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Abstract

Decision-tree algorithms provide one of the most popu-
lar methodologies for symbolic knowledge acquisition. The
resulting knowledge, a symbolic decision tree along with a
simple inference mechanism, has been praised for compre-
hensibility. The most comprehensible decision trees have
been designed for perfect symbolic data. Over the years,
additional methodologies have been investigated and pro-
posed to deal with continuousor multi-valueddata, and with
missing or noisy features. Recently, with the growing pop-
ularity of fuzzy representation, a few researchers independ-
ently have proposed to utilize fuzzy representation in de-
cision trees to deal with similar situations. Fuzzy represent-
ation bridges the gap between symbolic and non-symbolic
data by linking qualitatitive linguistic terms with quantitat-
ive data. In this paper, we overview our fuzzy decision tree
and propose a few new inferences based on exemplar learn-
ing.

1. Introduction

With the increasing amount of data readily available,
automatic knowledge acquisition capabilities are becom-
ing more and more important. When all data elements are
preclassi ed, no extensive domain knowledge is available,
and the objective is to acquire knowledge describing those
classes (as to reason about them or simply to classify fu-
ture data), the knowledge acquisition process is called su-
pervised learning from examples. Because the objective is
to infer new knowledge, inductionmust be employed. When
both the language describing the training data and that de-
scribing the resulting knowledge use symbolic features, we
speak of symbolic learning.

Decision-tree algorithms provide one of the most popu-
lar methodologies for symbolic knowledge acquisition from
feature-based examples. Among them, Quinlan’s ID3 is the
most widely known. It was originallydesigned for symbolic
data when all the needed information is available. The ac-

quired knowledge is expressed with a highly comprehens-
ible symbolic decision tree (a model), which paired with
a simple inference mechanism assigns symbolic decisions
(class assignments) to new data. Because of the natural in-
terpretation of the knowledge, symbolic decision trees can
be easily translated to a set of rules suitable for use in rule-
based systems [10].

An alternative learning scenario may involve a simple
statistical inference on the data, or selection of data ele-
ments to be used in a proximity model. Quinlan has recently
proposed to combine standard decision-tree reasoning with
such instance-based scenarios [9]. Exemplar-based learn-
ing [1] is a di erent combination of instance- and model-
based learning. There, special examples (exemplars) are se-
lected from data to be used with a proximity measure, but
these examples can also be generalized.

In real-world applications, data is hardly ever perfectly
tted to a given algorithm. This imperfectness can be mani-
fested in a number of ways. Symbolic inductive learn-
ing requires symbolic domains, while some or all attrib-
utes may be described by multi-valued or continuous fea-
tures. Some features may be missing from data descriptions,
and this may happen both in training or in decision-making.
In training, such incomplete data can be disregarded, but
this may unnecessarily overlook some available informa-
tion. In decision-making, a decision must be made based on
whatever information is available (or a new test may be sug-
gested). Data can also be noisy or simply erroneous. While
the latter problem can be minimized, the former must be ad-
dressed, especially in continuous domains from some sens-
ory data. Finally, features may involve inherently subjective
linguistic terms, without unambiguous de nitions.

Some of such problems have been explored in the con-
text of decision trees, resulting in the proposal of a num-
ber of methodological advancements. To deal with continu-
ous data, CART algorithms have been proposed [2]. Un-
fortunately, these trees su er from reduced comprehensib-
ility, which is not always a welcome trade-o . In sym-
bolic decision trees involving multi-valued or continuous
domains, it has been proposed to use domain partitionblocks



as features. In cases when such blocks overlap (coverings),
a probabilistic inference can be used. Methods for deal-
ing with missing features and noise have also been studied
[6, 8, 10].

In recent years, an alternative representation has grown
in popularity. This representation, based on fuzzy sets and
used in approximate reasoning, is especially applicable to
bridging the conceptual gap between subjective/ambiguous
features and quantitative data [3, 13]. Because of the grace-
fulness of gradual fuzzy sets and approximate reasoning
methods used, fuzzy representation is also well suited for
dealing with inexact and noisy data. Fuzzy rules, based on
fuzzy sets, utilize those qualities of fuzzy representation in
a comprehensible structure of rule bases.

Recently, a few researchers have proposed to com-
bine fuzzy representation with the popular decision tree al-
gorithms. When the objective is high comprehensibility
rather than "best" fuzzy partitioningof the description space,
the combination involves symbolic decision trees [4, 5, 11].
The resulting fuzzy decision trees exhibit high comprehens-
ibility, yet fuzzy sets and approximate reasoning methods
provide natural means for dealing with continuous domains,
subjective linguistic terms, and noisy measurements. Since
methodologies for dealing with missing features are readily
available in symbolic decision trees, such can also be easily
incorporated into those fuzzy decision trees. And since trees
can be interpreted as rule-bases, fuzzy decision trees can be
seen as a means for learning fuzzy rules. This makes fuzzy
decision trees an attractive alternative to other recently pro-
posed learning methods for fuzzy rules (for example, [12]).

A decision-tree learning algorithm has two major com-
ponents: tree-building and inference. Our fuzzy decision
tree is a modi cation of the ID3 algorithm, with both
components adapting fuzzy representation and approxim-
ate reasoning. In this paper, we overview fuzzy decision
trees. Then, following Quinlan’s proposition to combine
instance- with model-driven learning, we employ ideas bor-
rowed from exemplar-based learning to de ne new infer-
ences for the fuzzy decision tree.

2. Symbolic decision trees

In decision-tree algorithms, examples, described by fea-
tures of some descriptive language and with known decision
assignments, guide the tree-building process. Each branch
of the tree is labeled with a condition. To reach a leaf, all
conditions on its path must be satis ed. A decision-making
inference procedure (class assignments in this case) matches
features of new data with those conditions, and classi es the
data based on the classi cation of the training data found in
the satis ed leaf. Figure 1 illustrates a sample tree.

Tree-building is based on recursive partitioning, and for
computational e ciency it usually assumes independence

of all attributes. ID3 and CART are the two most popu-
lar such algorithms. While ID3 aims at knowledge compre-
hensibility and is based on symbolic domains, CART is nat-
urally designed to deal with continuous domains but lacks
the same level of comprehensibility.

The recursive partitioning routine selects one attribute at
a time, usually the one which maximizes some information
measure for the training examples satisfying the conditions
leading to the node. This attribute is used to split the node,
using domain values of the attribute to form additional con-
ditions leading to subtrees. Then, the same procedure is re-
cursively repeated for each child node, with each node using
the subset of the training examples satisfying the additional
condition. A node is further split unless all attributes are ex-
hausted, when all examples at the node have the same classi-
cation, or when some other criteria are met. For example,
in the shaded node of Figure 1, another attribute could be
used to separate its examples if they still represented con-
icting class assignments and more attributes were avail-
able.

The recursive tree-building can be described as follow:

1. Compute the information content at node N , IN �

�
PjCj

k pk � log�pk�, where C is the set of decisions
and pk is the probability (estimated from data) that an
example found present in the node has classi cation
k.

2. For each remaining attributeai (previously unused on
the path to N ), compute the information gain based
on this attribute splitting node N . The gain G i �

IN �
PjDij

j wj �INj
, where Di denotes the set of fea-

tures associated with ai, INj
is the information con-

tent at the jth child of N , and wj is the proportion of
N ’s examples that satisfy the condition leading to that
node.

3. Expand the node using the attribute which maximizes
the gain.

The above tree-building procedure in fact creates a par-
tition of the description space, with guiding principles such
as having "large blocks" and unique classi cations of train-
ing data in each of the blocks. It is quite natural to make
classi cation decisions based on those partitions in such a



way that a new data element is classi ed the same way as the
trainingdata from the same partition block. Of course, prob-
lems arise if a partion block contains training data without
unique classi cations. This may result from a number of
factors, such as an insu cient set of features, noise or errors.
Another potential problem arises if a block has no training
data. This may result from an insu cient data set.

Following the above intuitive decision procedure, in
the inference stage a new sample’s features are compared
against the conditionspresent of the tree. This of course cor-
responds to deciding on the partition block that the new ex-
ample falls into. The classi cation of the examples of that
leaf whose conditions are satis ed by the data is returned
as the algorithm’s decision. For example, assuming that the
shaded node contains samples with a unique decision, any
other sample described in particular by the same two fea-
tures "young-age" and "blond-hair" would be assigned the
same unique classi cation.

ID3 assumes symbolic features, and any attempt to avoid
this assumption trades its comprehensibility. Quinlan has
extensively investigated ID3 extensions to deal with miss-
ing features, inconsistency (when a leaf contains examples
of di erent classes), and incompleteness (when a branch for
a given feature is missing out of a node).

Quinlan has suggested that in tree-building, when an
attribute has its information contents computed in order
to determine its utility for splitting a node, each example
whose needed feature is missing be partially matched, to
the same normalized degree, to all conditions of the attrib-
ute. However, the overall utility of the attribute should be
reduced according to the proportion of its missing features
[8]. During inference, he suggested that assuming similar
partial truthness of conditions leading to all available chil-
dren gives the best performance [8]. This, however, leads to
inconsistencies (multiple, possibly con icting leaves could
be satis ed), and a probabilistic combination must be used
[10]. Quinlan has also investigated the behavior of such a
probabilistic approach on noisy features [6, 10].

3. Fuzzy sets, rules, and approximate reasoning

Given a universe of discourse (domain) and some sets
of elements from the domain, in classical set theory any
element either belongs to a set or it does not. Then, such
sets can be described with binary characteristic functions.
However, in the real world there are many sets for which it
is di cult or even impossible to determine if an element be-
longs to such sets. For example, this information might not
be available. Moreover, some sets are inherently subjective
without unambiguous de nition.

Consider the set of Tall people and the universe of one’s
friends. First problem is that some of those friends may fall
"too close to call" so that they can neither be categorically

included nor excluded in this set. Thus, partial memberships
may be used. However, even then someone else may dis-
agree with those memberships, since this concept is not uni-
versely de ned.

Fuzzy sets have been proposed to deal with such cases. A
fuzzy set is represented by a membership function onto the
real interval ��� ��. A fuzzy linguistic variable is an attribute
whose domain contains fuzzy terms { labels for fuzzy sets
over the actual universe of discourse [13]. Accordingly, one
may extend the notion of proposition to fuzzy proposition of
the form ’V is A’, where V is a fuzzy variable and A is a
fuzzy term from the linguistic domain, or a fuzzy set on the
universe of V [3, 13]. With that, classical logic must be ex-
tended to fuzzy logic.

One may extend a classical "rule" to a fuzzy rule R of the
form

R � if V� is A� and... Vj is Aj then D is AD

In this case, these fuzzy propositionsare also called fuzzy re-
strictions. To determine the meaning of such a fuzzy rule,
one may extend the notion of relation to fuzzy relation, and
then apply a composition operator. Alternatively, fuzzy lo-
gic can be used to determine the meaning of the antecedent
and the implication [3, 13]. For such reasoning involving
fuzzy logic and fuzzy propositions, approximate reasoning
was proposed [13].

Fuzzy logic extends classical conjunction and implica-
tion to fuzzy terms. While in classical logic conjunction
and implication are unique, in fuzzy logic there is an in n-
ite number of possibilities. T-norm, which generalizes inter-
section in the domain of fuzzy sets, is usually used for fuzzy
conjunction (and often for implication). T-norm is a binary
operator with the following properties [3]:

� T �a� b� � T �b� a�

� T �T �a� b�� c� � T �a� T �b� c��

� a � c and b � d implies T �a� b� � T �c� d�

� T �a� �� � a

The most popular T-norms are min and product.
S-norm, from generalized union, is similarly used for

fuzzy disjunctions. It is de ned similarly except for the last
property [3]: S�a� �� � a. The most popular S-norm is
max.

A set of fuzzy rules fRkg is a knowledge representation
means based on fuzzy rather than classical propositions. In
general, one would have to combine all the rules into a fuzzy
relation, and then use composition for inference. However,
this is computationally very expensive [3]. When a crisp
number from the universe of the class variable is sought (this
simpli cation can be used even if a linguistic response is
sought), and a number of other restrictions on fuzzy sets



and applied operators are placed, rules can be evaluated in-
dividually and then combined [3]. This approach, called a
local inference, gives a computationally simple alternative,
with good approximation characteristics even if not all the
necessary conditions are satis ed. The simplest local infer-
ence, and the one we will use here, is de ned as follows:
� �
P

��l � bl��
P

�l, where the summation is taken over
all rules in the rule base, �l denotes the degree of satisfac-
tion (from conjunction and implication) of rule l, and b l is a
numerical representation of the fuzzy set in the consequent
of the rule. bl will be the crisp number from the universe of
discourse of the consequent’s variable if such are used. Oth-
erwise, it may the center of gravity of the fuzzy set associ-
ated with the used linguistic fuzzy term.

Let us denote f� as an operator matching two fuzzy sets,
or a crisp element with a fuzzy set. Thus, f� can be used
to determine the degree to which a piece of data satis es
a single fuzzy restriction. Let us denote f� as the operator
to evaluate fuzzy conjunctions in antecedents of fuzzy rules
(i.e., this is a T-norm). Let us denote f� as the operator for
the fuzzy implication of a rule (this is often a T-norm).

4. Fuzzy decision trees

Fuzzy decision trees aim at high comprehensibility, nor-
mally attributed to ID3, with the gradual and graceful be-
havior attributed to fuzzy systems (we assume that a crisp
class assignment in the class domain is sought). Thus, they
extend the symbolic ID3 procedure (Section 2), using fuzzy
sets and approximate reasoning both for the tree-building
and the inference procedures. At the same time, they bor-
row the rich existing decision tree methodologies for deal-
ing with incomplete knowledge (such as missing features),
extended to utilize new wealth of information available in
fuzzy representation [5].

ID3 is based on classical crisp sets, so an example satis-
es exactly one of the possible conditions out of a node and
thus falls into exactly one subnode { and consequently into
exactly one leaf (except for the cases of missing features).
In fuzzy decision trees, an example can match more than
one condition, for these conditions are now fuzzy restric-
tions based on fuzzy sets. Because of that, a given example
can fall into many children nodes (typically up to two) of
a node. Because this may happen at any level, the example
may eventually fall into many of the leaves. Because a fuzzy
match is any number in ��� ��, and approximate reasoning is
closed in ��� ��, a leaf node may contain a large number of
examples, many of which can be found in other leaves as
well, each to some degree in ��� ��. This fact is actually ad-
vantageous as it provides more graceful behavior, especially
when dealing with noisy or incomplete information, while
the approximate reasoning methods are designed to handle
the additional complexity.

The tree-building routine follows that of ID3, except that
information utility of individual attributes is evaluated us-
ing fuzzy sets, memberships, and reasoning methods [5].
More practically, it means that the number of examples fall-
ing into a node (that is, those satisfying conditions leading to
the node) is now based on fuzzy matches of individual fea-
tures to appropriate fuzzy sets. These are the fuzzy sets as-
sociated with the linguistic terms used in those conditions,
which now become fuzzy restrictions. To reach a leaf a num-
ber of fuzzy restrictions must be matched { T-norms are used
to evaluate the degree to which a given example falls into
into deeper nodes (f�). Moreover, because the decision pro-
cedure of a single leaf can be described as the implication "if
fuzzy restrictions leading to a leaf are satis ed then infer the
classi cation of the training data in the leaf", then the previ-
ous level of satisfaction must be passed through this implic-
ation (f�).

In particular, the di erence lies in the way the probab-
ilities pk (see Section 2) are estimated. These probabilities
are estimated from example counts in individual nodes. In
fuzzy trees, an example’s membership in a given node is a
real number ��� ��, indicating the example’s satisfaction of
the fuzzy restrictions leading to that node. Thus, we need f�
and f� to evaluate this. Denote�Ne as the accumulated mem-
bership for example e at node N . Clearly, �Roote � � and
�
Nj

e � f���
N
e � f��e� Aj��, where Nj is the jth child of N ,

and Aj is the fuzzy term associated with the fuzzy restric-
tion leading to Nj . Then, at node N the event count for the
fuzzy linguistic class k is

P
e�E f���Ne � f��e� Ak��. Given

that, the probability pk can be estimated as

pk �

P
e�E f���

N
e � f��e� Ak��P

k��C

P
e�E f���Ne � f��e� Ak���

and a tree can be constructed using the same algorithm as
that of Section 2.

In the inference routine, the rst step is to nd to what
degree a new example satis es each of the leaves. In other
words, it is necessary to nd its membership in each of the
partition blocks of the now fuzzy partition. Thus, the same
f� and f� mechanisms must be used. The next step is to
determine the response of each of the leaves individually,
through f�. As indicated earlier, in fuzzy decision trees the
number of satis ed leaves dramatically increases. Such con-
icts are handled by f � operators.

However, there are likely to be con icts as well in indi-
vidual leaves. This is so because the fuzzy partition blocks
are very likely to contain training data with di erent classi-
cations. In cases where the class assignment is not just a
fuzzy (or strict) linguistic term but a value from the classi-
cation domain (e.g., when the domain is continuous), then
there are no unique classi cations whatsoever, and we may
only speak of the grade of membership of such examples in
the linguistic classes. Such class information can be inter-



preted in a number of di erent ways. For example, this may
be treated as a union of weighted fuzzy sets, or as a disjunc-
tion of weighted fuzzy propositions relating to class assign-
ments, with the weights proportional to the proportionof ex-
amples of that leaf found in fuzzy sets associated with the
linguistic classes.

Multiple leaves which can be partially matched by a
sample provide the second con ict level. These con icts
result from overlapping fuzzy sets, and it is aggravated by
cases of missing features in the sample to be recognized
and by incomplete knowledge (missing branches in the tree).
Because each leaf can be interpreted as a fuzzy rule, then
multiple leaves have the disjunctive interpretation.

A number of possible fuzzy inferences were described in
[5]. Here, we describe a few di erent inferences, follow-
ing the idea of exemplars [1] and implementing the local
center-of-gravity inference with various interpretations of
those two levels of con icts.

In exemplar-based learning, selected training examples
are retained, and a decision procedure returns the class as-
signed to the "closest" exemplar. Moreover, these examples
can be generalized, and multiple exemplars can be used for
making the decision [1].

The same ideas can lead to a number of new infer-
ences from fuzzy decision trees. Consider a fuzzy decision
tree built as above. Suppose that we interpret all indi-
vidual leaves as generalized exemplars. Obviously path-
restrictions determine the generalized forms of the exem-
plars. However, in fuzzy decision trees such exemplars
would not have unique classi cations, while an exemplar,
like an example, is supposed to have. Thus, we need meth-
ods to create exemplars from leaves (in addition to methods
for combining information from such exemplars).

As mentioned before, for practical reasons we follow the
idea of local inferences from individual rules (leaves) [3].
We rst de ne two coe cients R and r, two cases each,
which will subsequently be used to de ne the inferences.
Assume that eo is the numerical class assignment, that is a
value from the universe of the classi cation, of example e
(if the classi cations are symbolic or linguistic fuzzy terms
these may be centers of gravity of such sets). These coef-
cients can be computed by taking all individual examples
falling into a leaf l:

R�
l �
X

e�E

��le � eo�� r
�
l �
X

e�E

�le

or by favoring examples associated with the best � decision
at each leaf l (i.e. � is the fuzzy linguistic class which has
the highest accumulative membership of training data in l):

R�
l �
X

e�E

f���
l
e�eo� f��e� A���� r

�
l �
X

e�E

f���
l
e� f��e� A���

Those coe cients give an obvious interpretation toR�r.
For example, if ��e�E�eo � a then R��r� � a. In general,

this quotient implements the idea of center of gravity of a
leaf. These coe cients can be used to de ne our inferences.
We present them along with their intuitive interpretations.
Note that di erent interpretations actually implicitly refer to
di erent f � operators { f�, in addition to previousf� and f�,
must be assumed explicitly.

1. Find center of gravity of all the examples in a leaf.
This represents an exemplar. Then, nd the classi c-
ation of a super-exemplar taken over all leaves, while
individual leaf-based exemplars are weighted by how
well they match the new event and how much training
data they contain.

� �
X

l�Leaves

f���
l
e� R

�
l ��
X

l�Leaves

f���
l
e� r

�
l �

2. The same as 1, but the individual exemplars are not
weighted by how many examples they contain.

� �
X

l�Leaves

f���
l
e� R

�
l �r

�
l �

3. The same as case 1, but individual exemplars rep-
resent only examples of the best decision (fuzzy lin-
guistic class) in the leaf.

� �
X

l�Leaves

f���
l
e� R

�
l ��
X

l�Leaves

f���
l
e� r

�
l �

4. The same as 2, but also restricted as 3.

� �
X

l�Leaves

f���
l
e� R

�
l �r

�
l �

5. Suppose that � denotes the leaf whose data is "most"
similar to the new example (i.e., maximizes �le).
Here, the decision is based on the exemplar from such
a leaf.

� � R�
��r

�
�

6. The same as 5, but the selected exemplar represents
only the best class from the leaf.

� � R�
��r

�
�

What the properties of these speci c inferences are re-
mains to be investigated. Some preliminary experiments on
this subject, for example assuming that the goal is noise l-
tration and concept recovery from incomplete data, were re-
ported in [4] for a number of similar inferences.

An apparent advantage of fuzzy decision trees is that they
use the same routines as symbolic decision trees (but with
fuzzy representation). This allows for utilizationof the same
comprehensible tree structure for knowledge understanding



and veri cation. This also allows more robust processing
with continuously gradual outputs. Moreover, one may eas-
ily incorporate rich methodologies for dealing with miss-
ing features and incomplete trees. For example, suppose
that the inference descends to a node which does not have
a branch (maybe due to tree pruning, which often improves
generalization properties) for the corresponding feature of
the sample. This dandling feature can be fuzzi ed, and then
its match to fuzzy restrictions associated with the available
branches provides better than uniform discernibility among
those children [5].

Because fuzzy restrictions are evaluated using fuzzy
membership functions, this process provides a linkage
between continuous domain values and abstract features {
here, fuzzy terms. However, numerical data is not essen-
tial for the algorithm since methods for matching two fuzzy
terms are readily available. Thus, fuzzy decision trees can
process data expressed with both numerical values (more
information) and fuzzy terms. Because of the latter, fuzzy
trees can also process inherently symbolic domains. Be-
cause the same processing has been adapted for fuzzy do-
mains, processing purely symbolic data would result in the
same behavior (given proper inference) as that of a symbolic
decision tree. Thus, fuzzy decision trees are natural gener-
alizations of symbolic decision trees.

Most research and empirical studies remain to be com-
pleted. For illustration, [5] presents two sample applica-
tions: one dealing with learning continuous functions, and
the other for learning symbolic concepts. The same public-
ation also details the complete algorithm.

5. Summary

We brie y introduced fuzzy decision trees. They are
based on ID3 symbolic decision trees, but they utilize fuzzy
representation. The tree-building routine has been modi ed
to utilize fuzzy instead of strict restrictions. Followingfuzzy
approximate reasoning methods, the inference routine has
been modi ed to process fuzzy information. The inference
can be based on a number of di erent criteria, resulting in
a number of di erent inferences. In this paper, we de ned
new inferences based on exemplar learning | tree leaves
are treated as learning exemplars.

Fuzzy representation allows decision trees to deal with
continuous data and noise. Unknown-feature methodolo-
gies, borrowed from symbolic decision trees, allow fuzzy
trees to deal with missing information. The symbolic
tree structure allows fuzzy trees to provide comprehensible
knowledge. We are currently testing a new prototype, which
will subsequently be used to determine various properties
and trade-o s associated with fuzzy decision trees.

This research is in part being supportedby grant NSF IRI-
9504334.
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