolatory 2-wavelet filter given by

a/é\n( ) := cos®(w/2) Z ( -1 +‘]) sin?(w/2), weR; (2.6)

ii) the filter 2P, is Dy-symmetric about the point ¢ = (1/2,1/2);
2n,2n
(iii) ¢™Vve = ¢Mva(- + (1,1)) and ¢™Mv2 is real-valued with the following symmetry property:
oMVE(B(-— ) +¢cy) = ¢™v2,  VE € Dy (2.7)

with ¢y = (M 5 — L) e = (3/2,1/2), where ¢™vz and ¢™v2 are the refinable functions associated with the
filter a and the dilation matrices M 5, N 5 in (?7), respectively, and are defined in the frequency domain
through

H a2n 2n jw) and ¢N\F H a2n 2n jw)v wE ]RQ‘ (28)

The proof of Theorem ?7 is given in Appendix ?7. We now derive double canonical quincunx symmetric tight

framelet filter banks from the low-pass filters agf’ on, constructed in Theorem ?77.

Theorem 2.2. Let a = a%ﬁZn with n € N be the filter constructed in (?7) of Theorem ??. Define a high-pass filter
b2 by

ba(wy,ws) := 5[6((,01 +wo) + V(wy —wo)e 2] with v(w) :=2al(w/2)al(w/2 + 7), (2.9)
and define high-pass filters by, bs as in (??) and (??), where a? € ly(Z) is a real-valued Daubechies orthonormal

2-wavelet filter satisfying |al (w)|? = al, (w). Then {a;by,be,bs} is a double canonical quincunz tight framelet filter
bank satisfying

(i) all high-pass filters by, ba, bs have real coefficients and the following symmetry:
bi(E(k — ¢) + &) = det(E)by (k), VkeZ? Ec Dy with &:=(1/2,-1/2) (2.10)

and

ba(ki,1 — ko) = ba(k1,k2) and bs(ki1,—1 — ko) = —bs(k1, k2), Vki, ke €7 (2.11)
(i) all high-pass filters by, ba,bs have at least order n vanishing moments;
(iii) the supports of b1, be,bs are no larger than that of the low-pass filter a.
Moreover, {¢™Mva; 4y, ba, b3} is a tight M. j5-framelet in Ly(R?) such that $v2 has the symmetry in (27?),
Y1 (E(-—c1) +¢1) = det(E)yy, VE € Dy with ¢ :=(1,1) (2.12)

and
Yo(z2 + 1,21 — 1) = ¥a(z1, 22), V3(w2, 21) = —3(z1, 72), (2.13)

~

where ¢Mv2 is defined in (2?) and @(w) = bg((M}i)*lw)quﬂ((M\T@)*lw) for £ =1,2,3.
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Proof. Let i(w) = (ab (w/2)—db, (w/2+7))e~ /2 = (2a} (w/2)—1)e~*/2, where we use @k, (w/2)+al (w/2+) =
1. By the definition of a = a%fizn in (77?), we have

_ _ 17, _

[@wr,wo)|? + [@(wr +mwp + )P = 3 [\u(wl +w)? + [ai(wr — WQ)P]. (2.14)
Similarly, by the definition of by, we have

~ ~ IS ~

Bawr,wa) 2 + [ba(wr + w2 + M2 = 3 [|v(w1 +w)|? + [Blwr — w2)|2] . (2.15)

—

Since |c;,f?(w)|2 = a}, (w), we have
1= [a(w)? =1 — [2ad,(w/2) — 12 = 1 — 4(ad,, (w/2))? + 4a},, (0/2) — 1
— 4l (0/2)(1 — a},(w/2)) = 4ab, (w/2)al, (/2 + ) = [B(w)/*

Consequently, (??) holds with s = 2. Therefore, {a; b1, b2, b3} is a double canonical quincunx tight framelet filter
bank.
Since a is D4-symmetric about the point ¢ = (1/2,1/2), (??) is equivalent to

A(ETw) = e 27Bewq(u), weR? Ee Dy (2.16)

For E € Dy, we have (I — E)(1,1)" € 2Z? and by the definition of b1,

b1 (ETw) = e @ FOOGETw + (1,7)) = e @ FLOGET (w + (7, 7))
_ e—iw~E(1,0)e—z(I—E) -(w+(w,w))m _ det(E)ei(I_E)é'wé\l(w).

This proves (??). By the definitions of by and bs(w) = e~ ®1by(w + (m, 7)), we have

~ ~ . ~

b2 (WL _WQ) = by (wl, w2)€2w2 iwa

and bg(wl, —(UQ) = —bg(wl,WQ)ei ,
which are equivalent to (??7). Therefore, item (i) holds.

Item (ii) follows directly from min(vm(by ), vn(bz), vm(b3)) = min(sr(a, M. 53), +1pm(a)) = n due to sr(a, M ;) =
Ipm(a) = 2n. Item (iii) can be directly checked.

By [?, Proposition 2.1], the identity in (??) follows directly from (??) and (??), while the identities in (??)
follows directly from (??) and (?7). O

For a function ¢ € Lo(R?), its Sobolev smoothness exponent sm(¢) is defined to be
sm(@) s=swp {r R = [ IGOR+ 61?7 de < oc . (217)

If ¢ is an M-refinable function associated with a filter a € Io(Z?), then the smoothness exponent sm(¢) is closely
linked to a quantity sm(a, M) introduced in [?]. For u € lo(Z%) and pu = (p1, . - -, pq) € N&, we define
Viui=u—u(-—k), keZ® and VF:=VH.. . Vh

eq’

(2.18)

where e; = (0,...,0,

1,0,...,0) € R? has its only nonzero entry 1 at the jth coordinate. By § we denote the Dirac
sequence such that (0 )

1 and 6(k) = 0 for all k € Z4\{0}. For a € ly(Z?) and a d x d dilation matrix M, let

m := sr(a, M). For 1 < p < oo, the smoothness exponent smy(a, M) (see [?]) is defined to be
smy,(a, M) := % — d1og| get(ary| Pmla; M)y and sm(a, M) := sma(a, M), (2.19)
where .
pm(a, M)y = sup { i VS 018}y ¢ 10 € NG, ] = m} (2.20)
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and the subdivision operator S, s is defined to be

[Sa,a00)(n) := [ det(M)] > v(k)a(n — Mk), — neZ’ (2.21)
kezd

The quantity sm(a, M) can be computed by [?, Algorithm 2.1]. We say that M is isotropic if M is similar to a
diagonal matrix diag(A1,...,Aq) with [A;[ = --- = |Ag|. Note that the two quincunx matrices M 5 and N s in
(?7?) are isotropic. For an isotropic dilation matrix M, we have sm(¢) > sm(a, M) and if in addition the integer
shifts of ¢ are stable (i.e., > o4 |@(w + 27k)|? # 0 for all w € RY), then sm(¢) = sm(a, M) (e.g., see [?, ?] and
many references therein).

The smoothness exponents sm(a%fzn, Mﬂ) and sm(al, ,2) for n =1,...,10 in Table ?? are calculated by [?,
Algorithm 2.1] using Dy symmetry group. Note that sm(a, N, 5) = sm(a, M 3) since a is Dy-symmetric.

n 1 2 3 4 5 6 7 8 9 10
sm(agg%, M ) | 2.0 | 3.0365 | 3.5457 | 4.0269 | 4.4970 | 4.9658 | 5.4350 | 5.9038 | 6.3714 | 6.8374
sm(ad, ,2) 1.5 | 2.4408 | 3.1751 | 3.7931 | 4.3441 | 4.8620 | 5.3628 | 5.8529 | 6.3352 | 6.8115

Table 1: The smoothness exponents of the quincunx low-pass filters a%ﬁ on 0 (?7) and of interpolatory 2-wavelet

filters al in (??) forn = 1,..., 10, computed by [?, Algorithm 2.1]. Note that sm(a%fZQn, N ) = sm(a%rlz%, M s3).

We complete this section by presenting two examples to illustrate the results in Theorems 77 and 77.
Example 2.1. Take n = 1 in Theorems 7?7 and ??. Then a = agg in (?7?) with n =1 is given by

1 4 .
A, w2) = (147 (14 e72)

and 1
61((.«)) = e*iwlm = Z(1 _ eiiwl)(eiw B 1)‘

By c;{s(w) = 2(1 4 e ™), we have D(w) := 2aP(w/2)aP (w/2 + 7) = 3(1 — e=*). Then

—~ 1 =N . 1 . .
ba (w1, ws) = i(v(wl +wy) +0(wp —wa)e *2) = 1(1 —e ") (14 e*?)
and
1
4
The double canonical quincunx tight framelet filter bank {a; b1, be, b3} is given by

111 1 1[— 111 -1 1
i, wt B il L
4 [0,1]2 4 1 0,11x[-1,0] 4 T 012 41-1 -

Note that sr(a, M ;) = 2, Ipm(a) = 2, and sm(a, M 5) = sm(a, N 5) = 2. The filter a is Dy-symmetric

ha(w) = e (@ 1 (7)) = (1 4 e=1)(1 — ¢ie2),

] [0,1]x[~1,0] .

about (3, 3), while by has the symmetry in (??) and by, b3 have the symmetry in (??) with vm(b;) = 2 and
vm(b) = vm(bs) = 1. Let ¢, 91, 12,13 be defined in (??) with M = M 5, L =3 and a = agg. Then {¢; Y1, 12,13}
is a tight M 5-framelet in Lo(R?) such that ¢,1, 19,13 have symmetry property as in (??), (??), and (??).
Example 2.2. Take n = 2 in Theorems ?? and ?7?. Then a = aig in (??) with n = 2 is given by

a(wljwz) — 3%(9 + ge—iw1 + ge—iwz + 9€—i(w1+w2) - ei(w1+w2) N ei(w2—2w1) _ ei(wl—Qng) . e—iQ(wH—wg))'

By bAl(w) = e~ 1g(w + (m,7)), the filters a and by are given by

-1 0 0 -1 1 0 0 -1
a:i 0 9 9 0 ’ bl—i 0 9 0
3210 [9] 9 0 3210 9 -9 0
“1 0 0 —1f . 100 L]y

10



Let a? be the Daubechies orthonormal 2-wavelet filter given by
1

aP (@) = 5 (1= VB)e™ + (3= V3) + 3+ VE)eT™ + (1+ VB)e ™), (2.22)

Define v(w) := 2(@(&}/2)(@@)/2 + 7). Then 6;(0.)1,(4)2) 1= 1(U(w1 + wa) + V(wy — wa)e™™2) is given by

V3-2 0 0 24++3
) 1 0 —V3+6 —/3-6 0
7320 0 |—v3+6| —V3-6 0
V3 -2 0 0 24+ V3]

~

By b3(w) := e‘iwlb;(w + (m, 7)), the filter b3 is given by

—2-43 0 0 V3-—2
b3:i 0 V3+6 |—V3+6 0
32 0 —V3-6 V3-6 0
2+\/§ 0 0 2_\/3 [—1,2]x[-2,1]

Note that sr(a, M, 5) = 4, Ipm(a) = 4, and sm(a, M 5) = sm(a, N 5) ~ 3.03654. Hence oMvz Nz e C?(R?).
The filter a is D4-symmetric about (1/2,1/2), while b; has the symmetry in (??) and by, bs have the symmetry in
(??) with vin(b;) = 4 and vm(b2) = vm(bs) = 2. The filter bank {a; b1, b2, b3} is a double canonical quincunx tight
frame filter bank. Let ¢, 1,19,13 be defined in (??) with M = M 5, L =3 and a = ailz. Then {¢; 11, 12,13} is
a tight M s-framelet in Lo(R?) such that all ¢,1,1)9,13 all have symmetry property as in (??), (??), and (?7?).

3 Double canonical symmetric quincunx tight framelets derived from one-
dimensional filters
Motivated by the special form in (??) for the two-dimensional quincunx low-pass filters a%ﬁ ons We now further

generalize the construction and results in Section 7?7 for building double canonical symmetric quincunx tight
framelets from one-dimensional filters.

Theorem 3.1. Let u € ly(Z) be a one-dimensional finitely supported filter with w(0) = 1. Define a two-dimensional
filter a®P by

oD L. ~ —iw
a?P(wy,ws) = §[u(w1 + wo) + U(wy — wo)e 2. (3.1)
Then

(i) a?P has order n sum rules with respect to M\/g if and only if u has n linear-phase moments with phase 1/2,
i.e.,
U(w) =e 2 4+ 0(w™), w—0. (3.2)

(i) a?P has order n linear-phase moments with phase (1/2,1/2) if and only if u has n linear-phase moments
with phase 1/2, i.e., (?7) holds.

(iii) a®P is Dy-symmetric about the point (1/2,1/2) if and only if u is symmetric about the point 1/2, that is,
u(l —k) =u(k) for all k € Z.

Proof. The claim in item (iii) can be directly checked. We now prove items (i) and (ii). If (??) holds, then

a?P(w + (m, 7)) = 5(u(wl + wo) — U(wy — wa)e “?)
1 . .
— 5(671(w1+w2)/2 e (W1*w2)/26*lw2) + O(Hw”n)
= O([l«]")
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as w — 0. Hence, (??) implies that a*” has order n sum rules with respect to M VoL
Conversely, suppose that a?? has order n sum rules with respect to M 3~ Then

—

%(ﬂ(m +wz) —U(wr —wa)e ™?) = a?P(w + (m,71)) = O(|w|"), w0,
from which we deduce that
D(wi 4+ wo) = B(wi —wa) + O(|w|™), w—0 with B(w):= a(w)e™/?. (3.3)
By u(0) = 1, we have v(0) = 1. Now (??) implies
59(0) = A [B(w1 + wa)llwr=0wa=0 = A[F(W1 — w2)]lwy=0wa=0 = (~1)5Y)(0),  VO<j<n—1
and
3UHD(0) = 9105 [0(w1 + wa)] |y —0.wa—0 = 105 [0(w1 — w2)]|wi—0wp—0 = (—1)7DUTV(0),  VO<j<n-—2.

From the above identities, it is easy to deduce that we must have 7(0) = 1 and ) (0) =0 forall j =1,...,n — 1.
That is, 9(w) = 1 + O(Jw|™) as w — 0. Consequently, by 9(w) = @(w)e™/?, (??) must hold. This proves item (i).
Similarly, if (??) holds, then

— 1 R .
a?P(w) = i(ﬂ(wl + wo) + U(wy — wa)e “?)

1 . , A
_ §(e—$(w1+w2)/2 + e—z(wl—wg)/Qe—zwg) + (’)(Hw”")

= e*i(w’lJF""?)/2 + O(”w”n)

as w — 0. Hence, (??) implies that a?” has order n linear-phase moments with phase (1/2,1/2). Conversely, if
a?P has order n linear-phase moments with phase (1/2,1/2), then we must have

B(wy +ws) = —0(wy —ws) + O(|w]|), w—0 with T(w) = a(w)e™/?.
A similar proof as in the proof of item (i) shows that (??) must hold. This proves item (ii). O
For the filter v in Theorem 7?7, we also have the following result.

Proposition 3.1. For a finitely supported filter u € lo(Z) with u(0) = 1 such that u is symmetric about the
point 1/2, lpm(u) must be an even integer. Moreover, the filter u is symmetric about the point 1/2 and u has 2n
linear-phase moments with phase 1/2 if and only if u takes the following form

n—1 .
G(w) = 271(1 + e*W)(sm%(w/z)R(sm?(w /2)+1+3 W sin® (w /2)) (3.4)
j=1

for some polynomial R, where (2j —1)!! = (25 —1)(25 —3) --- (3)(1) and (2j)!' = (27)(25 —2) --- (2). In particular,
the two-dimensional filter a®P defined in (?7) using the filter v in (??7) with R = 0 is the same filter agg% n

(77).

Proof. Note that u is symmetric about the point 1/2 if and only if G(w) = e “u(—w), that is, e“/?u(w) =
e~™@/23(~w). Moreover, the symmetry of u also implies that Y, ., u(k)k = 1/2. Thus, it is trivial to see that
[€/2T(w)]# =1 (0) = 0 for all j € N. Consequently, by the definition of linear-phase moments with phase 1/2,
lpm(u) must be an even integer.

Since u is symmetric about 1/2, we must have @(w) = 271(1 + e~*)P(sin?(w/2)) for some polynomial P.
Therefore, €/25(w) = cos(w/2)P(sin®(w/2)). Now u has order 2n linear-phase moments with phase 1/2 if and
only if cos(w/2) P(sin?(w/2)) = €“/27(w) = 14+ O(|w|*") as w — 0, which, by considering = = sin?(w/2), is further
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equivalent to P(z) = (1 —z)™/2 4+ O(2") as x — 0. Considering the Taylor expansion of (1 — z)~/2

must have

at x =0, we

n—1 1 .
Po) =R+ 3 (7)o et 11+ Y E

for some polynomial R.
When R = 0, the filter u in (??) is supported inside [1 —n,n]. Define 9(w) := (ab, (w/2) —ad (w/2+7))e ™/2.

Since al, is an interpolatory 2-wavelet filter, it is trivial to see that d(w) = (1 — 2ad, (w/2 + 7))e /2. By
sr(ad, ,2) = 2n, it is trivial to see that

tw) =e @2 4+ O(lw*), w—0.

That is, Ipm(v) > 2n. Since al, is supported inside [1 — 2n, 2n — 1], we deduce that v is supported inside [1 —n, n].
By the uniqueness of u, we must have v = u. This proves a?’ = a%rlz o 10 (27). O
We now construct double canonical quincunx tight framelet filter banks from the low-pass filters in (?7?).

Theorem 3.2. Let u € lg(Z) be a finitely supported filter such that

Gw)| <1, weR (3.5)

Define a?P as in (7?), by (w) := e‘iwlc@(w + (m,m)), and

by (w) = %[5(w1 Fws) + D(wr —wa)e 2], bs(w) 1= e “hy(w + (7, 7)), (3.6)

where v € lo(Z) is a filter obtained from Fejér-Riesz lemma and satisfying [0(w)|> = 1—|i(w)|?. Then {a®P; by, bo, b3}
is a double canonical quincunx tight framelet filter bank.

Proof. By the definitions of a = a?” in (??) and by in (??), as proved in the proof of Theorem ??, (??) and (??)
must hold. Since |u(w)|? + [0(w)|? = 1, it is trivial to see that (??) holds with s = 2. Hence, {a??; by, bo, b3} is a
double canonical quincunx tight framelet filter bank. O

By the same proof of Theorem 77, we have the following generalized result of Theorem 77:

Theorem 3.3. Let u,v € lo(Z) be finitely supported filters such that
@) +pw)?=1, weR (3.7)

Let M be a d x d integer matriz such that |det(M)| = 2. Define

aiD(w) := %[am cw) + Ty - w)e Y], by (w) = e 9adD (w + 2m¢),
and )
ba(w) 1= 5[0 - @) + D2 - @)e ], by(w) i= e hy(w + 27, (3.8)

where w € R, € € Qp\{0}, 11,72 € MZN{0}, and 3,74 € ZN\[MZY]. Then {a®™;by,bs,b3} is a double canonical
tight M -framelet filter bank.

For a real-valued symmetric filter u satisfying
u(l — k) = u(k), for all k € Z, (3.9)

it is of interest to ask whether there exists a finitely supported real-valued filter v satisfying (?7) with symmetry
so that the constructed high-pass filters by and b3 in Theorem ?7?7 will have better symmetry as in Example 77.
This is negatively answered by the following result.
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Theorem 3.4. Let u,v € lo(Z) be two finitely supported real-valued filters. Then (?7) and (??) hold, >, ., u(k) =
1, and v has symmetry if and only if

G(w) =271 ("% 4+ 70Ty gnd  D(w) = 27 te T (el — eI+ Dw) (3.10)
for some j, k € Z.

Proof. The sufficient part is trivial, since (??) implies (??) and v has symmetry.

We now prove the necessity part. Since u has symmetry in (??), we can write ti(w) = 27! (1+e~™) P(sin?(w/2))
for some polynomial P with real coefficients. Since u(0) = 1, we must have P(0) = 1. Consequently, we have
[u(w)|? = cos?(w/2)(P(sin?(w/2)))? = (1 — z)(P(x))? with 2 := sin?(w/2).

Since v has symmetry and there are essentially four different types of symmetry, we must have

O(w) = e M Q(sin*(w/2)),
(w) = e 2711 4 e~ ™) Q(sin?(w/2)), (3.11)
(w) = e 2L — =) Q(sin?(w/2))

<)
Il

<)

B(w) = e 2711 — e~ ) Q(sin(w/2)) (3.12)

for some k € Z and some polynomial ) with real coefficients. We now show that v must have the symmetry
in (??). Otherwise, v must take one of the three forms in (??). Then [o(w)*> = (Q(z))?, (1 — x)(Q(x))?, or
z(1 — 2)(Q(x))?, respectively. Now by [u(w)[? + [0(w)|? = 1, we will have

1-2)(P@)*+(Q)* =1, (1-2)(P@)*+(1-2)(Q@)*=1, or (1-2)(P(2))*+z(l-2)(Q))*=1

The last two identities cannot hold due to the factor 1 —x, while the first identity must fail by considering x — —oo
and noting P # 0. Thus, v must have the symmetry in (?7?).
By (?7?) and (?7), we see that both e™/?%(w) and ie?(**1/2)“%(w) are real-valued. Therefore,

e [a(w) + eikwﬁ(w)] [ﬂ(w) . eikwﬁ(w)] _ [eiw/Za(w) + 6i<k+1/2)wﬁ(w)] [eiw/Za(w) o 6i(k+1/2)wi)\(w)}

= [@(w)]* + [B(w)|* = 1.
Hence, the first two nontrivial factors in the above identities must be monomial, that is,
u(w) + eik”’ﬁ(w) = e, u(w) — eik‘“i}(w) — e*i(jH)W/)\

for some j € Z and A € R\{0}. From the above identities, we have G(w) = [Ae 4 e~*+Dw /X] /2. By (?7), we
must have A = 1 and (??) holds. O

By Theorem 77, we can conclude that except the Haar-type double canonical quincunx tight framelet filter bank
that is similar to Example ?7, there is no other real-valued double canonical quincunx tight framelet filter bank
with better symmetry property. Moreover, due to Proposition 77, it is quite easy to observe that the real-valued
low-pass filter v constructed in (??) can have no more than two linear-phase moments and therefore, the tight
framelet filter banks constructed in Theorem 7?7 can have no more than one vanishing moment. This shortcoming
can be easily remedied by using complex-valued filters. As shown in [?, Theorem 1 and Algorithm 2], there are
finitely supported complex-valued low-pass orthonormal 2-wavelet filters a such that a(1 — k) = a(k) for all k € Z
with arbitrarily high orders of sum rules and linear-phase moments. Take u = a. Then we can easily obtain
complex-valued double canonical symmetric quincunx tight framelet filter banks with arbitrarily high orders of
vanishing moments. For the convenience of the reader, we provide an example here by combining [?, Algorithm 1]
and Proposition ?77?.

Note that M s is not compatible with the symmetry group Df = {£diag(1,1), £diag(1,—1)}. But we have

_ _ 10 0 1 _ S
MﬁDjM\/%::{MﬁEM\/%:EGDI}:{i[0 1],1[1 O]}::D4 and M 5D M ; = Dy
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Example 3.1. Take n =3 and R = 0 in (??) of Proposition ??. Then P(z) =1+ jz + 227 and

Q(x) - 1-— (1 —i)(P(x))Q _ 3;2(9(1j2 +6}15m -+ 40) >0, VazeR.

Then Q(z) := Sz(z + %) satisfies |Q(x)[? = Q(z) for all z € R. Define filters u and v by
Bw) = 2711+ e ) Psin?(w/2)),  B(w) = 271 (1 — e )Q(sin?(w/2)).
Then lpm(u) = 6 with phase ¢ = 1/2,
(w) = 2—;6(150(1 +e7) — 25(e™ 4 e72W) 4 3(e2W 4 e73W)),

and
1

(60 + 118VIB)(1 — ¢~ ) — (25 4+ i6V/T5) (™ — e~ 2) 1 3(e2 — ¢~3i)),

The filters u and v satisfy u(k) = u(1—k) and v(k) = —v(1—k) for k € Z; that is, u is symmetric about 1/2 while v is
antisymmetric about 1/2. Note that the real-valued filter v in Theorem ?7 defined by v(w) = 2a2(w/2)aP (w/2+7)

does not have symmetry property.

Define a = a?P as in (??). Then, the filter a satisfies a = a*” = g%} in (??) due to P(z) = (1- z)"V2 4 O(at)

and a is supported on [—2, 3]2. The canonical high-pass filter by of a is given by bi (w) = e “1a(w + (,7)). The

filters a and by are given by

3.0 0 0 0 3 -3 0 0 o 0 3
0 -25 0 0 -25 0 0 25 0 0 -25 0

L _ 100 150 150 0 0 o= Ljooo0 150 0 0
512 (0 0 [150] 150 0 0 5120 0 150 —150 0 0

0 -25 0 0 -25 0 0 -25 0 0 25 0

3 0 0 0 0 3], 130 0 0o 0 -3

[—2,3]x[—3,2]

Note that a = a%% is real-valued and Dy-symmetric about ¢ = (1/2,1/2) while b; has symmetry given by (77).
Define high-pass filters by and b3 by (??). Then, the high-pass filter by is supported on [—2,3]? and is given by

3 0 0 0 0 -3 ]
0 —25—6iV15 0 0 25+ 6iv/15 0
1 lo 0 60+ 18iv/15  —60 — 18/15 0 0
by = —
512 1 0 60 + 18iv15| —60 — 18i/15 0 0
0 —25—6iV15 0 0 625+iv15 0
| 3 0 0 0 0 =3 | Logp
The canonical high-pass filter bs of bs is supported on [—2, 3] x [—3, 2] and is given by
[ 3 0 0 0 0 3 ]
0 6iv15—25 0 0 6iv/15—25 0
) 1 0 0 60 — 18iv15| 60 — 184iv/15 0 0
g = —
5121 0 —60 +18iv/15 —60 4 184i/15 0 0
0 25—6iV15 0 0 25— 6iv/15 0
L _3 O O 0 0 _3 = [_273}X[_372]
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The high-pass filters by and b3 are complex-valued and have the following symmetry:
ba(E(k —c)+c) = Ey1bo(k), VkeZ* E€ Df with ¢ =(1/2,1/2),
b3(E(k — &) + &) = Faabs(k), Vke€Z* Ec Df with ¢ =(1/2,-1/2),
where E; ; is the (i, j)-entry of E.
The filter bank {a;bi,ba,bs} is a double canonical quincunx tight framelet filter bank with vm(b;) = 6 and
vin(b2) = vin(bs) = 3. Let ¢, 91,2, v be defined in (?7) with M = M 5, L =3 and a = %‘ 6. Then {¢; 1, 2,93}

is a tight M s-framelet in Lo(R?) such that ¢,1); have symmetry property as in (?7), (7?). 1g,13 are of complex
value and have the following symmetry property:

Po(E(- — ¢2) + c2) = [MEM ']y 19,
Y3(B(- — ¢c3) + ¢3) = [MEM ]5293,
where ¢ = (3/2,1/2) and ¢3 = (1,1).

VE € Dy .

4 Multiple canonical quincunx tight framelet filter banks with symmetry

In this section we study symmetric multiple canonical quincunx tight framelet filter banks derived from one-
dimensional filters.

As discussed in Section ??, for every d x d dilation matrix M, compactly supported tight M-framelets
{¢;11,...,%r} with arbitrarily high vanishing moments and smoothness can be easily constructed (e.g. [?, The-
orem 1.1]) but at the cost of large number L of wavelet/framelet functions. The key idea to construct such and
similar compactly supported tight M-framelets in [?7, 7, 7, 7, 7] is to use the almost separable low-pass filters in

(??). For example, for two one-dimensional tight 2-framelet filter banks {bg; b1,...,bs} and {ug;u1,...,ur} one
can trivially verify (see [?, Lemma 3.2] and [?]) that
{bj®uk :0<j<J,0<k<L}, (4.1)

is a quincunx tight framelet filter bank derived from the separable low-pass filter by ® ug, where bj/®\uk (w1, ws) :=
I;}(WI)U/E(OJQ). Moreover, every one-dimensional tight 2-framelet filter bank {bo;b1,...,bs} is automatically a
quincunx tight framelet filter bank by identifying Z with either Z x {0} or {0} x Z so that a one-dimensional filter
can be regarded as a two-dimensional filter ([?]). Such tight framelet filter banks are particular instances of the
tight framelet filter banks constructed via the projection method in [?]. In fact, one can directly check that if

{bo; b1,...,bs} is a one-dimensional tight 2-framelet filter bank and if the filters ug, u1, ..., ur satisfy
(W) ? + [@ (W) + - - + [ur () = 1, (42)

then the filter bank in (?7) is still a quincunx tight framelet filter bank. Note that (?7?) is weaker than requiring
{up; uy, .. LU L} to be a tight 2-framelet filter bank. For every pair of finitely supported low-pass filters by and ug
satisfying |b0( )% + |b0(w +m)|? <1 and [ug(w)|? < 1, one can always construct ([?]) a finitely supported tight
2-framelet filter bank {bg; b1, b2}, and by Fejér-Riesz lemma, there always exists a finitely supported filter u; such
that (??) holds with L = 1. Consequently, the quincunx tight framelet filter bank in (?7?) with J =2 and L =1
has only five high-pass filters derived from the given low-pass by ® ug, and {bp; b1, b2} is a quincunx tight framelet
filter bank with only two high-pass filters. However, such quincunx tight framelet filter banks often lack symmetry
and are not necessarily a multiple canonical quincunx tight framelet filter bank. By modifying (?7) slightly, we
next show that multiple canonical quincunx tight frame filter banks can be easily obtained from one-dimensional
tight framelet filter banks as long as {bg; b1, ...,bs} has the multiple canonical property.

Theorem 4.1. Let s, L be positive integers. Suppose that {bo;b1,...,bas—1} is a one-dimensional finitely supported

s-multiple canonical tight 2-framelet filter bank having the canonical property: lg:l(w) = e_iwgg\j(w +m), Jj =
0,...,8 — 1. Suppose that ug,ui,...,ur € lo(Z) are one-dimensional filters satisfying (?7). Then {b?% D=
0,...,2s—1;k=0,...,L} is an s(L 4+ 1)-multiple canonical quincunz tight framelet filter bank, where

b%f’k( W) = by (w)ir(wa), B3P () = by (w)Tn(wz + 1), w = (wi,ws) € RZ. (4.3)

forj=0,....,s—1and k=0,...,L.
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Proof. By the canonical property in (??) and (?7?), it follows directly from the definition of bil,z that the two-

dimensional filter bank {b2D :j=0,...,2s — 1;k = 0,...,L} has the desired s(L + 1)-multiple canonical
property. On the other hand we have

2s—-1 L s—1 L s—1 L
)2
PIPICHEIED DPBCTATIED PPN
j=0 k=0 j=0 k=0 J=0 k=0
s—1 2s—1 R
= \ (w1)]? ka (w2)]? +Z\b23+1 (w1)]? Zm (wa+m)2 =" |be(wr)]* =1.
The fact

2s—1

L
Z Zb?},z(w)b?f,z(w + (m,m)) =0
§=0 k=0

can be proved similarly. Thus {b?g :j=0,...,2s = 1;k=0,...,L} is a quincunx tight framelet filter bank. [

Before applying Theorem 77 to construct multiple canonical quincunx tight framelets, let us look at the
smoothness exponent of the low-pass filter by ® ug in Theorem ?77.

Theorem 4.2. Let 1 < p < o0o. The following statements hold.

(i) For a € lo(Z) with @(0) = 1, sr(a, M 5) = sr(a, N ) = sr(a,2); if smy(a,2) > 0, then smy(a, M 5) =
smy(a, 2), where a is also regarded as a 2D filter by identifying Z with Z x {0} in Z>.

(ii) Foru,v € lo(Z%) with u(0) = ©(0) = 1 and for any dx d dilation matriz M, sr(uxv, M) > sr(u, M)+sr(v, M)
and sm(u * v, M) > smoo(u * v, M) > sm(u, M) + sm(v, M), where u * v(w) := U(w)o(w).

(iii) For u,v € lo(Z) with u(0) = v(0) = 1, st(u ® v, M 5) = sr(u ® v, N 5) > sr(u,2) + sr(v,2); if sm(u,2) > 0
and sm(v,2) > 0, then sm(u ® v M\[) > steo(u ® v, M ) > sm(u, 2) + sm(v, 2).

The proof to Theorem ?7? is given in Appendix ??. For item (i), sm(a, N 5) = sm(a,2) often fails. In
fact, as Daubechies showed in [?] that lim,_, sm(ad,,2) = oo, while numerical calculation in [?] observed that
lim,, 00 sm(ad,, N v3) = 0. Moreover, as we shall see in the proof of Theorem ?? in Appendix ??, the condition
smy(a,2) > 0 in item (i) cannot be removed to guarantee smy(a, M. 5) = smy(a, 2).

Let a? with n > 1 be the Daubechies orthogonal filter with 2n-nonzero coefficients. Let by = a?, ag = a2 and

define by and aq by
by (w) = e “1aD(w+ ), a1 (w) = al(w+7), weR,

then we have double canonical quincunx tight framelet filter banks based on the Daubechies orthogonal filters as
summarized in the following corollary.

Corollary 4.1. Let a? and a®) be the Daubechies orthogonal filters. Define

0P (w) = aD(wn)ab (ws), 02D (w) := e #1120 (w + (m, ),
B0 (w) = aD(w)aD(wa +7), B3P (w) 1= e 1D (w + (7)),

Then {b3P; 2P 2P 2P} is a double canonical quincunz tight framelet filter bank such that min(vim(b37),vm(b3P),
vm(b3P)) > mln(m n) and sm(bgD,M\/@) > sm(a?,2) +sm(a?,2) = co as m +n — oo.

The Daubechies orthogonal filter-based double canonical quincunx tight framelet filter bank {b27; b37, 3P, 3P}
does not have any symmetry. In this paper we are interested in multiple/double canonical quincunx tight framelet
filter banks with symmetry. We immediately conclude from Theorem ?7? that all nontrivial symmetric real-valued
canonical qunicunx tight framelet filter banks of the form in (??) must have multiplicity at least 6. In fact, if we
require both {bg; b1,...,b2s—1} and {ugp;u1,...,ur} in Theorem ?? to be of real-valued filters with symmetry, then
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s > 2and L > 2 due to the well-known fact that except the Haar type filter banks, there is no real-valued symmetric
dyadic orthonormal wavelet filter bank. Consequently, the multiplicity of a nontrivial canonical quincunx tight
framelet filter bank with real-valued filters and with symmetry satisfies s(L + 1) > 6. That is, {bo;b1,...,b2s—1}
need to be at least double canonical tight 2-framelet filter bank {a, b1, be, b3} while {ug;uq,...,ur} need to be at
least {ug;u1,uz2}.

We now discuss double canonical tight 2-framelet filter bank {a; b1, ba, b3} with symmetry satisfying

~

b(w)=e “a(w+m),  byw)=e“hy(w—+). (4.4)

It follows trivially from the above relations in (??) that

—~ ~ ~ ~ S o~

a(w)a(w + ) 4 by (w)by (w + ) = 0, ba(w)ba(w + ) + bg(w)bz(w + ) = 0.

Consequently, every double canonical tight 2-framelet filter bank with symmetry is a special case of type I sym-
metric tight 2-framelet filter banks {a; b1, b, b3} discussed in [?]. Moreover, Algorithm 1 in [?] can be used to find
all possible such type I symmetric tight 2-framelet filter banks {a; b1, ba, b3} from any given symmetric low-pass
filter. For simplicity, we only discuss real-valued filters here. As a special case of [?, Algorithm 1], the following
result constructs all possible double canonical tight 2-framelet filter banks with symmetry.

Theorem 4.3. Let a € lo(Z) be a real-valued low-pass filter having symmetry and satisfying
7(2w) =1 —[a(w)|? — [a(w+m)]? > 0, VweR. (4.5)
Define a finitely supported real-valued high-pass filter by by either of the following two cases:

1. Obtain a real-valued filter u € lo(Z) through Fejér-Riesz lemma by |u(w)|> = 0(€) and define

~

bo(w) := (T(2w) 4 ee” ™7 (2w)) /2 with € € {—1,1} and ¢, being an odd integer.

2. If in addition multiplicity of any zero inside (0,1) of the Laurent polynomial Zkezv(k)zk s even, then one
can always construct finitely supported real-valued filters uy, us with symmetry such that
Sus(w)

P+ B =) with g = e,

where Suy (w) 1= U@ records the symmetry type of the filter ui. Define

u1(—w)

—

ba(w) 1= (T(2w) + ¢ T3(w))/V2.

Define the filters by and bs as in (?7). Then {a; b1, ba, b3} is a double canonical tight 2-framelet filter bank such that
all the filters have symmetry. Moreover, all finitely supported canonical tight 2-framelet filter banks with symmetry
can be obtained by the above procedure.

The construction of real-value filters {ug;u1,u2} satisfying (??) and having symmetry has been completely
solved in [?, Theorem 2.7] and [?, Lemma 2.4].

Now we have the main result in this paper on 6-multiple canonical quincunx tight framelet filter banks with
symmetry and vanishing moments.

Theorem 4.4. Let a € lg(Z) be a real-valued low-pass filter satisfying the condition in (?77?) such that a(0) = 1 and
a has symmetry. Then we can always construct by Theorem 77 a finitely supported real-valued double canonical
tight 2-framelet filter bank {a; by, ba, b3} with symmetry and by [?, Theorem 2.7] finitely supported real-valued filters
w1 and ue with symmetry such that

[a(w)l? + [ (w)]? + [az(w)]” = 1. (4.6)
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Define two-dimensional filters b%% as in (??) of Theorem 77 for £ = 0,...,3 and k = 0,1,2 with by := a and
ug := a. Define a®P := ba[o). Then

2D, 312D 312D 312D 312D 312D 312D 312D 312D 312D 32D 312D
{a ’ bl,Ov b2,0’ b3,0’ bO,l ) bl,l ’ b2,1 ’ b3,1 ) b0,2’ b1,27 b2,27 b3 2 (47)

is a 6-multiple canonical quincunz tight framelet filter bank such that the real-valued low-pass filter a®P is Dy-
symmetric, with

sr(aZD,M\/E) = sr(azD,N\/i) > 2sr(a,2) and sm(azD,Mﬁ) = sm(azD,N\/Q) > 2sm(a, 2),

and all the eleven high-pass filters are real-valued and have symmetry with at least order min(2sr(a,2),lpm(a)/2)

vanishing moments. In particular, if we take a = aén with n € N, then we have a 6-multiple canonical quincunx

tight framelet filter bank in (?77) such that

(i) all the high-pass filters have symmetry and at least order n vanishing moments;

2D

(ii) the low-pass a*P = al, ® al, is Dy-symmetric such that sr(ad, ® aén,M\@) = sr(ad, ® aén,Nﬁ) > 4n,

- I I _ : I I .
limy, 00 sm(as,, ® ay,, Mﬁ) = 00, and lim,,_,o sm(as, ® ay,,, Nﬂ) = 00;

(iii) the tight M s-framelet (or tight N s-framelet) {¢;91,... ¢} with L =11 in L2(R?) have symmetry and
arbitrarily high orders of vanishing moments and smoothness, where ¢, 1, ..., is defined in (77).

Proof. Since a is D4-symmetric, by definition of smoothness exponent, we can directly verify that smp(a2D , M \/5) =
smy,(a*’, N ) for all 1 < p < oo (also see Theorem ?? and [?, ?]). It is known in [?] that lim, o sm(aj,, 2) =
0o. By Theorem ??, we have sm(a2D,M\/§) = sm(ad, ® aén,M\@) > 2sm(ad,,2). Consequently, we have
lim,, oo sm(al, ®al , M 3) = o0. All other claims follow from the results and discussion before Theorem ?7. [

As proved in [?, Theorem 1 and (2.15)], there are finitely supported complex-valued orthonormal 2-wavelet
filters with symmetry and arbitrarily high orders of sum rules. As a consequence, if we relax the constrain on
real-valued filters and allow complex-valued filter banks, we can have double canonical quincunx tight framelet
filter banks with symmetry of form in (77?).

Corollary 4.2. For n € N, let a,, € lo(Z) be the finitely supported symmetric complex-valued orthonormal 2-
wavelet filter with sr(an,2) = 2n — 1 as constructed in [?, Theorem 1]. Define

a?P(wy, w2) = Gp(w1)an(w2),  ba(wi,ws) := Gn(wi)an(we + )
and
by(wi,wo) := e “1a2D (wy + 7wy + ), b3(wy,ws) := e “lhy(wy + T, wy + 7).

Then {aQD; b1,ba,bs} is a double canonical quincunz tight framelet filter bank such that a®P is Dy-symmetric, with
sr(a2D,M\/§) >2n  and Sm((zQD,M\/i) = sm(a2D,Nﬁ) > 2sm(ap,2) — 00, asn — oo,
and all the high-pass filters by, ba, bs have symmetry and at least order n vanishing moments.

We conclude this section by presenting two examples of 6-multiple canonical quincunx real-valued tight framelet
filter banks to illustrate the result in Theorem ?7.

Example 4.1. Consider a = al = —3%,0, %,, 3%, 0, —3—12}[_373] with sr(a,2) = 4 and lpm(a) = 4. Then

1
1 —[a(w)* - [a(w+ ) = —a(cos3(2x) — 9cos?(2x) 4 15 cos(2z) — 7) > 0.

By Fejér-Riesz Lemma, we can obtain u € l(Z) such that [u(2w)|? = 1 — [a(w)|? — |a(w + 7)|? as follows.

R 9 . 4 . ,
u(w) = \?gew(to +t1e” % 4 tge T2 | tze W),
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where tg =2 — /3, t; = —6 + /3, to = 6 + /3, t3 = —2 — /3. Define by, by, b3 by

biw) = e G T 1), ha(w) = @) +e T2/ hyw) = e halw + 7). (18)
Then,
bi(w) = e ™ (1 — ﬂ(em e )+ é(emw +€i3W)> :

2 32
V2

by (w) = o (£33 + e7H9) 4 t(e + =) 4 ty(e + €72 4 11 (1 + e~ ™))
N \/§ 13w —tdw 12w —13w w —12w —iw
b3(w) = ——— (t3(e"™ — ™) —to(e"™ — ™) + ta(e™ — e ) —t1(1 — e ™).

64
Note that b; is symmetric about 1 and supported on [—2, 4], by is symmetric about 1/2 and supported on [—3, 4],
bs is antisymmetric about 1/2 and supported on [—3,4]. The filter bank {a;b;, b2, b3} forms a double canonical
tight 2-framelet filter bank. See [?, Examples 4 and 9] for other tight 2-framelet filter banks {a; by, b2, b3} with
symmetry derived from the interpolatory low-pass filter a = al.

Next, define 9(w) := 1 — [@(w)|>. Then,

B ‘1 —e W demw 12 \/3 2(6+3cos(a:) —cos3(x))

V4 —2V3 4

’ 2

By Fejér-Riesz lemma, we can obtain ug such that |ug(w)|* = v(w) as follows:

W) Z-3w(1 — ei“’>2(e"°’ +2— \/5) <eiw — 7“1) (€72 4 (ro +73)e™™ + |ro|?)
U =
olw € 9

Vi —2V3 2v2r1 2|72
where
with
t=0B+2V2)Y3 o=t + % ¢ = 50 \Qf (t—1/1).

Define uy,us by
wi(w) = (w(w) + e “up(w))/2, W(w) = (@o(w) — e “ug(w))/2-
Then, u; is symmetric about 1/2 with support [—3,4] N Z, uy is antisymmetric about 1/2 with support [—3,4],
and [@(w)[* + [@1(w)[* + [az(w)* = 1.
Finally, we can define

2D, 312D 2D 312D 312D 2D
{a b107b207b307b0,17b117b217b317b027b127 227 }

as in Theorem ??, which gives a 6-multiple canonical quincunx tight framelet filter bank. a?? has at least order 4
sum rules and is D4-symmetric about the origin. All the eleven high-pass filters are real-valued and have symmetry
with at least order 2 vanishing moments.

Example 4.2. Consider a = {—&;, &, , 2.8, —%}[_273} with sr(a,2) = 3 and lpm(a) = 4. Then
-~ 2 ~ 2 15
1 —[a(w)]* = |a(w + ) > = —=—(1 — cos(2z))* > 0.
256
Then u(w) := \é—g’@ — e~ W — @) gatisfies 1 — [a(w)|? — |[a(w + 7)|? = |U(2w)|?. Define by, bs, b3 as in (??). Then,
~ 15 5 . ) 3 . )
_ - 1 —iw M oiw —12w 2 2w 13w
~ V15 , . , , ,
by(w) = o1 (2(1 +e ™) — (e + e—zQw) _ (612“) + 6—z3w)) :
~ V15 , , , , ,
bg(w) — ol (2(_1 4 efzw) o (elw - 6712(4)) 4 (el2w o 6713(4))) .
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Note that high-pass filter b; is antisymmetric about 1/2 and supported on [—2,3], the high-pass filter by is
symmetric about 1/2 and supported on [—2, 3], and the high-pass filter b3 is antisymmetric about 1/2 and supported
on [—2,3]. The filter bank {a;b1,b2, b3} forms a double canonical tight 2-framelet filter bank with vm(b;) = 3,
vin(be) = 2, and vin(bg) = 3. See [?, Example 3] for a tight 2-framelet filter bank {a; by, by} with symmetry derived
from the low-pass filter a.

Next, define v(w) := 1 — [a(w)|? = —ﬁ(cos(x) —1)2(9cos?(z) + 3 cos?(x) — 53 cos(x) — 79). Then,

co=t1+to—1/9, ¢t = —(t1 +ta +2/9 — V3i(ty — t2))/2, t1 = 8v/10/9, ty = 2+/100/9.

2=

“149(cos(x) — ¢o)(cos(x) — c1)(cos(z) — ¢1)
—32 ’

where

Consequently, we can obtain ug such that |ug(w) v(w) as follows.

1-— e‘i“’)2<e‘i“’ - r0> e 2w — (ry +77)e” ™ + |rq|?
2 2,/r0 8|71 ’

where 79 = ¢y — \/C% —landr; =c — \/c% — 1. Define uy, us by

ui(w) = (uo(w) + e (w))/2, W(w) = (Go(w) — e “ug(w))/2.

ﬂa(w) _ 3€i2w (

Then, u; is symmetric about 1/2 with support [—2, 3] NZ, ug is antisymmetric about 1/2 with support [—2, 3] NZ,
and |a(w)|? + [41(w)|? + |[u2(w)]? = 1. We also have vm(u1) = 2 and vm(uz) = 3.
Finally, we can define

2D . 12D 2D ;2D 32D p2D
{a b107520ab30,bo,1abl1ab21,b31abozab12a22a }

as in Theorem ??, which gives a 6-multiple canonical quincunx tight frame filter bank. a?P has at least order 6
sum rule and is Dy4-symmetric about the origin. All the eleven high-pass filters are real-valued and have symmetry
with at least 2 vanishing moments.

We remark that other 6-multiple canonical quincunx tight framelet filter banks with high orders of vanishing
moments can be obtained by considering other low-pass filters and following the above procedure.

A  Proofs of Theorems ?? and ??

Proof of Theorem ??. The existence of such a filter a%fl)’ o, has been proved in Proposition ??. Let a be such a

filter a%fi on- We now prove the uniqueness of such a filter a satisfying all the properties in Theorem ?7.
a having orders 2n sum rules with respect to M = M s is equivalent to

> a(Mk+ (1,0)(Mk + (1,0)* = > a(ME)(ME)" V|| < 2n, (A1)
kez? kez?

and a has order 2n linear-phase moments with phase ¢ = (1/2,1/2) is equivalent to

Z a(k)k =ct V|u| < 2n, (A.2)
kez?

where 1 = (u1, p2) € N2, Tt is easily seen that (?7) and (??) are equivalent to

Ykezr a(Mk + (1,0)(Mk + (1,0)* = e
o pl <20 (A.3)
> keze a(ME)(ME)* = ict
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Define
Ao = {k = (k1,ko) € Z* : ky + kg even, k € [-n + 1,n)?},

Ay = {k = (k1,k2) € Z® : ky — kg odd, k € [—n + 1,n)?}.

Then, #Ag = #A1 = 2n?, AgN Ay =0, and Ag U By = [-n + 1,n]2 N Z2. Moreover, Ag = MZ* N [-n+ 1,n)? and
Ay = (MZ? + (1,0)) N [~n + 1,n]%. On the other hand, consider the index set

po={pneN2:|ul <2n,ue <2n—13\{(0,2j —1):j=1,....,n—1}.

Then, it is easy to show that #Ag = #A; = #I',, = 2n?. Using these notation and noticing T',, is a subset of
{uw e N3 :|u| <2n}, (?7?7) implies that a must also satisfy the following conditions.

1
> a(k)kt = 3¢ meTnee{0,1} (A.4)
ke

Note that
#(Mon{z = (21,22) ER* 1y + 20 =2j}) =4—|2j — 1|, j=—n+1,-,n
and

#(Alﬂ{m:(xl,xg)€R2:9§1—:L"2:2j+1}):4—|2j+1|,j:—n,-~-,n—l.

By [?, Lemma 3.1], The matrices (k*)iea., uer, € = 0,1 are non-singular. Consequently, @ must be unique.

Item (i) follows from Proposition ??. For item (ii), notice that a%f,ZQn(w) = g(w)e*ic"", where
> T (w1t w2 T (w1 — w2
a(w) == ay, 5 + a,, 5 -1 (A.5)

One can easily show that a satisfies 4(ET.) =a for all E € Dy due to the fact that ab, satisfies af (—w) = al, (w)
for w € R. Consequently,

oD (T > oT N —icETw _ 2D ¢ \ic(Io—ET )w 2
a‘2n,2n(E UJ) = G‘(E w)e = a2n,2n(w)e , WE R ;

which is equivalent to (??), i.e., a3, is Ds-symmetric about ¢ = (1/2,1/2).

Item (iii) is a direct consequence of [?, Proposition 2.1] (also see [?, Theorem 2.3]). In fact, by N 5 = EM 5
01
10
¢:=(M;5— L) le— (N — I) e = (1,1). (??) follows from [?, Proposition 2.1]. O

with E = [ ], N 5 is Dg-equivalent to M 5. Thus, by [?, Proposition 2.1], Nz = ¢Mva(. + &), where

Proof of Theorem ?7. By the definition of sum rules and M ﬁZQ =N \/522, it is straightforward to check that
st(a, M 5) = sr(a, N, 5) = sr(a,2). We now prove smy(a, M 5) = smp(a,2). Let M = M 5. By the definition of
the subdivision operator in (?7), we have

Siaro(w) = [ det(M)["5((MT ) w)a(€) - - a(M )" 'w). (A.6)

In particular, noting that M? = 215, we have

ST ab(w) = 2a(w) - A(M )" w) = 8743(w1) S8 (wi + ws),

where
n—+1

2
Therefore, for ui, u2 € No := N U {0}, we deduce from the above identity that

ny = | IE ng =N —nj. (A.7)

(Ve Vel e;Sundl(G, k) = [V L1 — F)[VF2S501(k), ik € Z,

e;+e2
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from which we have

v v

e1te2

Suatbll,z2) = IV*' 85500, (2) V2 S350l z)s  p11, 2, m € No, (A.8)

where n; and ng are defined in (??). Let m :=sr(a,2). By a(0) = 1, it is known in [?] and [?, Theorem 3.1] that
p;(a,2), > 24777 for all j € Ny and

Pj (CL, 2)17 = maX(21/p_ja pm(aa 2)17)7 .7 = 07 RN UT (AQ)

Taking p11 = m and pe = 0 in (??), by po(a,2), > 21/P > 0 and lim,,_oo ni/n =1/2 = lim,_,o na/n, we have

Vom (a2 poa,2), = Tim [[VSESS) G Tim (1S250])h = Tim ([VESE 03] ey < pmla, M),

Since po(a,2), > 2P, we conclude from the above inequality that p,(a,2), < 27 YP(py(a, M),)?. Consequently,
by |det(M)| = 2 and sr(a, M) = m, we have

—logy (277 (pm(a, M),)*] = 2 — 210gy p(a, M), = smy(a, M).

“@\»—‘

smp(a,2) = L — logy pu(a,2), >
This proves smy(a, 2) > smyp(a, M). Conversely, taking pu; = j and po =m — j in (??) with 0 < j < m, we have

2/n

m—j on 2/n
20 i [ IS < i@, Dppnes(@ Dy (A0)

hm Hv 81+€2 aM5Hl (22) - hm HVJS;“QéH

By Vey0 = Ve, 16,0 — [Ve, 8](- — e2), we see that all V£ Ve, #'6 with g = 0, ..., m are finitely linear combinations
of [V3, V"7 8](-—k),j=0,...,m and k € Z2. If we can prove

ejtes
0i(a,2)ppm—i(a,2)p < 2YPp,(a,2),,  Vji=0,...,m, (A.11)

then it follows from (??) that (pm(a, M),)? < 2'/7p,,(a,2),. Since m = sr(a, M) and |det(M)| = 2,

sty (a, M) = = — 2logy pm(a, M), > % — 2log, Ql/ppm(a’ 2)p = % — logy pm(a, 2)p = smy(a, 2).

Hence, smy(a, M) > smy(a,2) and this completes the proof of item (i).
We now prove (??). According to (??), we have four cases to consider. If p;(a,2), = 2777 and py,_;(a,2), =
21/P=(m=3) "then (??) holds, since

pi(a,2)ppm—j(a,2), = ol/p=igl/p—(m=j) — 92/p—m _ 9l/pol/p—m < 21/ppm(a, 2)p,

where we used the fact that py,(a,2), > 2Y7~™. 1If p;(a,2), = pm(a,2), and py,_;(a,2), = 24/P=(M=7) then
(??) holds, since p;(a,2)ppm—j(a,2), = 2Y/P=(m=0p, (a,2), < 2Y/Pp,.(a,2),. The case p;(a,2), = 2/P~7 and
pm—j(a,2)p = pm(a,?2), is similar.

If p; (a, 2)27 = pm(a, 2)17 and pm—j(a’v 2)p = pm(a, 2)1?7 then

pj(a, 2)ppm—j (a7 2)p = pm(a, 2)ppm(aa 2)1) < 21/ppm (a, 2)p7

where we used the inequality pn,(a,2), < 21/P which is guaranteed by our assumption sm(a,2), > 0. Therefore,
(??) is verified and this completes the proof of item (i).

We now prove item (ii). The claim sr(u * v, M) > sr(u, M) + sr(v, M) can be directly verified by using the
definition of sum rules. By (??) and u * v(w) = U(w)v(w), for p,v € N¢, we have

VAT ST ar0 = | det(M)| 7" [VHS] 18] % [VV ST 0]
Consequently, by Cauchy-Schwarz inequality, we have

IV St 210l ey < | det(M)| [V ST 1611, ) V7 STar Ol 1y 20y
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Let my := sr(u, M) and my := sr(v, M). Taking u,v € N& with |u| = m; and |v| = my in the above inequality, we
have

1/n
loo(

1/n

: vgn — . n 1/n : v on
Tim ([ VST a8l ey < det(M)| 7 Tim [ VAST )/ G Tim VST

< | det(M)]_lpml (uv M)mez (Uv M)Q'

Note that any element n € N& with || = mq +mg can be written as 7 = p+v with |u| = m; and |v| = mq for some
p,v € Nd. Thus, we deduce from the above inequality that py, 1m, (usv, M) < | det(M)| ™ ppm, (u, M)2pm, (v, M)s.
Let m :=sr(u*v, M). By m > mj + mq, we have

P (u* v, M)oo < Pmi+ma (usv, M) < ’ det(M)‘_lpml(u’ M)2Pm2 (v, M)a,
from which we have
St 1 % v, M) = —d1ogaesary pm(t * v, M) > ~108aeqqary | 4et(0)| ™ p (0, M)y (v, M)
= 4 — d1og| ges(ary| P (1, M)z + § — d10g| geq(ary| Pma (Vs M )2 = sma(u, M) + smy(v, M).

The proof of item (ii) is completed by noting that sme(u * v, M) < smo(u * v, M) always holds.

To prove item (iii), we define u(k, j) := u(k)d(j) and v(j, k) := v(k)d(j) for all j, k € Z. That is, 4 is the 2D filter
by identifying w on Z with Z x {0}, while v is the 2D filter by identifying v on Z with {0} x Z. Since sm(u,2) > 0
and sm(v,2) > 0, by item (i), we have sr(a, M 5) = sr(u,2), sr(0, M 5) = st(v,2) and sm(a, M, 5) = sm(u,2),
sm(0, M 5) = sm(v,2). Note that u ® v =4 * 0. Now the claim in item (iii) follows directly from item (ii). O
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