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Abstract

Explicit formulae, in terms of Bernstein-Bézier coefficients, of the Fourier
transform of bivariate polynomials on a triangle and univariate polynomials
on an interval are derived in this paper. Examples are given and discussed
to illustrate the general theory. Finally, this consideration is related to the
study of refinement masks of spline function vectors.
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1 Introduction

The objective of this paper is to present a compact formula of the Fourier trans-
form of bivariate polynomials on a triangle and univariate polynomials on a
bounded interval in terms of their Bernstein-Bézier (BB) coefficients. Of course
the BB coefficients are formulated, as usual, in terms of the Barycentric coordi-
nates, as opposed to the Cartesian coordinates x = (21, z3) for x € R? or z € R.
We will focus on the bivariate setting and only consider the univariate formulae
as simple consequences. In this regard, although our method of derivation can be
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2 Fourier transform of BB polynomials on triangles

extended to multivariate polynomials on simplexes, we have decided to present
the detailed derivation only for bivariate polynomials, since the motivation of
this research is the study of subdivision masks for parametric spline curves and
surfaces.

Let P,(x), x € R?, x = (z1,72), be a Bernstein-Bézier polynomial on a
triangle A A1 Ay A3 with vertices A; = (a;,b;) (i = 1,2,3). We write P,(x) in
terms of the Barycentric coordinates (u,v,w) of A AjAyAs as follows.

| .
Po(x) = Py(a1,22) = > aj,k,lﬁwwl, (1.1)
0<g,k,l<n, j+k+l=n
where (u,v,w) is the Barycentric coordinates of x = (x1,x2) € A A; A2 As; i.e.,
(z1,22) = (a1u + agv + azw, byu + bov + bsw), 0 < u,v,w < 1, u+v+w=1.
We need the following notation. For (m, s) € {(1,2), (1, 3), (2, 3)}, the forward-
backward operator A, ; and backward-forward operator 17, ; defined on se-
quences {a;,}; .k, of multi-indices j, k,l are given by:

N9k = Q11 k-1 — Qjkls  V12Gjkl = Gkl — QGj—1 k41,0,
A13a]’7k71 = Qi41k -1 — A5kl NV13G5 k0 = Q5 kL — Q-1 k 1+1, (1'2)
Dogj 1 7= Qjk+10-1 — Qjkly 2305kl = Akl — Qjk—1,1+1-
In addition, we set Afms = D (Afnfsl) and vfms = Vs (v,’j;sl) for
k=1,2---.
For a triangle T' = A A1 A3 A3, we use Vr to denote its area, given by

1 1 1 1
V= 5 det a; a as
b1 by b3

The main result of this paper can be stated as follows.

Theorem 1.1 The Fourier transform of P,(x) asin (1.1) over a triangle ANA1 Az As
has the explicit formulation:

P (€) := / P, (x)e %*dx
NA1A2 A3

n n—¢
! 1

_ Yk n
szng_O( 1) (R TEe (1.3)

1 . »

- {ak‘f'l (vﬁ:QVggan_ﬁ,Z70 e i(a1§1+b18&2) _ AI{QV%gaO,n,O e z(a2§1+b2§2))
1 y By
gkt (V'f:aﬁggan—z,o,é e~ Hmbithits) _ AR ALoagon € Z(a3£l+b3&)>} ’



C. K. Chui, T. X. He, and Q. T. Jiang 3

where § = (£1,&), and a :=i((ag —a1)&1 + (b2 —b1)&2), B := i((az —a1)&1 + (b3 —
b1)&2), v :==i((ag — az)é&r + (b — b2)&2).

The above formulation is valid for univariate polynomials by setting w = 0,

namely:
nl . .
pn(x) = ‘ Z ijg@ujv , (1.4)
0<j,k<n,j+k=n
with u = (x = b)/(a —b), v=(x —a)/(b—a), and x € [a,b]. By using A and 7
to denote the forward-backward and backward-forward operators:

Abjr :=bjr1 k-1 —bjk, Vbjik =0bjr—bj_1k41, (1.5)

and AF .= A (Ak_l) and v* = v (vk_l), for Kk = 1,2,---. Then the for-
mulation of the Fourier transform of univariate polynomials is an immediate
consequence of Theorem 1.1, as follows.

Corollary 1.2 The Fourier transform of py(x) in (1.4) over a bounded interval
[a,b] has the explicit formulation:

b
Pn (&) ::/ pn(l‘)e_ixgdlli

i n! 1
e kzo(_l)k (n— k)1 (i(b — a)€)FHL (7m0 = &¥0,0) -(1.6)

We will present the proof of Theorem 1.1 in the next section. In Section 3,
we will compute the Fourier transforms of certain minimal supported bivariate
splines to illustrate the general theory, and discuss the relation to subdivision
(refinement) masks for parametric spline surface rendering.

2  Proof of Theorem

The integral of the Fourier transform ﬁn of a bivariate polynomial P, restricted
to the triangle is related to the hypergeometric function | F}, called a confluent
hypergeometric function (see e.g. [9]), defined by

N 1,017 al(a1+1)zj al(a1+1)(a1+2)£
hilen Br2) = g i S G ) 2 T B r (G +2) 3

where aq, 51 € C with 81 ¢ {0,—1,—-2,---}. Clearly,

1F1(0,B152) = 1, 1F1(B1, Bis 2) = €.

+--, z€C,

We need the following two properties of 1 F} for any nonnegative integers aq, f1:
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(i) For integers k > 0,m > 0,
i1F1(l€ +1,m+1;2) = 1Fi(k+1,m;2) —1Fi(k,m;2), ze€C; (2.1)
m

(ii) For integers k > 0,m >0, 0 <wu <1 and p € C,

klm!
TRk Lk m 2 (1 u)p). (2.2)

1—u
k m _pv
1—u-— PPy = —————
/0 V(1 —u—v)"e’dv Gtm+1)

(See [9], p.1013 and p.343).
To prove Theorem 1.1, we need the following result.

Lemma 2.1 For any integer s > 0, real numbers by, j, and p,z € C,

1
Z m,s—m zs+11F1(m+1 s+ 2;pz)

= (s+ 1)!
~ (- _, 7 ~ (=1 ., 2
= b Pz A%b . 2.3
g pg+1 V S,O(S_E)!e ; pe+1 OS( _e)' ( )
Proof. By applying (2.1), we see that
Left-hand side of (2.3) mes m 1F1(m+1 s+ 1;pz) —1Fi(m,s+ 1; pz))

—mesm |1F1(m+1 s+ 1;p2) mesm |1F1(m8—|—1 pz)

s

1
z 1
st,0W1F1(s+1,5+1;pz +;mes m '1F1(m—|—1 s+1; pz)
’ m=0

S

S S

z z
—bo,s——1F1(0,s + 1;p2) — bm,s—m——1F1(m, s + 1; pz)
p-s! — p- sl
1 s—1
—bso 6p2+ mesm 1F1(m+1s+1 pz)
P s! m 0
2 1 2
—bos—— =~ Z bint1,s—m-1—1F1(m+ 1,5+ 15 pz)
p-sl p s!
m=0
1. 28 1. 28 1) &4 z8
= *530*6“— *b0,57+7) Abms—milFl(m""las_'_l;pz)’
p sl p sl p ’ s!

m=0
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Now, repeating this process, we may conclude that the left-hand side of (2.3) is
given by

1 25 -1 Zs—l -1 J4 ZS—Z —1)$
(e B 0O 0, Yo
s! s p 5 — p

Zs—l (_1)£ ’ Zs—é (_1)5
ot DNbos—py+ o+ s A®by,s

where the last equality follows from the identity Aebs_u = Vzbs’g. Hence we
obtain (2.3). m

We are now ready to prove the main result of the paper.

Proof of Theorem 1.1. By simple calculations, we have

n n—j |
n.

ﬁn £ :/ e EXP (x)dx = 2Vip @j kn—j—k
©) AA; AsAs ) ZZ PRO=I=R ikl (n — 5 — k)

=0 k=0

1 1—u
x / / efigl (a3+(a1 fag)u+(a27a3)v) efi&:z (b3+(b17b3)u+(b27b3)v) ujvk(l o — v)”_j_kdvdu

n n—j 1—u
= 2Vpe Hasgi+b3t2) Zaﬂk" k= TR / /Buu]/ ev k u—v)"_]_kdvdu
_ n J—
7=0 k=0
n n— ] n
— 2VT€_Z(Q3£1+I)3£2) a] k.n— ] k’— ..
=i Jjln—j+1)!

1
X / I (1 —u)" IR (k+1,n—j+2;(1 —u)y)du
0
(aséitbaen) N [ o
_ 1,—i(a3z&1+b3&2 u
= 2Vrnle Z;/o e 7l
]:

n—j
1 n—j+1 . .
{kzo%kn —j— km(l—U) ! 1F1(/f+1,n—9+2,(1—U)7)}du,

where the third equality follows from (2.2). Applying Lemma 2.1 to the sum in
the curly brackets of the rightmost equality with s =n — j, by ¢ = ajm (so that
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Abp g = DNo3@jm i, Vome = Vo3@jme), 2 =1 —u,p =, we see that

~ . n 1 J
P(&) = 2Vmle Hasé1+b3t2) Z/ eﬁu%
7=0"0 '

n—j ¢ n—j—¢t n— J n—j—t
(=" (1— w7~ (I —u)"™
X — in—i———————— A ———— 3d
{ZZ_; s V23%j,n—3,0 (n—j—20)! Z; g+1 2345,0,n—j (n—j—20) U
n oz J( 1 L .
= QVTTL'Q i(az€1+b2t2) Z Z 1 VQSG’],TL -4, O(—E)/ u](l — U)ni]igeaudu
=0 =0 v+ J! J
n n—j 1 1
—2Vpnle i astitbsta) Nosajo / W (1 —u)" P du
= ;%7“ BT i = - 0! Jy
| Z(azfl-‘rbgfz) e J( 1) 1 .
—QVTTLG Z ")/ 1 VQSGJ,H ]O(T_i_l)!lFl(j—i-l,n—g—FQ;Oé)
7=04=0
(61 1L bsta) N (-1 ¢ 1
—2Vpnlei(assi+bst2) < L T A23aj,0,wjm1l’71 (J+1Ln—E0+20)
7=0 ¢=0
(s +mea) N (D' K 1
= 2Vpnle™ 82610282 Aip—i RG+1,n—0+4+2;a
T 2 yS par V2385,n—35,0 n—f+ 1)!1 17 )
A n (_1)g n—~{ 1
—2Vpnle (@81 +bst2) o AgS“j,O,n*ji(n 1) 1Fi(j+1n—0+2;0).
=0 7=0

Finally, applying Lemma 2.1 to the first term (the second term resp.) in the
above equation with s = n — £, b, = V§3am,k+g70, z=1,p = «a (with s =
n—"L, by = Vé3am707k+g, z=1,p= [ resp.), we have

5 : ~ (-1

P, (&) = 2Vpnle etitha) 3 " 02/
5

=0

M|
"%>—l
=

—_—

{Z k+1 V12V23an Mo(n _ € k)] k+1 A12V23(10no(

k= k=0
(—1)

—2Virnle™ z(a3§1+b3§2)z ’ngrl

=0

n—~{ n—~_
(=DF & e’ (=DF & 1
x {kZ_O WVBA%%—WM B kz_o WABA%“O O (=0 — k)
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n nzt kot n! 1
B ) R
X {ale vlfgvgganfé,é,(] e Hmtithit) AIf2V$3a0,n70 eii(aﬁﬁbg&))
- /Bklﬂ (V%Aggawz,o,z e~ @biFhi8) AR NG00 e_i(a3§1+b3§2))} ;
as desired. [ ]

Remark 1. By applying Lemma 2.1 and following the above procedure,
the main result in this paper can be extended to higher dimensions. That is,
explicit formulae of the Fourier transform of Bernstein-Bézier representations of
multivariate polynomials on simplexes can be derived in a similar way.

3 Application to refinable bivariate splines on triangles

Refinable spline functions are instrumental to surface subdivisions. For exam-
ple, the bi-cubic B-spline is used in the Catmull-Clark scheme [1] and the three-
direction box-spline Bags is used in the Loop scheme [10]. The simple reasons are
that firstly, the refinement masks of such spline functions immediately give the
so-called “local averaging rules” for the subdivision schemes; and secondly, the
parametric spline representations are precisely the subdivision surfaces. While
the refinement masks of the bi-cubic B-spline and the box-spline Bsss, being
defined by convolutions of the characteristic function of the unit square along
the appropriate directions, are readily computable, those for others, such as ba-
sis functions with minimum and quasi-minimum supports, are not as easy to
compute. Examples of the recent development in this direction are the refinable
bivariate C?-cubic, C2-quartic and C2-quintic spline functions in [6, 7, 8], intro-
duced for matrix-valued surface subdivisions to gain such desirable properties as
surface geometric shape control parameters, smaller subdivision template size (to
better address the often unavoidable extraordinary vertices), and interpolation
of the position components of the (initial) control vertices. Computations of the
refinement masks of these bivariate spline functions are very tedious, requiring
formulating and solving large linear systems in terms of Bernstein-Bézier coeffi-
cients. For this reason, the original motivation for this research was to extend the
standard Fourier approach to computing the (scalar-valued) refinement masks of
refinable spline functions to computing the matrix-valued refinement masks of
refinable spline function vectors.

As an application, let us consider the Fourier transform of the minimally sup-
ported (ms) and quasi-minimally supported (qms) bivariate splines in an (k)(A(i))

(i = 1,2), where AM and A® denote respectively 3 and 4-direction meshes in
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R? with integer grid points, and Sﬁl(k)(A(i)) (i = 1,2) the spaces of functions
in C* whose restrictions on the triangular cells are polynomials of degree m(k).
Here, m(k) denotes the smallest nonnegative integer such that S* (k)(A(i)) con-

tains at least one locally supported function f. It is well known that for A
m(2k — 1) = 3k and m(2k) = 3k + 1; and for A® we have m(3k — 1) = 4k,
m(3k) =4k + 1, and m(3k + 1) = 4k + 2 (see [2, 3]).

Minimally ms and qms bivariate splines, considered in [2, 3, 4], are defined
as follows. The support of a locally supported function f in a spline space is the
closure of the set on which f does not vanish and is denoted by supp(f). A set
S is called a minimal support of a spline space if there is some f, called an ms
spline, in the space with supp(f) = S, but there does not exist a nontrivial ¢ in
the space with supp(g) properly contained in S. A function f in a spline space
is called a qms spline if (i) f cannot be written as a (finite) linear combination
of ms splines in the space, and (ii) for any h in the space properly contained in
supp(f), h is some (finite) linear combination of ms spines in the space.

For example, for the 3-direction mesh A while the spline space SY (A(l))
has only one ms spline ¢, which is the box spline By1; with direction set {(1,0),
(0,1), (1,1)}, the space Sy (AM) has two ms splines g9 and g which are the
characteristic functions of x4 and xp, where A is the triangle bounded by the 3
lines: x =0,y =1, and y = x, and B the triangle bounded by the 3 lines: = =1,
y=0and y = =.

On the other hand, for the 4-direction mesh A the space Sl (A®) has only
one ms spline f{ = Bi111, the box spline with direction set {(1,0), (0,1), (1, 1),
(1, —1)}, but there are two ms splines in the space S?(A®)) by f9 and 19, where
19 is the Courant hat function having a diamond support with the vertices (1,0),
(0,1), (=1,0), and (0,—1), and having value of 1 at the center (0,0) of the
support, and fg the other Courant hat function supported on the unit square
[0, 1]? with value 1 at its center (1/2,1/2). Furthermore, there are two ms splines
f2 and f9 and one qms spline f{ in S2(AP) (see [2, 3, 4]).

In the following, let us consider the k-fold 2-dimensional convolutions: glf =
@ x g s xg? and fr= fxfLsox fp of g¥ and f?, respectively. Now, the
—_—

k+1 k+1
spline function vectors of interest are:

(gl 4] ooflmn (5] o

3

Wherek21andf*[z]::[§:z].

We remark that among the functions gf, flk, 1=1,2,3, only g’f and f{f are box
splines, while all of them are the unique ms and qms splines in the corresponding
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spline spaces (where the notion of uniqueness is according to the statement of
Theorem 3.2 in [2]).

The Fourier transforms of the “initial” ms splines g?, 1-0, 1 = 2,3, can be
evaluated by using the formula provided in this paper, and the Fourier transforms
of the other splines are given by the corresponding products with those of g or
.

Finally, the refinement masks of G¥, F*¥ can be easily computed by making
use of (3.1) from the refinements of the “initial” G° and F°.

Example 1. The Fourier t transform of G* is given by Gk (&1,&) = g5, g5 (€1, &),
where 92 = g5 (91) and g3 = g3 (91) . Here, we have
1 — e %11 — g2 1 — eil€1+82)

3 2 (& + &)

P(€1,&) = Bin(61,&) =

1 — e~ i61t+&2) 1 _ o—ib2

0 — _
95(61,&2) = AGETS) 6, (3.2)
and i(§1+€2) i€
0 _ el ] — e
9561, 62) = G615 06 (3.3)
]

Next, let us compute the Fourier transform of F*. For this purpose, recall
that

(6(A- —K))"(€) = | det()] e <" (Mg ((47)Te), (3.4)
for any invertible matrix A of dimension s.

Example 2. Let f9, f be the two Courant hat functions in S (A(Q)) as intro-
duced previously. To compute the Fourier transform of f9, we use the z-y axes
to partition its support into four triangles: Ay, As, Az, and A4 in the the first,
second, third, and fourth quadrants, respectively. Then fg can be written as the
sum of four functions: ¢1, ¢2, @3, and ¢4, with supports given by Ay, As, Ag,
and Ay, respectively.

By the formula (1.3), the Fourier transform of ¢; is given by

—~ 1 Cl—eT 1 e
T e CETT)
Since ¢a(z,y) = ¢1(—=,y), it follows from (3.5) and (3.4) that

LI 1 — e iy 1—e
&1 GG +&) G+ &)

$2(1,6) = b1(—1,6) =
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Similarly, since §Z53([E, y) = ¢1(—x, _y) and ¢4($,y) = d)l(xa _y)7 we have

—~ 1 1 —¢ C1—e®
%alb8) = e Miee Ty Vg e
I I N i

66 816 Ga1h)

4161, &) =

Consequently, we arrive at

W~

eié2 _ o—ib2 . 1 _ o~k
f2 §1,62) = Z (&1, &) = 5 (€11 &) (6 — §1) 51(51 +&)(6 — &)

(3.6)
Next, observe that the linear transformation B [ z ] — [ (1) ], with

11
p=[1 L]

maps the supp(fY) to supp(fY), with the vertices (0,0), (1,0), (1,1), and (0,1)
of supp(fY) corresponding to the vertices (—1,0), (0,1), (1,0), and (0,—1) of
supp(fY), respectively. Hence, we may write

fé)(fv,y)zfé)(B[ﬂ—[H)’

and apply (3.4) to obtain
—iste 5 & +§2 &1 — &2

1, &) = see BB B S B¢ = 3 5 )
23 67%2 —e ¥ 1 — e*i(51+€2)
L& < &2 —&1 - &1+ & > : (3.7)

|

Finally, to compute the refinement masks of G* and F* in (3.1), we observe

that the convolution of two (finitely) refinable functions remains to be (finitely)

refinable, and that G* is the convolution of GY with the refinable box spline g]f ,

and F* the convolution of FO with the refinable box spline ff. Hence, we only

need to compute the refinement masks of the initial ms splines. Precisely, from
g9 and g9 given by (3.2) and (3.3), we have

G°(261,26) = Qo(&1,62)GO (&1, &)

where

0 (51’52) _ 14 290+ 2129 29

5 21 = 6_2517 Z2 = 6_152;
21 1+ 21+ 2122
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and from JRQ) and jg) given by (3.6) and (3.7), we have

FO(2¢1,262) = Ro(&1,62)FO(61,6)
where

14321+ 5) (21 + 22)

1 y y
- L2 = e gy = T2,
4 21722

Ry(&1,&) =

The interested reader is referred to [5] for computing the refinement mask for
FY(x) by calculating the BB coefficients of F°(B~'x) directly.
Therefore, we conclude, from the definitions in (3.1), that

G*(261,26) = Qi(&1, &)G* (&1, &), FF(261,260) = Ri(€1,6) F* (&1, &)
with
Qr(€1.&) = (4(61.£)) " Q(61.&).  Ri(€1.&) = (r(61,&)) " Ro(1.&)  (3.8)
where q(&1,&) = $(1+ e %1)(1 4 e7%2) (1 + e~¥(1+2)) is the mask (or two-scale
symbol) of g9, and r(&1, &) = 7= (1+e7%1)(1+e7%2) (14~ O FE)) (14761 78))

the mask (or two-scale symbol) of fY.
That is, we have the following result.

Theorem 3.1 The vector-valued functions G* and F* are finitely refinable with
refinement masks given by (3.8).

Similarly,
fO
ko1, |
1 5
0
6

is also finitely refinable, with refinement mask given by

(r(&, f?))kso(fl, £2),

0
4

where Sy is the refinement mask of g . Computation of Sy as well as the

0
6

refinement masks of other initial ms and qms bivariate splines in general is usually
nontrivial and requires further investigation.
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