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Abstract

The synchrosqueezing transform (SST) was developed recently to separate the compo-
nents of non-stationary multicomponent signals. The continuous wavelet transform-based
SST (WSST) reassigns the scale variable of the continuous wavelet transform of a signal to
the frequency variable and sharpens the time-frequency representation. The WSST with a
time-varying parameter, called the adaptive WSST, was introduced very recently in the pa-
per “Adaptive synchrosqueezing transform with a time-varying parameter for non-stationary
signal separation”. The well-separated conditions of non-stationary multicomponent signals
with the adaptive WSST and a method to select the time-varying parameter were proposed in
that paper. In addition, simulation experiments in that paper show that the adaptive WSST
is very promising in estimating the instantaneous frequency of a multicomponent signal, and
in accurate component recovery. However the theoretical analysis of the adaptive WSST has
not been studied. In this paper, we carry out such analysis and obtain error bounds for com-
ponent recovery with the adaptive WSST and the 2nd-order adaptive WSST. These results
provide a mathematical guarantee to non-stationary multicomponent signal separation with
the adaptive WSST.
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1 Introduction

Most real signals such as EEG and bearing signals are non-stationary multicomponent signals

given by
K

o(t) = Ao(t) + > _wp(t),  ap(t) = Ag(t)e® ), (1)
k=1
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with Ag(t), ¢} (t) > 0, where Ag(t) is the trend, and Ay (t),1 < k < K, are called the instantaneous
amplitudes and ¢} (t) the instantaneous frequencies. Modeling a non-stationary signal x(t) as in
is important to extract information hidden in x(¢). The empirical mode decomposition (EMD)
algorithm along with the Hilbert spectrum analysis (HSA) is a popular method to decompose and
analyze nonstationary signals [19]. EMD decomposes a nonstationary signal as a superposition of
intrinsic mode functions (IMFs) and then the instantaneous frequency of each IMF is calculated
by HSA which results in a representation of the signal as in . The properties of EMD have been
studied and variants of EMD have been proposed to improve the performance in many articles,
see e.g. 10} 111 121 16l 25l 27, B2 37, (401 43| 47, 52]. A weakness of EMD is that it can easily lead
to mode mixtures or artifacts, namely undesirable or false components [26]. In addition, there is
no mathematical theorem to guarantee the recovery of the components.

Recently the continuous wavelet transform-based synchrosqueezed transform (WSST) was
developed in [14] to separate the components of a non-stationary multicomponent signal. In
addition, the short-time Fourier transform-based SST (FSST) was also proposed in [39] and
further studied in [44) B3] for this purpose. To provide sharp representations for signals with
significant frequency changes, the 2nd-order FSST and the 2nd-order WSST were introduced in
[34] and [31] respectively, and the theoretical analysis of them was carried out in [2] and [36]
respectively. Other SST related methods include the generalized WSST [21], a hybrid empirical
mode decomposition-SST computational scheme [9], the synchrosqueezed wave packet transform
[48], WSST with vanishing moment wavelets [7], the demodulation-transform based SST [41],
20, [42], higher-order FSST [35], signal separation operator [§] and empirical signal separation
algorithm [25]. In addition, the synchrosqueezed curvelet transform for two-dimensional mode
decomposition was introduced in [5I] and the statistical analysis of synchrosqueezed transforms
has been studied in [49].

SST provides an alternative to the EMD method and its variants, and it overcomes some
limitations of the EMD scheme [I, 29]. SST has been used in multiple applications including
machine fault diagnosis [22, 42], crystal image analysis [28], 50], welding crack acoustic emission
signal analysis [17], and medical data analysis [18] [45] 46].

Most of the WSST and FSST algorithms available in the literature are based on a continuous
wavelet or a window function with a fixed window, which means high time resolution and frequency
resolution cannot be obtained simultaneously. Recently the Rényi entropy-based adaptive SST
was proposed in [38] and the adaptive FSST with the window function containing time and
frequency parameters was studied in [3]. Very recently the authors of [4, 23, 24] considered
the 2nd-order adaptive FSST and WSST with a time-varying parameter. They obtained the
well-separated condition for multicomponent signals using linear frequency modulation signals to
approximate a non-stationary signal at any local time. The experimental results show that the
adaptive SST is very promising in estimating the instantaneous frequency of a multicomponent
signal, and in accurate component recovery. However the theoretical analysis of the adaptive
SST has not been carried out. The goal of this paper is to study the theoretical analysis of the
adaptive WSST. We obtain the error bounds for component recovery with the adaptive WSST
and the 2nd-order adaptive WSST.

The rest of this paper is organized as follows. In Section 2, we briefly review WSST, the 2nd-
order WSST, the adaptive WSST and the 2nd-order adaptive WSST. We study the theoretical
analysis of the (1st-order) adaptive WSST and that of the 2nd-order adaptive WSST in Sections
3 and 4 respectively. In both cases, we obtain the error bounds for component recovery. The
proofs of theorems and lemmas are presented in the appendices.



2 Synchrosqueezed transform

In this section we briefly review the continuous wavelet transform (CWT)-based synchrosqueezed
transform (WSST) and the adaptive WSST. A function ¢(t) € L2(R) is called a continuous
wavelet (or an admissible wavelet) if it satisfies (see e.g. [13] 30]) the admissible condition:

0<Cyim [ IOPT <ox, 2)

where Q,/Z)\ is the Fourier transform of v (t) is defined by

_ / (e,

The CWT of a signal z(t) € La(R) with a continuous wavelet v is defined by

W (a,b) = /OO o)~ (0 (3)

oo a a

The variables a and b are called the scale and time variables respectively. The signal z(¢) can be
recovered by the inverse wavelet transform (see e.g. [5, [6l, 13} [30])

2 C¢/ / Wabq/)ab()dbﬂ

A function z(t) is called an analytic signal if it satisfies Z(§) = 0 for £ < 0. For an analytic
continuous wavelets, an analytic signal z(t) € L2(R) can be recovered by (refer to [15, [14]):

1 [ da
"= /O Walah) ™, (4)
where ¢, is defined by
O —=(
0£¢ :=/0 IO <. (5)

Furthermore, a real signal z(t) € L2(R) can be recovered by the following formula (see [14]):
d
z(b) = Re / Wo(a, b) a) (6)
)

The “bump wavelet” Ypump(x) defined by
| P
~ 1—02(e—p)2 , f c — l’ + 1
Doump (€) = e if&e(p—g.p+3) (7)
0, elsewhere,
where o > 0,4 > 0 with ou > 1; and the (scaled) Morlet wavelet 1nior () defined by
Dton(€) = €727 T — e, (8)

where o > 0, 4 > 0, are the commonly used continuous wavelets.

Note that the CWT given above can be applied to a slowly growing x(t) if the wavelet function
() is in the Schwarz class S, the set of all such C*°(R) functions f(¢) that f(¢) and all of its
derivatives are rapidly decreasing.



2.1 CWT-based synchrosqueezing transform

To achieve a sharper time-frequency representation of a signal, the synchrosqueezed wavelet trans-

form (WSST) reassigns the scale variable a to the frequency variable. For a given signal x(t), let

wz(a,b) be the phase transformation [14] (also called “instantaneous frequency information” in
[39]) defined by

8bW$(CL b)

) = Re( St

wp(a;b) ¢ i27Wy(a,b)

WSST is to reassign the scale variable a by transforming CWT W_(a,b) of z(t) to a quantity,
denoted by ng‘ﬁ(f ,b), on the time-frequency plane:

), for Wy(a,b) # 0. (9)

A (€,D) = pyLp(Ewula,b)yda
pen= [ wen ()T

where throughout this paper v > 0, h(t) is a compactly supported function with certain smooth-
ness and [, h(t)dt = 1, and f|W (a.p)|> Means the integral | (a0: W (a.b) with a ranging over
the set {a : |W (a,b)] > v and a > 0}.

We consider multicomponent signals x(¢) of (1)) with the trend Ay(¢) being removed, namely,

K
z(t) =) xp( ZAk )ei2mok(t (11)
k=1

with Ay(t), ¢,.(t) > 0. In addition, we assume that ¢,_,(t) < ¢, (t),t € R for 2 < k < K.
For ¢ > 0 and A > 0, let B, A denote the set of multicomponent signals of satisfying the
following conditions:

7 (10)

[>~}

Ag(t) € CH(R) N Loo(R), ¢x(t) € C*(R), (12)

Ag(t) > 0, inf ¢}, (b) > 0, sup ¢},(b) < oo (13)
teR teR

AL O] < e (t), [9R(1)] < egp(t), t € R, My := Sup |65 (8)] < oo, (14)

(1) = 01 (1)
A k .
S+ of () = T IEESRIER (15)

The condition is called the well-separated condition with resolution A. For 1 < k < K, let
Zi. be the zone in the scale-time plane defined by

Zy={(a,b) : |1 —ad,(b)| < A} (16)

Then the well-separated condition implies that Z;,1 < k < K are not overlapping.
In practice, for a particular signal z(t), its CWT W,(a,b) lies in a region of the scale-time
plane:

{(a,b) : a1(b) < a < az(b),beR}

for some 0 < aq(b),a2(b) < oco. That is Wy(a,b) is negligible for (a,b) outside this region.
Throughout this paper we assume for each b € R, the scale a is in the interval:

a1(b) < a < ag(b). (17)



Theorem A. [14] Let 2(t) € B.p with 0 < A < 1 and € = /3. Let ¢ be a continuous
wavelet in S with supp(yp) C [1 — A, 1+ A]. If € is small enough, then the following statements
hold.

(a) For (a,b) satisfying |Wy(a,b)| > €, there exists a unique k € {1,2,--- ,K} such that
(a, b) € Zy.

(b) Suppose (a,b) satisfies |Wy(a,b)| > € and (a,b) € Zi. Then

‘wm(% b) - gb%(b” <E

(c) For any k € {1,--- K},

i [ e b - )] < O, 9
|
where C(b) < oo is independent of €.

2.2 Adaptive WSST with a time-varying parameter

In this paper we consider continuous wavelets of the form

Uolt) == —g(L)em, (19)

o’ \o
where ¢ > 0,4 > 0, g € §. In this paper, we let u be a fixed positive number, e.g., one may
set p = 1. Thus for the simplicity of notation, we drop p in 14 (t). The parameter o in ¥, (t)
is also called the window width in the time-domain of wavelet 1, (b). The CWT of z(t) with a
time-varying parameter considered in [24] is defined by

Waah)i= [ o070 (S0t

N /_Z z(t) aal(b) g (;a_(bb) ) e T dt (20)
= [ et o (e o)

where o = ¢(b) is a positive and differentiable function of b. We call W, (a, b) the adaptive CWT
of z(t) with ¢,. If

[Tk [T _a%
0<e):= [ Thw©F = [ aetiu-9F <o,
then the original signal z(b) can be recovered from W, (a,b) (see [24]):
1 0~ da
z(b) = Cw(b)/o W (a, b);, (22)

for analytic x(t). In addition, if ¢, is analytic, then for a real-valued z(t), we have

2(b) = Re(cj(b) /OOo Woa, b)%).

5



The condition {Z)\U(b) (0) =g(a(b)p) = 0 for 9, is required for ¢y (b) < co. When g is bandlim-
ited, i.e., g is compactly supported, to say supp(g) C [—a, a] for some « > 0, then g(o(b)u) =0
as long as

o(b) > % beR. (23)

If g is not compactly supported, we consider the “support” of g outside which g(§) ~ 0. More
precisely, for a given small positive threshold 79, if |g(£)| < 79 for [£| > « for some o > 0, then we
say g(§) is essentially supported in [—a, ). When |g(§)]| is even and decreasing for £ > 0, then «
is obtained by solving

50)] = 0. (24)

For example, when ¢ is the Gaussian function defined by

g(t) = —=e" 7, (25)
then, with g(¢) = e 2m°¢?  the corresponding « is given by

o= %\/2 In(1/70). (26)

For a non-bandlimited g, {p\U(O) = 0 is not satisfied, and in this case a second term is added
to (19) such that the resulting

o0 = 50(5)e ™ —aos(2),

o o
satisfies 1, (0) = 0 (and hence cq;(b) < ), where ¢, is independent of ¢t. See, for example,

Morlet’s wavelet ¥por given in , where a second term is required to assure @Mor(O) =0.

In this paper we study the error bound for individual component recovery by the adaptive
WSST analogous to , where ¢y, should be replaced by ¢y (b) for the adaptive WSST. However,
instead of using ¢, (b), we will use a modified function of b defined by

dg

@ [ i3 o
" §

6= [ @ G B —9)

__a_ __a_
o(b) o(b)

As in [24], in this paper we always assume holds. Due to the condition , C%(b) < 00
whether ¢ is bandlimited or not.

In the following we assume g € S, |g(£)| is even and decreasing for £ > 0 unless g(&) is
compactly supported. If g is not compactly supported, then « is defined by for a given small
70 > 0.

Next we recall the adaptive WSST introduced in [24]. First we denote
g1(t) = tg(t), ga(t) == t2g(t), ga(t) := tg'(t). (28)

We use W2 (a,b) and Wfl(a, b) to denote the adaptive CWT defined by with g replaced by
gj and ¢’ respectively, where 1 < j < 3.



For z(t) = Ae2™0t with & > 0, one can show that (see [24]) if W, (a,b) # 0, then

2 W, (a,b) N o' (b) +a’(b) W2 (a, b)

adp,c .
wm a, b . " — )
(@6):= i27Wy(a,b) 1270 (b) — o(b) i2aW,(a,b)

(29)

is &, the instantaneous frequency of z(t). Note that “c” in wi(a, b) means the complex version

of the phase transformation. Hence, for a general z(t), [24] defines wi™(a,b):= Re(w2(a,b)),
the real part of w3 “(a,b), as the phase transformation of the adaptive WSST. Then the (1st-
order) adaptive WSST, denoted by Ta% is defined by

TNEy = [ Waabh (W)da

[Wa(a,b)|>

=3 (30)

The 2nd-order adaptive WSST was proposed in [24]. To introduce the corresponding phase
transformation, the authors of [24] considered linear frequency modulation signal (also called
linear chirp signal)

$(t) _ A€i27rq§(t) _ AeiQﬂ(fgt—f—%rtQ)‘ (31)

It was shown in [24] that w2*P°(a, b) defined below is & -+ b, the instantaneous frequency of z(b):

wgadp’c(a, b) :=

217, (a, b) A0 (1+ W (a, b)) . MRO(G, b,  (32)

i27Wy(a,b)  12mo(b) We(a,b) 27 W (a, b)

for (a,b) satisfying 8a< W ) #0 and W, (a,b) # 0, where

Wx( b
DWW (a,b) o W2 (a,
Ro(a,b) := W{i(%wb) )+ (<Z)> 9 (vaV ((a bb))>} (33)
9a \"" W,(a,b)

Then w22 =Re(w°), the real part of w2 is the phase transformation for the 2nd-order
adaptive WSST.
Here we consider two types of the 2nd-order adaptive WSSTs:

a € — w2 (a,b)\ da
2,7(1?&2 (&:b) / W (a, b))\ <>\()>7 (34)
{a: [Wa(ab)[>71, 10a(@WE2 (a,b)/Wa(a,b))[>72 } a
and
2adp
2adp,\ .: § — Wiy, (a,b) @
Sz (6:0) /|’V[7¢(a b)|>1 [z (a, b))\ ( A ) a’ (35)

where w2 is the real part of wre® defined by

quantity in (32)), if \Wx(a, b)
quantity in (29), if |Wa(a,b)| # 0 and

o ( Wit (avb)) ‘
oa (CL ’W’w(mb) > 727

9 ( W (a,b)) ‘
da (a Watan) )| =72

Note that w2 (a, b) is w2 (a, b) with 2 (a%) # 0 described by threshold 2 > 0.

wi?%p’c(a, b) :=

7



If 5(b) = o, a constant, then w2 (a, b) is reduced to w2 (a,b) given by

redwitin - ety - () & ()}
wi"(a,b) = if 2 (% 88) £ 0 and Wi(a,b) £ 0 (36)

£ Wa (a,b) o (W (ab)
. Re{ igl;rWT(a,b)} if < Wz (a,b) ) =0, Wx(av b) ?’é 0.
Then we define the conventional 2nd-order WSST's as

1 h(§ —wd(q, b)) da

2nd A
(60) = X

,71 2 W, (a, b)

/{IW.T(a,b)|>71, |00 (Wi (a,b) /W (a,b))|>2}
2nd

1 g W (CL b)

2nd)\ T,72

- (&b / We(a,b)—h|{ —2—=

7717 2( ) |Wz(a b)‘>f)/1 1‘( >)\ ( )\ )

The conventional 2nd-order WSST was first introduced in [31]. The reader refers to [31] for
different phase transformations w?"4(a, b).

da
-

3 Analysis of adaptive WSST

We assume , o
d = min min Pilt) = Oy (1) > 0. (37)
ke{l, - K} teR ¢k( )+ ¢ (B)
Thus xz(t) satisfies the well-separated condition with resolution = d’'/2. However, the value
d’ may be very small. In this case, we cannot apply Theorem A directly. The reason is that to
guarantee the results in Theorem A to hold, the continuous wavelet ¥ needs to satisfy supp({b\) C
1- d—/ 1+ ] or at least |1(€)| is small for |¢ — 1| > d'/2. If d' is quite small, then ¢ has a
very good frequency resolution, which implies by the uncertainty principle that ¢ has a very poor
time resolution, or equivalently v has a very large time duration, which results in large errors in
instantaneous frequency estimate. We use the adaptive CWT to adjust the time-varying window
width o(b) at certain local time ¢ where the frequencies of two components are close.
In this section we consider the case that each component z(t) = Ay (t)e?"?(®) is approximated
locally by a sinusoidal signal. Here we consider conditions:

A ()] < e, |¢R(t)] <2, tER, 1<k < K, (38)

for some small positive numbers e1, 2. Let C., ., denote the set of multicomponent signals of (L1))

satisfying (12), (L3)), and (38).

Let z(t) € Ce, c,. Write (b + at) as

(b + at) = mp(b)e O 1 (A (b+ at) — Ap(b))e?m s PTal)
+ap, (b) 6i27rq1>;c(b)at (ez’27r(¢k(b+at)—¢k(b)—¢;€(b)at) _ 1) .



Then the adaptive CWT W, (a,b) of z(t) defined by with g can be expanded as

i/ka b+ at) )g(gfb)>6_i2”“tdt

k=1
= et2m 1 t —i2mwut
:kZl/ka 1271, (b) @g<m>e 2 F*dt + remy,
or B .
W(a,b) = Z 2, (0)g (o (b) (1 — agy,(b))) + remy, (39)

k=1

where remy is the remainder for the expansion of W,(a, b) given by

K
remg := Z/ {(Ak(b + at) — Ag(b))ei2mon(btat) (40)
k=1"F
g, (b)ei2Ten Bat (€i2ﬂ'(¢k(b+at)_¢k (b)—¢} (b)at) _ 1) }79 (L) o—i2mut gy
a(b)”\a(b)

With [Ag(b + at) — A(b)| < eralt| and

jepr(@bran=on®)=0i0)ed 1| < 27|y (b + at) — ¢i(b) — dh(b)at| < mera®|tf,

we have
K 1 t K t
remgp| < /5atg dt + Akb/ﬂ'sa2t29 dt
K
= Keilao(b) + negloa’o?(b) Z Ay
k=1
where
L= [ Pg(0ldt n =12, (41)
R
Hence we have
|rem0| < aa(b))\o(a, b)> (42)
where
K
Xo(a,b) = KeyIy + mealoac(b) > Ag(b). (43)
k=1

Similarly /W/xg/ (a,b) can be expanded as (39) with remainder remy, defined as remg in (40)) with
g(t) replaced by ¢’(t). Then we have the estimate for rem(, similar to (42)). More precisely, we
have

[remy)| < ac(b)Xo(a, b), (44)



where

K
Xo(a,b) := Ke1lh + mealaac(b) Y Ag(b), (45)
k=1
with
I, :_/ ity (t)|dt, n=1,2,--- . (46)
R

Remark 1. The condition ([14), which was considered in [I])], means that Ay(t) and instantaneous
frequency ¢ (b) change slowly compared with ¢y (t). For FSST, [33] uses another condition for
the change of Ak(t) and ¢)(b):

[AL(t)| <e, [gp(t)] <e, tER, (47)

Condition is essentially the condition . If Ak(t), ox(t) satisfy , then we have a
sitmilar error bound for the expansion of Wy(a,b). More precisely, suppose Ag(t), or(t) satisfy

AL(O] < £104(0), [6H(0)] < 204 (0. ¢ € B, M = sup (1) < . (48)
Then (see [14])
| A(b+at) — A(B)] < eraltl(@h(b) + 1M”a|t|>
646+ at) — 64(0) — dh(B)at] < e20° (Lo (B) + M),

Thus, we can expand Wy (a,b) as with [remg| < ao(b)Ao(a,b), where in this case \o(a,b) is

K K
1 1
Ao(a,b) == ey (Il¢§§(b)+§M,gIan( + megao (b § Ar(b) (L9}, (b +§M,g’13aa(b)). (49)
k=1 k=1

With the condition of ([48), we have an estimate aa(b)xo(a,b) for remy,, the remainder for the
expansion of Wf/(a, b), where in this case Xo(a, b) is defined by with I replaced by TJ In this
paper we consider the condition . The statements for the theoretical analysis of the adaptive
WSST with condition instead of are still valid as long as Mo(a,b) in , Xo(a,b) in
([@5]), Ak(b) and Ak (b) (below in and respectively) and so on are replaced respectively by
that in and similar terms. This also applies to the 2nd-order adaptive WSST in Section 4,
where we will not repeat this discussion on the condition like (48]). [

If the remainder remy in is small, then the term (b)g(c(b)(1 — ag),(b))) in (B9) de-

termines the scale-time zone of the adaptive CWT ka(a, b) of the kth component zy(t) of
x(t). More precisely, if g is band-limited, to say supp(g) C [—a,a] for some a > 0, then
2, (b)g (o (b) (1 — ag)(b))) lies within the zone of the scale-time plane:

Pyp— . J— / a
Z = {(a,b) : |u - adi (b)) < e R}.
The upper and lower boundaries of Z;, are respectively
—ad’(b) = e d u— adt(b) = >
2 a(z)k( ) U(b) and p a¢k( ) O'(b)

10



or equivalently

@ = (u+ ) /0h0) and a = (1= o) /64(0)
Thus Z;_1 and Zj do not overlap (with Z;_; lying above Zj in the scale-time plane) if
a / « /
(1 + %)/?Z’k(b) < (u-— %)/fﬁk—l(b)» (50)
or equivalently / /
o(b) > a ¢ (b) + ¢k71(b)’ beR. (51)

~ ¢ (0) — 91 (b)
Therefore the multicomponent signal z(t) is well-separated (that is Zx N Z, = 0, k # £), provided
that o(b) satisfies fork=2,--- | K.
Observe that our well-separated condition is different from that in considered in [14].
When g is not compactly supported, let « be the number defined by , namely assume g(§)
is essentially supported in [—a, a]. Then z(b)g (o (b)(1 — ag),(b))) lies within the scale-time zone
Zy. defined by

Zi+={(@.b) (o )(a — adh (b)) | > 7. € BY = (@) : | — adf ()] < 5 bE R} (52)

Thus if the remainder remg in is small, Wzk(a, b) lies within Zj and hence, the multicompo-
nent signal z(t) is well-separated provided that o(b) satisfies for 2 < k < K. In this section
we assume that with &k = 2,--- , K holds for some o(b).

From and (44), we have that for (a,b) € Zj,

K
|remg| po(b) +
0 < Ag(b) i= Key I LE TENT A
ao) < M) = Kali 4 meh =g le i), (53)
[remg| _ & (b) := Kei + me T‘w(bwj‘ifl(b) (54)

Here we remark that in practice ¢, (t),1 < k < K are unknown. However the condition in
(15) considered in the seminal paper [14] on SST and that in involve ¢ (t). Like paper [14],
our paper establishes theoretical theorems which guarantee the recovery of components, namely,
we provide conditions under which the components can be recovered.

Next we present our analysis results on the adaptive WSST in Theorem [I] below, where « is

defined by , and throughout this paper, ), denotes de{ljm KNk} Recall that we assume
that the scale variable a lies in the interval ((17]). Throughout this section, we may assume that

_p—afo(b) _ntajolb)

=ai1(b) := <a<ay=asb):= 55
(I A )
In addition, we denote
) o) — (o(b)p + ) jfi((?) if 0 <k,
kD) = o) :
(c(b)pu — ) Q) o(b)u, ifl>k.
Then one can obtain from that for any (a,b) € Z, the following inequality holds:
|o(b) (1 — ag (b)) > pei(b)- (56)

11



Theorem 1. Suppose x(t) € Cs e, for some small e1,e9 > 0. Let Zy be the scale-time zone
defined by . Then we have the following.
(a) Suppose € satisfies € > az(b)o(b)A1(b) + 7o Zszl A (b), where as(b) is given in (55).
Then for (a,b) with ]Wx(a, b)| > €1, there exists a unique k € {1,2,--- , K} such that (a,b) € Z.
(b) For (a,b) with [Wy(a,b)| # 0, we have

W3 (a,b) = 64(6) = 2;;‘?“(‘@ (57)
where
Remy := i2r (£ — 6},(b) )remo — ;jr(r;f; +i27 ; 20(0) (#4(0) — 94 (6))G (o (b) (1 — agiy(b)).
Hence, for (a,b) satisfying |Wy(a,b)| > € and (a,b) € Zj, we have
w2 (a,5) — 64 (b)] < bd. (58)
where
bdy = = (ad(®) + 5-Ka) + = 3 ABIGO) - 40 [Foa)].  (59)

£k

(c) For a k € {1,--- , K}, suppose that €, satisfies the condition in part (a) and that bdy in
part (b) satisfies 1I<11£z?§<{bdg} < $Li(b), where

Ly, (b) := min{¢}(b) — ¢ 1 (D), d41(b) — $(b)}- (60)

Then for €3 satisfying 1I<n£££§({bdg} <€ < 3Ly(b), we have

. 1 adp,\ L]
lim / T2 (¢ b)de — azk(b)) < bdy, (61)
‘HO ) Jie—g wl<e

where cfg(b) is defined by (27), and

~ 1 gy uod)+a 2
by, == G {am oD —a * Z O+ ;Ag(b)me,k(b)} (62)
with e /
Frem Pp(b) 1\ d€
my (D) ::/ g(o(d)(pn — £))—=.
< Ol ( ( %(b) ) §
The proof of Theorem [1[b) needs the following lemma.
Lemma 1. Let Wz(a,b) be the adaptive CWT of x(t). Then
—~ _(2np o (b)\ o' (b) 545 L =
B Wa(a,b) = ( o )Wx(a,b) ) @) — s (0.), (63)
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We provide the proofs of Theorems [I] and Lemma [I] in Appendices A and C respectively. In
the rest of this section, we give some remarks on the results presented in Theorem

Remark 2. When g(§) is supported in [—a, ], then the condition in Theorem (1| part (a) for
€1 is reduced to €1 > az(b)A1(b). Furthermore, in this case cg(b) = cy(b), and for £ # k,

G(a(b) (1 —ad)(b))) =0 for (a,b) € Z), and myk(b) = 0. Hence bdy, and bdy in and are
respectively

1 1+ ~ 1 /.. po(b)+a« 2

bdy, = = (A (b) + —Ax(D)), bdkzi(elln

g, (0 (B) 5 A() @\ o) —a A0
Also, Theorem [1] can be written as Theorem A. To show this, in the following let us just

consider the case 1 = €9 for simplicity. Write Ag(b), Ax(b) defined by and respectively

as

Ak(b)>.

Ap(b) = ek (b), Ag(b) = e (D),

with
Ae(b) == KT, + m’”(f’ﬂ 3" Aw(b), Me(b) = KT + WIE‘”(f’) 5T A40)
% (0) k=1 k() k=1
Leteg = £}/3. If €1 is small enough such that
& < min{ ! ! 1Lk(b)}, (64)

a2(B)Xi(b) max {ah(b) + 3 A (D)) 2

then gl Z ag(b)E?Al(b) = ag(b)é‘l)\l (b) = ag(b)Al (b), and

€1 1~ €1 1 ~ 1
_ &1 < - =5 <= .
A = g B AN ) < g = < gl

Thus the conditions in Theorem[1] are satisfied, and the following corollary follows from Theorem
immediately (with €5 = €1).

Corollary 1. Suppose z(t) € C., ¢, for some small e1 > 0, and supp(g) C [—«a,a]. Let € = 5}/3.

If g1 is small enough such that holds, then we have the following.

(a) For (a,b) satisfying |Wa(a,b)| > €, there exzists a unique k € {1,2,--- , K} such that
((L, b) € Zp.

(b) For (a,b) satisfying |Wx(a, b)| > €1 and (a,b) € Zi, we have

w24P (a,b) — ¢},(b)] < &.

(c) Forany k, 1 <k <K,

o) +a o s Au(b)
o) —a " 25 )

(El In

. 1 / adp,\ 1
Jim TP (¢ byde — i (b)] <
A0 ¢y (D) Jie—gr my<a O ( >’ |y (D)]

13



Remark 3. When o(b) = o, a constant, Tadp’ (&,b) is the regular WSST T)‘ (f b) defined by
. Suppose supp(g) C [—a,a]. Then Corollaryl 1| is Theorem A with condztzon |

Remark 4. When g(&) is not supported on [—a, af, but [g(§)| decays fast at |{] — oo, then the
terms in the summation Z#k for bdy in will be small as long as « is quite large (hence Ty
is very small). More precisely, from , we have

r1(0)
1(0)

(o (b) + ) < po(b) — a.

Thus
pr—1k(0) > po(b) — (uo(b) —a) = a.
Similarly, we have py1(b) > a. Recall that we assume that |g(&)| is decreasing on & > 0. Hence
9 (prt1,.(0)| < 19( £ )| = 70.

The quantities [§(pex(b))| for other £ # k —1,k,k + 1 are smaller than 7o also since pyr(b) are
larger than «. As an example, let us consider the case when g is the Gaussian function given in
. If we let o =1, then

g(1) =2.675 x 1077.

Thus even in practice €, is small, for example €, = 10~ or 1075, and hence 1/, is large, but the
term in the summation Z#k for bdy in 1s still very small.

For the functions my (b) in , we have
1t 50y
mirh) < [

7(o0) (0~ 20 g))| %

/
e ¢, (b) 3
</“+0%)7d£—71nua(b)+a~ 2a T
Thua V€T o) —a T uo()

Thus |myg(b)| could be small if T is small. To summarize, in the case that g is not compactly
supported, the statements in Corollary[1] still hold if the same conditions are satisfied and that «
is large enough (and hence 1y is small enough). [

Remark 5. Observe that in C’omllary € = 51/3. In [T])] and [33] on theoretical analysis on
WSST and FSST, €, and €1 have the same relationship. It means that if € is small, then 1 = ¢
will be very small. In other words, theoretically, to have small error bounds for the instantaneous
frequency estimate, |A)(t)| and |} (t)] must be very small, which means x(t) is essentailly a
superposition of sinusoidal signals. This is the reason for that in practice WSST and FSST
work well for sinusoidal signals, but not for signals with fast changing instantaneous frequency.
The 2nd-order SSTs were introduced for signals with fast changing instantaneous frequency. We
provide the analysis of 2nd-order adaptive WSST in the next section.

Before moving on to the next section, we consider an example to show the recovery error
bound bd; in .

Example 1. Let z(t) be a two-component linear frequency modulation signal given by

z(t) := 1(t) + z2(t) = cos (2m(12¢ + 0.5t%/2)) + cos (27(26t — 0.5t*/2)), te€ [0,1].  (65)
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Figure 1: Example of two-component signal z(t) in (65]). Top: Waveform; Middle-left: z1(t) and recovered
x1(t) (red dot-dash line); Middle-right: 2(t) and recovered x2(t) (red dot-dash line); Bottom-left: Absolute

recovery error for 1 and error bound bd;; Bottom-right: Absolute recovery error for o and error bound

bds.
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The number of sampling points is N = 256 and the sampling rate is 256Hz. The instantaneous
frequencies of x1(t) and x2(t) are ¢ (t) = 12 + 0.5t and ¢4H(t) = 26 — 0.5¢, respectively. Hence,
2(t) € Cey ey with €1 = 0,69 = 0.5. In Figll], we show the waveform of x(t).

We let p =1, and choose o(b) to be

a ¢y(b) + ¢ (b)
1 @h(b) — 1 (b)

We set 7o = 1/20,€; = 0.01 and €3 = 3(¢h(b) — ¢} (b). We show the recovered z1(t), z2(t) in the
middle row of Fzgl The absolute e TECOVery errors (the quantity on the left-hand side of . for
x1 and x9 and the error bounds bd1 and bd2 are provided in the bottom row of Fzg Observe
from the middle row of Figl[l] that the recovery errors are small except near boundary points t = 0
and t =1 due to the boundary issue. Hence, we show the errors for t € [0.1,0.9] in the bottom

row of Figl[l]

o1(b) :=

4 Analysis of 2nd-order adaptive WSST
In this section we consider multicomponent signals z(t) of satisfying the following conditions:
Ap(t) € C*(R) N Loo(R), 1 (t) € C*(R), ¢(t) € Loo(R), (66)

We also assume each z(t) is well approximated locally by linear chirp signals of with Aj (t)
and ¢l(€3) (t) small:
A ()] < e, |00 (1) <es, teR, 1<k <K, (67)

for some small positive numbers e1, 3. More precisely, write z(b + at) as

xz(b+ at) = xzy(a,b,t) + x,(a, b, t), (68)
where
K
Zm(a,b,t) = Y ap(b)e2r @k Patt30{B)at)?) (69)
k=1
K
ze(a, b, ) Z{ (A(b + at) — Ag(b))e2mor0+an -

=1
+xk(b)ez2ﬂ(¢;€(b)at+§¢%(b)(at) )(612ﬂ(¢k(b+at)_¢k(b)—%(b)at—%qbg(b)(at)?) B 1) }

By condition ([67)), we have |4y (b+ at) — Ag(b)| < £1alt| and

|e2m(@x(brat)=ou(B)=dj (Dot =z (B)at)) _ 1) < 27% sup |¢f” () (at)?| < Zesa®ltf®
neR

Thus,
. K
|z:(a,b,t)| < e1Kalt] + gEgagltP > Ag(b). (71)

k=1
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Therefore, zy,(a,b,t) approximates (b + at) well if €1,e3 are small. Note that xy,(a,b,t) is a
linear combination of linear chirps with variable ¢.

Next we consider the approximation of W (a, b) when z(b+ at) is approximated by x,(a, b, t).
With , we have

K ; '
xr(b+ at) gl ——= e gy
2 J; -5*(5w)
K
_ ei2m (¢} (b)at+5 d)"(b) 22) 1 t —i2mpt gy 2
2 Rmk a(b)g<a(b)>e + resp, (72)
where
resy 1= / xr(a,b t)ig(L)e_ﬂwtdt (73)
TR a0 \e(b) '

For given a,b, we use Gi(&) to denote the Fourier transform of eim i (b)a”o® (b)¢? g(t), namely,

Gk(é) = ]:(6%'7r¢;c/(b)a,20—2(b)t2'g(t)) (6) — / 6i7r0-2(b)(b%(b)a2t2'g(t)€—i27rftdt’
R

where F denotes the Fourier transform. Note that Gj(§) depends on a,b also if ¢} (b) # 0. We
drop a,b in Gy, for simplicity. Thus we have

Zxk )Gr(o — a¢y (b)) + reso. (74)

Note that to distinguish the different types of the remainders for the expansion of Wx(a, b)
resulted from different local approximations for zx(b + at), in this section we use “res”, which
means residual, to denote the remainder for the expansion of Wx(a, b) in . By , we have
the following estimate for resg:

|reso| §/RK51a\tU(lb)‘g(afb)ﬂdt—k/Rg63a3!ﬂ3§Ak(b)g(1b)’9((7&))‘0%

K
= Keilao(b) + §E3I3a3 a3 (b) ; A (b),
where I,, is defined in . Hence we have
lreso| < ao(b)Ip(a,b), (75)

where

- K

Mo(a,b) := Kerly + e3lza’0”(b) Y Ag(b).
3 k=1

By (75), we know [resg| is small if 1,3 are small enough. Hence, in this case Gy (o(b)(pn —

ag},(b))) determines the scale-time zone for ka(a, b). More precisely, let 0 < 79 < 1 be a given
small number as the threshold. Denote

O} = {(a,0) : |Gr(o(b) (u — adh(®)))| > b € R).
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If |G(&)| is even and decreasing for £ > 0. Then O) can be written as

O;z{(a,b):m—aqs;(b)\ <%,beR}. (76)

where «y, is obtained by solving |G (§)| = 70. In general ay, = ay(a,b) depends on both b and a,
and it is hard to obtain the explicit expressions for the boundaries of Q. As suggested in [24], in
this paper, we assume ay(a,b) can be replaced by Bi(a,b) with ay(a,b) < Bi(a,b) such that Oy,
defined by with ay = Br(a,b) can be written as

Or :={(a,b) : lx(b) < a < u(b),b € R}, (77)
for some 0 < Ij(b) < ug(b), and

|Gi(a (D) (1 — agi(b)))| < 7o, for (a,b) & Q. (78)

In addition, we will assume the multicomponent signal z(t) is well-separated, that is there is o(b)
such that

uk(b)glk_l(b), beR k=2,--- K, (79)

or equivalently

OrNOr=0, k#L. (80)

Next we consider the case that g is the Gaussian function defined by as an example to
illustrate our approach. One can obtain for this g (see [24]),

2,2 . 17
G (u) = . ¢ T ez (st 6), (81)
V1 =279} (b)a?a?(b)
Thus
1 _ 272 w2
|Gr(u)| = e TRt tnT T (82)
(1 + (27‘1’@25%(())&20'2(1)))2)2

Therefore, in this case, assuming 79(1 + (277(;5%(1))(1202(()))2)% <1 (otherwise, |G (u)| < 1o for any

w),

1 1 1
ag = a\/l + (27¢} (b)a?o?(b))? 27r\/2 1n(T—0) —5 In(1 + (27} (b)a?a2(D))?).
Authors of [24] replaced «ay, by
Br = a(1+ 2|9 (b)|a*o" (b)),

vﬂlere o = 3-1/2In(1/7) as defined by (26). Since ay < B, we know holds. That is

Wy, (a,b) lies within the scale-time zone:
{(a,b) + 1= agh(b)] <

which can written as with (see [24])

(0}

=0 (1 + 2116 Dla?(1)).b < B},

2(p+=05)
b _ o(b)
) = D sraa e D)
(83)
le(b) = e

1, () /), (b)2+8ma(po (b)—a) ¢ (0)]
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It was shown in [24] that if

dav/m\ I40)] + 161 (0)] < 64 (6) = G, (), k=2, K, (84)
then holds if and only if o satisfies

Br(b) — /Ti(b)
Qak(b)

o< Br(b) + /Ti(b)
- 2ak(b) ’

where
r(b) = 2map(I6 ()| + ¢, (B)])?,
Br(8) = (Sh(D)|#H_1(5)] + Sy (B)|GF(B)]) (91(b) = 41 (8) + 4ma® ({()? = 91 (1)),
() = 1 { (OISO + S IO (540) + 61 (0)) + 2ma (4 0)] — 61 B)])}.

and

Tr(b) := Br(b)* — oy (b) k()
= (L)1 ()] + o (B)6F B))*{ ($1.6) = Bh1(9)” = 16ma2(|6(B)] + |61 (b)) }-

Thus [24] calls and below the well-separated conditions:

o Br(b) Ti(b) o Be(b) + /Ti(b)
max{u WOR 2k ki< min {5 2onll) 2 (86)

[24] suggests to choose o (b) to be o2(b) defined by

max { &, POSVRO o << KL 0(0)] + 0 ()] £ 0,

20¢k(b
oo (b) = (87)

o 9 (b)+e)_,(b)
maX{ WIH():2§1€§K}’ if ¢ji(b) = ¢{_1(b) = 0.

In the following we assume z(t) given by satisfy and , and that the adaptive
CWTs Wu(a, b) of its components with a window function g € S lie within scale-time zones
Q@ in the sense that holds and each Qj is given by . In addition, we assume z(t)
is well-separated, that is there is o(b) such that holds. Let &, ., denote the set of such
multicomponent signals z(t) satisfying .

Next we introduce more notations to describe our main theorems on the 2nd-order adaptive
WSST. For j > 0, denote

, — | i2n(¢, ()at+ Lol (b)a22) b\ ot
Gonlash) /R (b)j+lg( (b))e dt (88)

_ ]:<eiw¢g( Ja*o?(b)t ﬁg(t)) (o (b) (1 — agy(h))))-

Clearly
Gok(a,b) = Gi(o(b) (1 — agy(b))).
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We also denote

Zwe — ¢,(0))Go(a,b),
14k
fo ¢ ( ))Gl,f(a7 b)u
oy
= x(b)( — (D)) (¢4(0)G1e(a, ) + 67 (b)ac (b)Ga(a, b)),
£k
= x4(b) — ¢k (0)) (¢4(0)Ga(a, ) + 67 (b)ac (b)G3 4(a, b)),
14k
and denote
da ug (b)
My (b) = /a weon] |Go(a, b)|; :/lk(b) |Ge(o(b) (1 — agi(b) )‘* (89)

Recall that W (a,b),j =1,2,3 and Wg(a, b) denote respectively the adaptive CWTs defined
by with g replaced by g; and ¢’, where g; are defined by . Expand Wy (a,b),j = 1,2,3
and W{ (a,b) as Wy(a,b) in (72), and let resy, resy, res] and res( be the corresponding residuals.

Then resp, resy, res], and res(, are given as res in with ¢(t) replaced respectively by tg(t),
t%g(t), tg'(t), and ¢'(t). Thus we have the estimates for these residuals similar to (75). More

precisely, we have
Ires; | < ac(b)II;(a, b), |rese| < ac(b)IIy(a, b), |resy| < ac(b)Ig(a, b), res)| < ac(b)ILi(a,b), (90)

where

K
T
I (a,b) := Key I + 553146902(1)) > Ag(b),

k=1

. K
Hg(a, b) = Ke1ls + 553[5a202(b) Z Ak<b),
ﬁo(a, b) = Kelfl + g€3f3a202(b)
ﬁl(a, b) = K€1T2 + gsgﬁa202(b)

with I, and fn defined by and respectively.

Next we provide Theorem [2| on the 2nd-order adaptive WSST. The proof of Part (b) of
Theorem [2| is based on the following three lemmas whose proofs are postponed to Appendix C.
The residuals Rest, Ress in these lemmas are defined as

Res; := Resy,1 + Resy 2, Resp := Resa 1 + Resg o, (91)
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where

Resy 1 := 27 By(a, b) + i2mac(b) Dk (a, b),
o res; ,
Resy 2 := 227r<a — ¢§€(b))reso - aa(g) —i2n ¢y (b)ao (b)resy,

Resg 1 := —4n0(b)Ey(a,b) + 270 (b) Dy (a, b) — 4n%ac?(b) Fy.(a, b)

(agy(b) — p)) resy

12T

)2
Resg o := Za—;r(aqﬁ(b) —2u) (resg + res)) + i2wo(b) ((b'k'(b) e

—i2mo (b) ¢y (b) (i2mpuo (b) resy — resh) + (2 resy + res))

1
a?o(b)

with res!, and res] are the errors defined by with g(t) replaced by t2¢/(t) and tg”(t) respec-
tively.

Lemma 2. Let Res; be the quantity defined by . Then

B W(a, b) = (izmg(b) . ‘:g:;)wx(a, b) +i2r ! (b)ao (b)WE (a, b) — ‘:((g)) W9 (a,b)+Resy. (92)

Lemma 3. Let Resy be the quantity defined by . Then 0,Res; = Resq, and

0,07 (a.0) = (12 640) - ) 0u V(0.1 (93)

+i2r ) (b)o (b) (W (a,b) + ady W (a, b)) — ‘:((é’)) 8aW 5 (a,b) + Ress.

Lemma 4. Let Ry(a,b) be the quantity defined by . Then for (a,b) satisfying Wm(a,b) #0

K awgl (a,b))
and % (7Ww(a,b) # 0, we have

Ro(a,b) = i27a(b)¢}(b) + Ress, (94)
where N N
Res Wy(a,b) Resg — 9,Wy(a, b) Res;
3= = — — — — —
We(a, )W (a,b) + aWy(a,b)0, Wi (a,b) — aWi*(a,b)0,Wy(a,b)
with Resy and Ress defined by .

Theorem 2. Suppose z(t) € &, o, for some small 1,63 > 0. Then we have the following.
(a) Suppose & satisfies &1 > ag(b)o(b)Io(aa(b),b) + 10 Sp_y Ar(b). Then for (a,b) with
\We(a,b)| > &1, there exists k € {1,2,--- , K} such that (a,b) € Oy.
(b) Suppose (a,b) satisfies |Wy(a,b)| > &1, ]aa(awgl(a,b)/wx(a, b))| > &, and (a,b) € Oy.
Then
w3*MP(a, b) — ¢},(b) = Resy, (96)

where
1

———(Res —anl a,b)Resz).
i2nWy(a, b)( ' (@ b)Resa)

Resy :=
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Furthermore,

|w3*%P (a,b) — ¢},(b)| < Bds, (97)
where
|Res: | 1 - - —~
Bdy := sup { = + a|W (a,b)|(21] Resz| + [0, Wy (a, b)| |Resl|)}. (98)
le(b)<a<uy(b) © 2TEL  2mEjEL

(c) Suppose that €1 satisfies the condition in part (a) and 1211;2)%{{]3(15} < $Lk(b), where Ly(b)
is defined by . Then for any €3 = £3(b) > 0 satisfying 1I<n;?§<{_BdZ} <éesz < %Lk(b), we have

1 1

lim —— / T2 (€, b)dE — a(b)| < Bdy, (99)
‘HU ki (0) Jie—gy )<z TV ‘ [l
where
) (b) == Gy (o (0)(n —-a¢k())) (100)
U (b)
and E,B\(/ik = E,B\(/i; + ]/3\(/1/,; with
IfSTi;C :=¢€11n uk(b) +o(b)Key I (ug — ) (101)
Ik(b)
T
+ 963[3(uk — lk Z A —|— Z Ag(b)MM(b)
04k
11 A (b
Bty = 250 g 1 03] + o (B Koy ()
Ik (b)
T
+ 963[3(uk — lk Z A —|— Z Ag(b)M&k(b)
£k
and |Uy| denoting the Lebesque measure of the set Uy:
Up = {a: (a,b) € O, |Wa(a,b)| > &1, |9 (aWZ (a,b)/Wa(a,b))| < &} (102)

Note that the error bound I/BTik for the component recovery (99) also depends on the Lebesgue
measure of the set U,. This makes sense since szdpg’ (£,0) deﬁned by . 34]) takes the integral along
the set - - -

{a>0: |Wy(a,b)| > &1, [0.(aWZ (a,b)/Wy(a,b))| > &},

namely, Tiicllpej(f, b) does not take account of a in Up. Thus only in the case that |Up| is small,
2adp7

the integral of T

T,E1,E2

Next we consider another type of 2nd-order WSST g2adpA (£,b) defined by ., where the

T,E1,€2

(£,b) in can provide accurate component recovery.

integral is taken along {a > 0 : |[Wy(a,b)| > &1}. To this regard, for a given b € R, denote

Vi = {a: (a,b) € O, |Wy(a,b)| > &1, |0 (aW? (a,b) /Wy(a,b))| > &2} (103)
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Theorem 3. Suppose z(t) € &, o, with a window function g(t) for some small e1,e3 > 0. Then
besides (a) in Theorem[d, the following hold:
(b1) Suppose (a,b) with a € V4, we have

w22P (a, b) — ¢}, (b)| < Bdj, (104)
where
Bd, := max sup {'Rei” b a9 (a,b)] (190 Wa(a, b)| [Resi| +€1|Res2|)}. (105)
2meq 2mey e

1<k<K eV,

(by) Suppose (a,b) satisfies |Wy(a,b)| > &, and (a,b) € Oy. Then

W (a,b) N Res;

4 e S (106)
We(a,b)  i2nWy(a,b)

Wi (a,b) — ¢, (b) = ¢ (b)ac(b)
Thus, for a € Uy, we have

1
adp Y - o g1
3% (a,) ~ Gh(8)] < By = mas. sup { o (Blar IV (0.0) + 5 < lRes}. (107

(c) Suppose that €1 satisfies the condition in part (a) of Theorem @ In addition, suppose the
following two conditions hold: (i) Bd] < Ly (b), (if) Bdy < 3Ly (b), where Li(b) is given in (60).
Then for any €; = £3(b) > 0 satisfying max{Bd}, Bdj} < &3 < 1L,(b),

—~/

: 1 2ad 1
lim / “p; (&,b)d¢ — x1(b)| < ———Bd,, (108)
‘ A—0 chp(b) 16—, (b)|<Ba 1,€2 ‘ ’czkp(b” k

where cw( ) is defined by (100), and Bd/,€ is defined by (101)).
The proofs of Theorems [2] and [3] will be provided in Appendix B.

Compared with (99), the integral of Siaipé (&,b) in (108]) provides more accurate component

recovery. However, in this case there is a restrlctlon on ¢} (b) on the set Up: Bdj < LLy(b).

The error bounds Bdy, Bd), Bd), in ., and (| - ) for 1nstantane0us frequency esti-
mates are determined by Res; and RGSQ From thelr definitions in , we know Resi and Resy
are bounded by |Bg(a,b)|, and/or |Dy(a,b)|, |Ek(a,b)|, |Fk(a,b)], and/or II;(a,b), II;(a,b) for

j =0,1,2 (refer to (90)), and II;(a,b), where I (a,b) is defined as II;(a, b) with I, I; replaced

respectively by
[ eiwla. [ g
R R

Under decay conditions on Gy (u) and Gj¢(a,b), |Bi(a,b)|, |D(a,b)|, |Ex(a,b)|, |Fi(a, b)| are small

for (a,b) € Oy, while II;(a,b), ﬁj(a, b), ﬁj(a,b) are small as long as €1, e3 are small. Thus Res;
and Resy are small. For the component recovery error bounds in and , My (b), 0 # k
are small if G(u) has certain decay. Thus under certain extra conditions, Theorem [2[ and |3 can
be stated in the formulation in Corollary [T}

—~/
Finally we consider another example to illustrate the recovery error bounds Bd;, in (108).
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Example 2. Let y(t) be another two-component linear frequency modulation signal given by
y(t) = y1(t) + y2(t) = cos (2m(20t + 18%/2)) + cos (27 (42t + 36t%/2)), t€[0,1].  (109)

Again we set the number of sampling points to be N = 256 and the sampling rate 256Hz. The
instantaneous frequencies of y1(t) and ya(t) are ¢} (t) = 20+ 18t and ¢4 (t) = 42+ 36t, respectively.
Clearly y1(t) and ya(t) have fast changing frequencies. In Figld, we show the waveform of y(t).
We choose pn = 1, and o(b) to be o2(b) defined by (87). We set 19 = 1/20,¢; = 0.01,
€5 = 1(¢h(b) — ¢1(b). In addition, we use uy and l, given by (83). We show the recovered
y1(t),y2(t) in the middle row of Fig@. The absolute recovery errors for yy and yo and the error

bounds Bdll and 1/371/2 are provided in the bottom row of Fig@. From Fig@ we know the recovery
errors are small except near boundary pointst =0 and t = 1.

Appendices

Appendix A: Proof of Theorem

In this appendix, we present the proof of Theorem

Proof of Theorem [1| Part (a). Assume (a,b) ¢ UleZk. Then for any k, by the definition
of Z in (52)), we have [g(o(b)(n — a¢},(b)))| < 10. Thus, by and (42), we have

K
Wa(a, )| < Y law(0)g(o(b) (1 — adfy(b)))| + [remo|
k=1
K
< ao(b)Xo(a,b) + 70 > Ag(b)
k=1
K
< as(b)o ()M (b) +70 Y Ar(b) <@,
k=1
a contradiction to the assumption |W,(a,b)| > ¢. Therefore, (a,b) € Z; for some £. Since

Z,1 < k < K are disjoint, this ¢ is unique. Hence, the statement in (a) holds. |

Proof of Theorem (1| Part (b). By with g replaced by ¢/,

K
., o 1 ¢ .
W49 — 2w, (b)at / —i2mpt /
At 26_1/RW(b)6 ot gy ) e remy

K
= > (1)) (0 (b) (1 — (b)) + rem)
=1
K

= 20 ()3 we(b) (1 — ad(1))F(o(B) (1 — ad)(b))) + rem,

(=1
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Figure 2: Example of two-component signal y(t) in (109). Top: Waveform; Middle-left: y; (¢) and recovered
y1(t) (red dot-dash line); Middle-right: y» () and recovered y2(t) (red dot-dash line); Bottom-left: Absolute

—~/
recovery error for y; and error bound Bd;; Bottom-right: Absolute recovery error for y» and error bound

—~
Bd,.
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This and imply that
(wadp’ (a,b) — ¢;€(b))22ﬂw (a,b)
!

= O,Wo(a,b) + (;((ll;)) (W (a,b) + W% (a, b)) — 27, (b)Wa(a, b)
_ i2§“%( ) - — (b) WY (a,b) — 276, (b)Wo(a, b)

K
= i2r (£ — ¢0)) (Zu — ag}(b))) + remo )

K
(zzm ) 2 ) = a0 (b) (11 — ag}(b))) + rem))

=1

¢, (0)g (o (b) (1 — agy(h)))

—i2r (2~ 40)
04k
= Rem;.

This shows (57).
When (a,b) € Zy, we have |& — ¢, (b)| < - wo@- Thus

Remy| < 2ma 20|y 0L 4 oS 4 6)160b) — ()] (o )1t — adh(5))]

ac(b)  ao(b) ol
< 2wl (b) + Ak(b) + 27 Y A(b)| ¢ (b) — ¢1.(b)| |G (pen(b))]
£k

= 27T€1bdk,
where the second inequality follows from , and . Hence, with the assumptions
|Wz(a,b)| > €1, we have

jwiP(a,b) — ¢(b)] < |wi®(a,b) — ¢},(b)|
li\e/ml ‘ ‘Remﬂ < bdg.
i27Wo(a,b) 2meq

This proves . |

Proof of Theorem (1| Part (c). Following similar discussions in [I4], one can obtain that

lim TP ¢ byde = [ Wola, b= da (110)

x JE1
A=0 J1e—¢) (b)| <@ X

where
adp

Xy :={a>0: |Wa(a,b)| > ¢ and |0,(b) — wiP(a,b)| < €3}
Next we show that X is the set Y} defined by
Yy i={a>0: |Wx(a, b)| > € and (a,b) € Z}.
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Indeed, by Theorem I Part (b), if a € Y}, then ‘gb' - w%dp(a b)‘ < bdy < €. Thus a € X,.

Hence Y, C X;. On the other hand, suppose a € X. Since \W (a,b)| > €1, by Theorem I 1| Part
(a), (a,b) € Zy for an £ in {1,2,--- ,K}. If £ # k, then by Theorem [I] Part (b),

|87(b) — wW3i™(a, b)| > [}, (b) — P4(b)| — |¢(b) — wiP(a,b)]
> min{ey(b) — ¢j_1(b), Phy1(b) — ¢ (b)} — bdy
> min{¢}, (0) — @1 (b), Fi1 (b) — ¢k(b)} —&B>6.
since 1211£fg({bdg} < € < $min{¢}(b) — ¢},_; (b), ¢, (b) — ¢, (b)}. This contradicts to the as-
sumpti(_)n_‘(b;( — wgdp(a,b)‘ < e3 since a € Xp. Hence £ = k and a € Yy. Thus we get X, =Y.
This , together with ( , leads to

lim TP (¢, b)dé = /~ W (a, b)d“ (111)
A0S je—g5, ()] <@ [Wa (a,b)|[>& }n{a:(a,b)EZ, }
To prove the estimate , we consider
— da
I We(a,b) = = (D) (d)
{|Wz(a,b)|>€1}n{a:(a,b)EZ} a
—~ da —~ da
| / W)~ [ Wla, )2 = e (0)a(b)]
a:(a,b)eZy} a {|Wz(a,b)|<€1}n{a:(a,b)€Z;} a
K da
</ al+ / £e0)3(o(0) (1 — ady (b)) + remo) * — e (b)a(0)
{a:(a,b)eZ}} a ‘ a:(a,b)EZy} 4:21 a v ’
pta/o(b)
- o da da . da o
<€ /<f>k v aa —|—/ lremg| — + ’/ xk(b)g(a(b)(u — aqﬁﬂb)))— — cw(b)xk(b)’
Bimt 0 Ja a In—ad} (0)< 5555 “
da
e alf COERACHES
7k —adi( |<o<b>
pta/o(b)
~ . po(b)+« PAO) da /“+O‘/”(b) N dg
< L S _ -
<amilgte . / e COMOT + o) [ A=) — o )
k
pto/o(b) ¢/ (b) d¢
sSam| [ Talew - SR
; ‘ p—a/o(b) ( ¢}.(b) ) 3 ’
- . po(b)+a N
=¢€1ln -l— ) + Ay(b mg k( c bd;..
MU(b) ¢/( ) gﬁ; ’ 1/)( )‘

This estimate and (111)) imply that holds. This completes the proof of Theorem [I| Part (c).
|

Appendix B: Proofs of Theorems
In this appendix, we provide the proof of Theorems [2| and
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Proof of Theorem [2| Part (a). Assume (a,b) € UX | O. Then for any k, by (74), and
, we have

K

[Wa(a,b)| < [reso] + Y |2 (b)Gr(a(b) (1 — agh (b))
k=1
K

< ao(b)Ily(a,b) + 0 Z Ap(b)
k=1

< az(b)a(b)o(az(b),b) + 7o ZAk <&,

a contradiction to the assumption |W,(a,b)| > &. Thus (a,b) € O for some £. Since Oy, 1 < k <
K are not overlapping, this ¢ is unique. This completes the proof of the statement in (a). [

Proof of Theorem [2| Part (b). Plugging 8bW (a,b) in . ) to w2adp’ in , we have

ondpe _ OWa(ab) - o'(b)  W(ab) oo 0'() WE(a,h)
! 27 W (a, b) " i2mo(b) oW, (a,b) Rola,b) + o(b) i27W,(a, b)
B 1 ) , o' (b)\ . " 91 @N%
_ W{(ﬂmﬁk(b) -0 )Wm(a,b) +i2mg (D)ao () a,) = Z W a,b) —|—Resl}
AU W (a,b) . o'(b) W (a,b)
i2mo(b) iQWWx(a,b) Rola,b) + o(b) i2xW, (a,b)
= ¢,(b) + ¢} (b)ac (b) Wiab) | Ress _ Wb Ro(a, b)
g " Wala,b) | 2eWa(ab)  2nWa(ab)
o " DVao W (a,b) Res; B ng(a b) 9o (b o
= ¢, (b) + ¢ (b)ac(b) Toad) o b e (1270 (0) ¢ (b) + Ress)
— ) + Resy B ng (a,b)Ress

27 Wy (a, b) 27 Wy (a, b)
= ¢}, (b) + Resy,

where has been used above. Thus holds.
To prove , observe that

_Resy (%Wi(a,b) Res;
_ Wa(a,b) Wz (a,b)?
Resy = ) aW it (a,b)
a( W (a,b) )

Thus for (a,b) € Oy, and |[Wy(a,b)| > &, and laa(%M > g9, we have

|Ress| |8aV[N/Z(a,b) Rest| _ —~
< — = .
IRess| 52( = > ) 1~2(|Re82|61 + 10 W (a, b)| |Res1|)
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Hence

e = [ _ T2 ey
i2nWy(a, b) 27 W, (a,b)
Res 1 - —~
|27r§1’ S5 |aI/V£1 (a,b)|(|Resz|e1 + |0.Wa(a, b)| |Rest|) (112)
1
< Bdg.
This proves . |

Proof of Theorem [2| Part (c). First we have the following result which can be derived as
that on p.254 in [14]:

lim T2 b)dg = | Wala,b)= da (113)

90 51,52
A=0 ) |e—g) (b)| <23 Z

where
Zy:={a: [Wi(a,b)| > &1, |aa(anl(a, b)/Wa(a,b))| > & and |}, (b) — w2P(a,b)| < &3}

Let Vj, be the set defined by (103] . Next we show that V;, = Z;,. First we have that if a € Vj,
then by Theorem [2 Part (b), k( ) — wiagd?p(a,bﬂ < Bdy < €3. Thus a € Z,. Hence we have
Vo C Zp.

On the other hand, suppose a € Z,. Since |W,(a,b)| > &1, by TheoremIPart (a), (a,b) € Oy
for an ¢ in {1,2,--- , K}. If £ # k, then

|64,(6) — PP (a,b)] > |8},(b) — @(b)] — [@4(b) — WP (a, b)]
> Li(b) — Bdy > Ly (b) — &3 > &3,

and this contradicts to the assumption a € Z; with ‘(]5, - wzadp(a b)‘ < €3, where we have

used the fact |¢],(b) — ¢}(b)| > Li(b) and |¢(b) — iaadp(a b)| < Bdy < &3 by TheoremIPart (b).
Hence ¢ = k and a € V}. Therefore V,, = Z,

The facts Z, = Vj, and V, N U, = 0, together with (113]), imply that

da d — d
lim TR b)dE = | Wala,b) Wa(a,b) 22 — | Wa(a,b)™
A S (= Vi a VoUs a Ju, a
— d d
=/~ Wo(a, )2 — [ Wa(a, b= a (114)
{|Wz(a,b)|>&1}N{a:(a,b)€O} a Uy
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Furthermore,

]/~ i Wa(a,b) 2 — ¢k (b)a (b)‘
{|Wz(a,b)|>€1}n{a:(a,b)€O } a
da ~ da

-1/ Walat)s [ Wa(a,0) % — o (D) 0)]
a:(a,b)€0,} a {|Wx(a,b)\<a}m{a:<a,b)eok} a

T x o —ad) res @ _ Ck T
= /{a (a,b) eok}6 S ‘ /a (a.b) eok} > 2e(®)Gr(a(b) (1 — agy(b)) + reso) — () k(b)‘

a =1
- [" da da
sa T rresO|+\/ ok DG (o 0) (1 — adh0)) 5 = chO)n(b)
3| [ Gulott) — as)
£k
. ug(b Uk da
<é¢ln l:((b)) + /Zk ao (b)Iy(a, b); + ’xk(b)ci(b) - ci(b)wk(bﬂ + ;ﬁ Ay(b)My 1 (b)

K

~ . ur(d

=€ In l:((b)) (b)Kslll(uk — lk) + 95313(1% — lk O’ ZAJ -+ ZAg(b)M&k(b)
j=1 L#k

—~/
Hence, we have

——_Bd,. (115)

ol
‘Ci(b) (W (a,b)>E1}n{a:(a.b)€0)}

In addition,

W) = | [ (3 ar(b)Gu(o(t) s — adh(5) + reso)
Uy a Uy a

(=1

d Ar(b
< / |reso|£ + £(b) sup |Gr(o(b)(p — agy ()| |Us)
{a:(a,b)€01} Ik(b) acty

da
Ap(b Gr(o(b)(u — ag),(b))|—
3 A0 Lo |G adh I

K
< O'(b)K&lfl(uk *lk) 563[3(1% *lk ZA] ()) ’Ub‘ +ZAZ Mgk(b)
Jj=1 L#k

—~//
== Bdk,
where we have used the fact

imo? ' (b)a2t? —i2m
sup Gu(6)] < [ e OO ) a1 — g

The above estimates, together with (114)), leads to . This completes the proof of Theorem
Part (c). [
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Theorem 3| Part (b;) follows immediately from ((112)).
Proof of Theorem 3| Part (bs). By in Lemma 1, we have

WWala,b) o) o'(b) W(a,b)

adp,c __

S Wty T 270) T o) i2aW(ab)

= ;{( T (b) — ? (b>)W (a,b) + 2w py(b)a (b)wgl(a b) — mWN/%(Q b) + Resy
i27rwx(a b) g o(b) o o(b) " *

o'(b)  o'(b) Wi (ab)
i2ro(b) o (b) 27 W, (a, b)

/ 1" Wﬂgl (a7 b) Res;
= & (b b)ao(b) = W '
¢ (b) + i (b)ac (b) W, (a,b) * 27 Wy (a,b)

This shows (T06)). (T07) follows from (T06) and the assumption |W,(a, b)| > &1. [

Proof of Theorem [3| Part (c). First we have the following result which can be derived as
that on p.254 in [14]:

da
) g2adp,
i [ g e = [ (a0 (116)
A X,
where B .
Xp={a>0: [Wy(a,b)| > and |}, (b) — P (a,b)| < &}
Let _ .

Yy :={a>0: |Wy(a,b)| > & and (a,b) € O}.

Next we show that X, = Y;. By TheoremIPart (b1)(by), if a € Y3, then |1,(b) iasd;(a, b)| < &3

since Bd/, Bd < £3. Thus a € Xj. Hence Y} C Xb
On the other hand, suppose a € X,. Since |W (a,b)| > &1, by TheoremIPart (a), (a,b) € Oy
for an ¢ in {1,2,--- ,K}. If £ # k, then

|0 (0) — w2P(a,b)| = [} (b) — ) (B)] — |d(b) — WL (a,b)]
> Li(b) — max{Bd},Bd}} > Li(b) — 23 > &3,

and this contradicts to the assumption a € )Z'b with ’gb;c — wiag?p(a, b)‘ < €3, where we have
used the fact |¢},(b) — ¢,(b)| > Li(b) and |¢}(b) — iaip(a b)| < max(Bd/, Bd}) < &3 by Theorem

Part (b1)(by). Hence £ = k and a € Y;. Thus we know X, = Y;. This and (116)) imply

lim s e byde = | Wa(a,b) = da (117)
=0 Jle—¢4 (0)|<s {IWa(a,b)[>E1}n{a:(a,b) €0k}

The estimate ), together with (117} . leads to ((108]). This completes the proof of Theorem
Part (c). [
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Appendix C: Proofs of Lemmas
In this appendix, we provide the proof of Lemmas For simplicity of presentation, we drop

x,a,bin VIN/I(a, b), V[N/fl(a, b), ngj(a, b) below.

Proof of Lemma By , we have

¥ = [ toand o (o) Ja
:/mx@{ ) (?)Y" ;a_@b)) + o (o) (- oy )

+/ bb)e_ﬁwt b127r,udt

S e aal(b)wg/ T

which is the right-hand side of . Thus holds.

Proof of Lemma By with ¢ replaced by ¢/,

K
e _ iom(@, (bat+Lera22) L (U N\ _iorput /
W Z/ xo(b)e <™\ 2% —U(b)g (T(b))e dt + res

K
_ Z;/ 156 7127r (u—ag} (b)) t+irdy (b)a?t? aat (g< Ef )))dt + resO

_ o —i2m(u—ad), (b)) t+ind! (b)a2t2 t /
Z/ ot (W(b)e ¢ ¢ )g(—a(b))dt+reso
=127 Z 2o(b) (1 — ady(b)) / —1271'(N_¢2(b))t+i7r¢2/(b)a2t2g( t )dt

R o(b)

. / Y t
_i9 1 2 / —i27(u—agy(b))t+irgy (b)a2t2t dt /
27 E xe(b)dy (b)a Re g(a(b)) + resy

K K
=21 (b) Y xo(b) (1 — agy(b))Goe(a,b) — i2ma’a?(b) Y xe(b)d} (b)G1,e(a, b) + res;.
/=1 =1
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This and imply that

o + Z O T 4 ) — iy ()W — i2m) (b)ao ()T

o(b)
— i22-'uW— aal(b)/m\; — 327} (b ) —i27¢}(b)a (b)ng
i2mp— 27 = res
= SR TS )1 — adl(6))Go(ab) +i2mac (b)Y e ) (5)Gr (e b) ~ S
/=1 /=1
—i27 ), (D)W — i2n ¢l (b)ac () W9
K
:%”( — ad(0)) (32 we(b)Go,e(a,b) + reso)
27 & . K res;
=S w(B) s = (1) Gofa,b) + i2vaa (8) 3 () (DG o(a.h) —
(=1 /=1
K
206! (b)ac (b) ( > 2i(b)G(a,b) + 1"681)
(=1
— 213w () (@(5) — ¢ (1)) Goe(a,b) + i2mac () 3w (b) (@1 (b) — $(5))Gh,e(a,b)
04k 04k
—HQTr(— — & ( ))reso - ;j?g) L(b)ac (b) res;

/
=27 By(a,b) + i2mao(b) Dk(a,b) + i27r<ﬁ - qb%(b))reso - Lig) — i27¢}(b)ac (b) res;
a ao
= Res;.
This completes the proof of Lemma |

Proof of Lemma follows immediately from if 9,Res1 = Ress. Thus to prove
Lemma 3], it is enough to show 9,Res; = Resy. By the definition of G} in , one can easily
obtain that for j > 0,

0aGjk(a,b) = 1270 (b) ¢}, (D)Gj1,1(a,b) + i2mac® (b) ¢} (0)Gj2,x(a, b).

By this and direct calculations, one can get 0,Res;; = Resyi. So we need merely to show
O.Res1 2 = Resg 2. To this regard, first we notice that

0u (re(a,b, 1)) = =0y (s . 1).
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This follows from 0, (z(b+at)) = L8 (x(b+at)) and 9, (¥m(a,b,t)) = L0 (2m(a, b,t)). The latter
can be verified straightforward by the definition of xy,(a, b, t). Thus, we have

8ares():/Raa(:cr(a, b,t))g(lb)g<a(tb))e_i2”“tdt
:/RZ@t(:cr(a,b,t))U(lb)g<afb))e_i2”“tdt
= (11(1 1)/Rmr(a b, tia(lb) <tg<g§b)>e_i2”“t>dt
t t o, 0t . t —i2mpt
i /R“"r(“’ Ry <9(a(b)> ! Gy mm(@))‘f .

Therefore,
1
Oqresy = —E(reso + res| — i2mpo(b) resy). (118)
One can show similarly that
1
Oqres; = —a(2resl + resy — i2mpuo(b) ress). (119)
In addition, from (118)), we have
1
Daresy = . (resg + res — i2mpo(b) res). (120)
Finally, by (118)-(120) and tedious calculations, one can obtain J,Res; 2 = Resg . This shows
OsRes1 = Resy and hence Lemma, [3] holds. |
Proof of Lemma[d  Note that
1 'D) = = e s
Ro(a,b) = <W8 TV — 0, W 0, + )(WaaW93—W938aW)>.
WW + aWo,Wa — aW9d,W a(b)

Thus, by (92] . and .,
(Ro(a,b) —i2mo(b) g (b ))( WW9 + aWa, W9 — aW9'9, W)
o’ ()
a(b)
—i2mo (b)) (b )( WW + aWa, W — aW99, W)

= W,0,W — 8. WOW + (Wo,W9 — W99, W)

= W( (127}, (b) — L)&W L 2 () (0) (W9 + o) — T g e Re82>

o(b) o(b)
T (- / U/(b) 57 s " o Ul(b)/" 3
—3aW((227r¢>k(b) ~ o) YW + 2wy (b)ac (b)WIt — %Wg + Resl>
+7 (f)) (WO — W99, — 1270 (D)6l () (WD + alW oW — a5,

—W Resy — aaW Res;.
Therefore, we have

Ro(a,b) — 2no(B)g(b) = —— L Do = OV Res g
Wng + aW8 ng — aW918 W

as desired. This completes the proof of Lemma [4] |
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