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Abstract
The notion of tight (wavelet) frames could be viewed as a generalization of orthonormal
wavelets. By allowing redundancy, we gain the necessary flexibility to achieve such prop-
erties as “symmetry” for compactly supported wavelets and, more importantly, to be able
to extend the classical theory of spline functions with arbitrary knots to a new theory of
spline-wavelets that possess such important properties as local support and vanishing mo-
ments of order up to the same order of the associated B-splines. This paper is devoted
to develop the mathematical foundation of a general theory of such tight frames of non-
stationary wavelets on a bounded interval, with spline-wavelets on nested knot sequences
of arbitrary non-degenerate knots, having an appropriate number of knots stacked at the
end-points, as canonical examples. In a forthcoming paper under preparation, we develop
a parallel theory for the study of nonstationary tight frames on an unbounded interval,
and particularly the real line, which precisely generalizes the recent work [7,18] from the
shift-invariance setting to a general nonstationary theory. In this regard, it is important
to point out that, in contrast to orthonormal wavelets, tight frames on a bounded interval,
even for the stationary setting in general, cannot be constructed simply by using the tight
frame generators for the real line in [7,18] and introducing certain appropriate boundary
functions. In other words, the general theories for tight frames on bounded and unbounded
intervals are somewhat different, and the results in this paper cannot be derived directly
from those of our forthcoming paper. The intent of this paper and the forthcoming one
is to build a mathematical foundation for further future research in this direction. There
are certainly many interesting unanswered questions, including those concerning minimum
support, minimum cardinality of frame elements on each level, “symmetry”, and order of
approximation of truncated frame series. In addition, generalization of our development
to sibling frames already encounters the obstacle of achieving Bessel bounds to assure the

frame structure.



1. Introduction

Adaptation of Daubechies’ wavelets [16] to yield “locally supported” orthonormal bases of
Lo(I) for a bounded interval I := [a,b], simply by introducing the necessary additional
wavelets of the same order near the boundary points of I (see [4,5,14]), inherits the affine
structure as well as certain limitations of Daubechies’ compactly supported orthonormal
wavelets for Lo(IR). In particular, the lack of symmetry prevents the possibility of linear-
phase filtering in applications to signal processing, and the non-existence of an analytical
formulation, such as NURBS [27], gives rise to complications in system design in CAD/CAM
applications for meeting certain precise specifications of extremely stringent tolerance al-
lowance. As a continuation in the development of MRA frames, initiated by Ron and
Shen [28,29], it was shown, in two recent parallel independent developments [7,18], that
compactly supported orthonormal wavelet bases of Ls(IR) can be replaced by compactly
supported tight frames to achieve symmetry and analytical formulations (such as cardinal
splines of any order m > 2), while retaining the same order of vanishing moments (such as

m, for the m'" order cardinal spline-wavelet tight frames).

In this paper, we observe that it is not possible, in general, to adopt the above-
mentioned tight frames [7,18] as interior wavelets for formulating the tight frames of Ly (1),
and therefore, go ahead to develop a general theory, along with specific constructive schemes,
for the study of tight frames of Lo(I) that consist of “locally supported” functions (to be
called wavelets) which possess the arbitrarily desirable order of vanishing moments. Fur-
thermore, this new theory will extend the affine structure to achieve truly nonstationary
formulations, such as m' order splines with arbitrary knots in I, for each of the multi-
levels (of spline spaces on nested knot sequences), and only rely on the structure of nested
finite-dimensional subspaces Vy C V; C --- of Lo(I) that exhaust all of Ly(I) in the sense of
Lj-closure. More precisely, for each j = 0,1,..., the space V; is the algebraic span of some

locally supported functions ¢; j, and the wavelets 1, ¢ that constitute the ;' level W; of
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the tight frame of Lo(I) are also locally supported, being functions chosen from Vj;, that
span all of W;, such that W; + V; = V4. Here, the notion of local support simply means
that the lengths of the support intervals of ¢; ; and v;, tend to zero, as j — oo, uniformly
in k and ¢, respectively; although in the actual construction of ;¢ in terms of ¢;41 1/, we
will restrict the supports of 1, so that they are comparable in size with the supports of
the corresponding relevant ¢; and ¢;11 1. For example, when the normalized B-splines
of order m > 1 are used as ¢, , the only requirements are that the knot sequences (also
called knot vectors) t; = {t;r} of ¢;; are nested in the sense of ty C t; C --- and that
they are dense in I, meaning that maxy (¢ x+1 — ;%) — 0 as j — oo; and the support of
each 1);  for this spline setting is comparable in size with the quantities (t; y4+m —t;%) and
(tj+1,k+m — tj41,5) for the appropriate indices k = k(¢) and k' = k’(¢). The length of this
support interval will depend on the desirable order of vanishing moments of ;5 (such as
any L, where 1 < L < m, for this spline discussion).

To achieve the desirable order of vanishing moments, the concept of vanishing moment
recovery (VMR) introduced in our earlier paper [7] (or the notion of fundamental function
of multiresolution introduced in [28] and adopted in [18] for recovering vanishing moments)
is extended to matrix formulation, namely some symmetric positive definite matrices .S; for
the j*" levels. The wavelets 1;.¢ are to be formulated in terms of S; and S;41, in addition
to the ¢;41,1’s and their relationship with the ¢;;’s. As for the ground level Vj, since we
do not wish to re-formulate the ¢g 1’s, the notion of tight frames is slightly modified in this

paper to mean

Tof +> Y Wfel? = IFI%  f € La(D), (1.1)

j>0 k

where T} is defined by the quadratic form

Tof := [{f, dox)] So [(fs dos)]” (1.1)

and the wavelets {1, 1} are so normalized that the tight frame constant (or bound) is 1.
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The paper is organized as follows. A general theory of tight frames of nonstationary
wavelets for Ly(I) is developed in Sections 2 and 3, with the notion of approximate duals
introduced and studied in some details in Section 3. In order to apply this theory to
spline functions on arbitrary nested knot sequences and develop useful constructive schemes
and specific formulations, the necessary preliminary material on B-splines is discussed in
Section 4. The ingredients of particular interest in this paper are introducing the notion of
approximate duals and establishing an explicit formulation that possesses certain positivity
properties for the approximate duals of B-splines on arbitrary knots. These main results are
presented in Section 5 which is divided into 7 subsections to facilitate the presentation of
this section. In addition, two technical results on Bernstein polynomials, which are needed
in Section 5, are proved in Section 9. The construction of tight frames of spline-wavelets and
the analysis of the support of the wavelets are the contents of Section 6. Examples of linear
and cubic spline-wavelet frames are presented in Section 7, and a MATLAB program for
the computation of approximate duals of B-splines is recorded in Section 8. In Section 10,
we show, with two illustrative cardinal cubic spline examples, that in general tight frames
on a bounded interval cannot be constructed by adopting the frame basis functions from
a tight frame for an unbounded interval as interior basis functions and introducing certain
boundary functions. Some of the results of this paper have been announced without proof

in the survey article [11].

2. Characterization and Existence of Nonstationary Tight Frames

We begin with the specification of the generic setting of a nonstationary multiresolution

analysis. Let I = [a,b] be a bounded interval in IR, and
VoCcViC---C Ly()

a nested sequence of finite-dimensional subspaces, such that

ClOSL2< U VJ) = Ly(I),

=0



and that for each j > 0, the space Vj is spanned by
(Dj = gbj’]g; 1 S k S Mj 3 (21)

where M; > dim V;. We consider ®; in (2.1) as a row vector and let P; be an M1 x M,

real matrix that describes the “refinement” relation
Pj = ;1P (2.2)

of V; C V;41. In this paper, since we are concerned with the study of tight frames of wavelets
with vanishing moments, we assume that V contains the set II;_; of all polynomials of
degree up to L — 1. For a more homogeneous formulation of results, we use the notation
M, ={1,...,M,}.

Note that linear independence or stability of the families ®; is of no concern in this
setting, but will be assumed only for convenience in our presentation. Moreover, we do not
require any conditions of “uniform” refinement, as usually assumed in the wavelet literature.
In particular, we do not assume the spaces V; to be shift-invariant, nor do we assume dilation
invariance. On the other hand, for the wavelets to be useful in applications, we require the

following localization property of the refinable function vectors.

Definition 1. The function family {®,},>0 is said to be locally supported, if the sequence

h(®;) := Dax length(supp ¢; 1) (2.3)

converges to zero.

We will consider matrices @; of dimensions M;,; x N; (and use the notation IN; =

{1,...,N;}), such that the family

{¥;}i>0 == {®j4+1Qj}5>0 (2.4)
also satisfies the localization property as defined above. Of special interest, we further
consider Q); = [qz(jk)] with

¢}) =0 forall i<ij(k) and i>i;(k)+ma, (2.5)
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where i;(k), k € IN;, are nondecreasing sequences such that i;(k+m1) > i;(k). In particular,
when i;(k) = 2k, the condition (2.5) defines “2-slanted” matrices discussed in [15]. The

above notation allows

Vik= Y. a1 (2.6)

i€M 41
to be associated with a reference index i;(k) that refers to its first nonzero coefficient in
(2.6). Furthermore, the condition (2.5) assures that every v, is a linear combination of
at most mo + 1 consecutive elements of ®,,1; hence, ¥; is locally supported, as defined
by (2.3). We consider this as the typical setting for wavelet frames in the nonstationary
setting.

Even for this general (nonstationary) setting, we will say that {®;} in (2.1) generates a
multiresolution approximation (MRA) of Lo(I) and the tight frame, to be introduced later,
an MRA tight frame of Ly(I). A typical example of a nonstationary MRA is {V;}, where
for each j > 0, V; is the space of spline functions of order m > 2 with respect to some
knot vector t;, with m stacked knots at both endpoints of I, while the interior knots may
be nonuniformly spaced and have variable multiplicities from 1 to m, and where the knot
vectors are nested, i.e. to C t; C ---, and dense in /. The families ®; and ®;;; can be
chosen to be properly normalized B-splines, and the matrix P; in (2.2) is the refinement
matrix that can be computed by applying the Oslo-algorithm. Explicit representation of
certain P;’s are given in [10]. If the maximal knot difference tends to zero, then ®; defines a
locally supported family. A typical family ¥; = ®,,,1Q); will be defined, where we use a fixed
number m; (which is often 2 or 3) of frame elements for each “new” knot that is inserted
from t; to t;41. The matrix @); has m; consecutive columns that define v € V11 whose
support contains the same new knot and which are linear combinations of at most mo + 1
consecutive B-splines. Then @); satisfies the conditions of (2.5). Let us relate (2.5) to the
case of a stationary MRA on L(IR), where we find m; functions ¢!, ... 9™, whose shifts

and dilates generate the tight frame of Ly(IR). This setting can be expressed in terms of the

7



families U; = ®;,1Q);, where Q); is a block Toeplitz matrix that is defined by merging the

columns of the two-slanted matrices Q°, 1 < i < m;, that appear in the two-scale relation
[ (- = k)]kez = 21Q°, 1<i<my.
More details about spline spaces are given in Section 4, and a comprehensive study of

nonstationary spline-wavelet tight frames is given in Sections 5 and 6.

Of particular importance for our investigation is the construction of certain symmetric
positive semi-definite (spsd) matrices that give rise to the following operations. These

matrices may be considered as extension of the notion of VMR functions in our earlier

paper [7].

Definition 2. Let ®; be a finite family with cardinality M; in Ly(I). For any spsd matrix
S; = lsi u.sen;,

consider the quadratic form T}, defined by

T
Tif = (o)) o Si[ihed| o FeLal), (2.7)

and the corresponding kernel K, defined by
Ks,(x,y) = Z S;(f% ik () B5.0(y). (2.8)

k,ée]l\/[j

Note that the kernel K, is symmetric, i.e., Kg,(z,y) = Kg,(y,x). Moreover T; and

K, are related by

73 = [ 1@) [ 10)Ks, (@) dyda, f € L), (29)

Our aim in this section is to give a definition and characterization of nonstationary
MRA tight frames of Ly([) that correspond to the locally supported function vectors ®;.
We assume that the ground level component Ty f of f is given by an spsd matrix Sy as in

Definition 2 and consider the family

W= [ij,k]ke]l\lj =0;1Q;, Jj=0, (2.10)
of wavelets in the following notion of tight (wavelet) frames.
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Definition 3. Assume that {®;};>¢ is a locally supported family and Sy is an spsd matrix,
that defines the quadratic form Ty in (2.7). Then the family {¥;};>0 = {®;11Q;};>0

constitutes an MRA tight frame of Lo(I) with respect to Ty, if

Tof +>0 > [ 050F = IfIP, forall f e La(I). (2.11)

§>0 keN;

Note that Tof < [|f||?, for f € La(I), is a necessary condition for the existence of a
tight frame relative to 7y. The number N, of frame elements (or wavelets) in ¥; serves
as a free parameter in the construction of tight frames. In particular, this number can be
chosen to be larger than (dim Vj;1 — dim V}), which is precisely the number of wavelets if
redundancy is not considered. For the study of tight frames, it is more practical to consider
the numbers N; to be bounded by a constant ¢ multiple of (dim Vj; —dim V}) with ¢ > 1.
Moreover, in the absence of scaling invariance among the spaces V;, the numbers dim V; may
increase irregularly, e.g. if adaptive refinement of the subspaces V; of Lo(I) is considered.
In the typical example of spline spaces, where the property of nestedness of the spaces is
assured by the insertion of additional knots into a given knot vector t;, it is often desirable
to consider the number of wavelets in ¥; to be proportional to the number of new knots in
the knot vector t;41.

The importance of including the quadratic form 7Tj in this definition will become clear,
when we discuss vanishing moments of the families ¥;. First we give a general characteriza-
tion of tight MRA-frames, which provides analogous results as developed in [7; Theorem 1]
and [18; Proposition 1.11] (where only one direction of the implication is shown) for the

shift invariant (i.e., stationary) setting in Lo(IR).

Theorem 1. Let {®,};>¢ be a locally supported family and Sy an spsd matrix such that
HTofH < HfHQ for all f S LQ(I) Then {\IJJ}JZO = {®j+1Qj}jZO defines an MRA tlght frame
with respect to Ty, in the sense of Definition 3, if and only if there exist spsd matrices S

of dimensions M; x Mj, j > 1, such that the following conditions hold:
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(i) The quadratic forms Tj in (2.7) satisfy
Jm T = % f € La(0) 2.12)
(ii) For each j >0, Q;, Sj, and S;41 satisfy the identity
Si+1 = PiS; Pl = Q;Q; . (2.13)

Proof: We first assume that 1;, 7 > 0, k € IN;, define an MRA tight frame with respect
to Tp, and each family U, is defined by a matrix @); in (2.10). If we define the matrices S,
recursively by

Sj+1 = PSPl +Q;Q7, j =0, (2.14)

g
then (ii) is satisfied automatically. It is easily seen that each S; is an spsd matrix of the
correct size and
J
Trf =Tif+ D (fbum)P =Tof + D> Y [0 J 2 0. (2.15)
kEN j=0 kEN;

Hence, the quadratic form T is bounded from above by the identity, and property (i) holds
as well. Thus, we have proved one direction of the theorem. To establish the converse,
assume that the spsd matrices S;, j > 1, are given and satisfy (i)—(ii). Then the identity
(2.15) is a direct consequence of condition (ii), and (i) implies that taking the limit for

J — 00 on both sides of (2.15) leads to the tight frame condition. W

Remark 1. Operators of the form (2.9) are well studied in the Functional Analysis litera-
ture. For example, the following three conditions are sufficient for the validity of property
(i) in Theorem 1:

/|ng(x,y)|dy§0 ae.x €I, j7>0, (2.16)
I
for some constant C' > 0,
/ng(a:,y)dyzl, ae.x €I, j7>0, (2.17)
I
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and

lim |Ks, (x,y)|dy = 0, j >0, (2.18)

3700 J9z—y|>e
for any € > 0. We remark that condition (2.18), by itself, is satisfied, if the matrices S
have a fixed maximal bandwidth r > 0 and {®;};>¢ is locally supported, since the integral
in (2.18) is zero for sufficiently large j. We return to the construction of kernels K, of this

type in the next section.

There is a simple way to see that the ground level Tj is relevant to the order of vanishing
moments of the (frame) wavelets 1; ;. Indeed, assuming that all of the wavelets 1); ;, have
vanishing moments of order L > 1 and that II;_; C Vj, we see that the tight frame

condition (2.11) then implies
Tof = ||f||> forall fell;_;. (2.19)
On the other hand, the condition

/1 f@)Ks,(x.9)dy = f(z), [eT_y, zel, (2.20)

implies, by (2.9), that Ty f = || f||* for all f € I as well. Note that (2.20), with L = 1, is
identical to the property (2.17), which is an integral part of the approximation properties
of the sequence of kernels K. Hence, conditions (2.19) and (2.20) offer two points of view

for the characterization of tight MRA-frames with L vanishing moments.

Theorem 2. Let Sy be an spsd matrix such that ||Tof|| < || f||* for all f € Lyo(I) and let

{W;}i>0 ={P;+1Q;}j>0. Then the following statements hold.

(a) The functions v, j > 0, k € IN;, have L vanishing moments and define an MRA
tight frame with respect to Ty, if and only if there exist spsd matrices S; of dimensions

M; x Mj, j > 1, such that conditions (i)—(ii) of Theorem 1 hold and that

(it Tif = I forall felli-y, j=>0.
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(b) Under the additional assumption that the kernel Kg, satisfies (2.20), the result in part

(a) is valid with property (iii) replaced by

(ii?) [ 10K @) dy = f@), Felis wel i1

Proof: In comparison with Theorem 1, we only have to establish the claim that for all of
the wavelets 1) 1, to have L vanishing moments, it is necessary and sufficient that property
(iii), or its replacement (iii’), is satisfied. If the vanishing moment condition is satisfied for
all ;1 of the tight MRA-frame, then Ty f = || f||* holds for all f € IIj,_q, by (2.11). The
recursive definition of Sj, 7 > 1, in the proof of Theorem 1 leads to the identity (2.15), and
this gives Tjf = Tof = || f||* for all j > 1 and f € II;,_;. Likewise, the stronger condition
(2.20) is inherited by Kg,. Conversely, if all of the operators Tj satisfy T;f = || f||* for
f € IIr_1 (or if the stronger condition (iii’) is satisfied for K, j > 0), then identity (2.15)
implies that

[(fohji)|? < Tjpn f — T f =0, fell_q,

for all 7 > 0 and k € IN;. Hence, the wavelets 1; ;, have L vanishing moments. W

Remark 2. The result in the previous theorem does not extend to the case of unbounded
intervals without additional requirements on the functions 1, ;. The problem arises, since
IT7,_1 is not a subspace of Ly(IR), and therefore the tight frame condition (2.11) cannot be
directly combined with the vanishing moment condition. The study of such tight frames for
an unbounded interval is indeed not a direct modification of the study in this paper and is

therefore treated in a separate forthcoming paper [8].

Remark 3. In a sequence of papers, Ciesielski and Figiel [13] constructed spline functions
on [a,b] which constitute a Riesz bases of a Sobolev subspace of Lo(a,b) with various
boundary conditions. These splines, however, are not locally supported with respect to the
B-spline basis. Our results in Sections 5-6 devise a method for the construction of splines

that are locally supported and constitute a tight MRA frame.
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3. Dual Bases and Approximate Duals

In this section we provide some background material concerning the conditions stated in

Theorems 1 and 2. In the first part of this section, a formulation in terms of some integral

kernels for Ly (1) is chosen. In the second part, an equivalent matrix formulation is developed

that is useful for the specific considerations to be discussed in Section 5. For convenience,

we only restrict our attention to the assumption that ®; is a basis of the space V;. Under

this assumption, the Gramian matrix

Uy =[5,k @5.0)] 1 0en,

is symmetric positive definite, and its dual basis éj is given by the function vector

®; = [djrlkent, = ©; 151

3.1. Definition of approximate duals and basic results

It is well known that the reproducing kernel K of the space Vj is given by

Kj(z,y) = ®;(x) Z%k cbg/.c ), z,y €I

kelM;

Thus, for any f € Vj, the identity

HN2|/f /} S(@y) dydz = [(f,dy )k T30 ({2 byl

(3.2)

holds. Moreover, the corresponding orthogonal projections of Lo(I) onto V; and its orthog-

onal complementary subspace relative to V;,; are given by

H/f ) dy;

Fa/f K1 (y) — K5()) dy,
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respectively. Here, we recall that the kernel (K;;, — Kj) is often employed for the con-
struction of orthonormal or semi-orthogonal wavelets; in fact, an orthonormal wavelet basis

{n;x} for the MRA {V;},>¢ satisfies

Kj(z,y) - Z Mje ()5, (

Now, since ®; is supposed to be refinable with respect to ®;41 in the sense of (2.2),

we can also write

Kji1(z,y) = Kj(2,y) = P () (05 — BT P)®0(y)" (3.5)

In particular, the matrix I’j_jl — ijj_leT is always positive semi-definite.
The notion of approximate duals to be introduced in this paper is also used to define

linear operators of the form (3.3), with the reproducing kernel K; replaced by
KS(x7 y) = (I)J (x) S (I)j (y)Ta

for some spsd matrix S.
Definition 4. Let ® = (¢x)rem be a basis of a finite-dimensional subspace V' of Ly(I) and

L > 1 an integer such that Il _; C V. For an spsd matrix S, the function vector

5= (be)kze]M =®.5

is called an approximate dual of order L, if

F= [IWEsCpdy= Y (oo foran e, (3.6)

kelM

where K is defined in (2.8), with S; replaced by S and the superscript j suppressed.

We note that identity (3.6) is equivalent to

<f7¢£>:<f7(5k>7 fEHL—la

14



where [ng]ken\/[ = ®I'! denotes the dual basis of ® in V.
Remark 4. Operators of the form
Qf =D Ml(f)on
kelM

where )\, are continuous linear functionals on L,(I), have been extensively studied in the
literature of spline approximation (see e.g. [1,3,32]). If V' contains the polynomial space
II;,_1and Qf = fforall f € II,_q, then @Q is often called a quasi-interpolation [1,2] or quasi-
projection operator [24]. Therefore, condition (iii’) in Theorem 2 relates the construction

of tight MRA frames to the construction of special quasi-projection operators.

We can now rephrase Theorem 2(b) in terms of the new terminology of approximate

duals.

Corollary 1. Let Sy in (1.1) be an spsd matrix that defines an approximate dual of ®y such
that Tof < ||f||* for all f € La(I). Also, let {U,};j>0 = {®;11Q;}j>0 and V; = {1, 1 }.
Then the wavelets ;, 7 > 0, k € IN;, have L vanishing moments and define an MRA
tight frame in the sense of Definition 3, if and only if there exist spsd matrices S; of
dimension M; x M;, j > 1, such that conditions (i)-(ii) of Theorem 1 hold and S; defines

an approximate dual of ®;.

3.2. Matrix formulation and vanishing moments

In parallel to the previous formulation in terms of integral kernels on Lo(I), we give an
equivalent matrix formulation of some of the conditions. For this purpose, we need the
following requirement for the bases {®;}, namely: there exist matrices E; 1 € R *M; ,
with suitable M. ; € IN, that have the following properties:

e a function n = ®;u € V;, withu € R™i | has vanishing moments of order L

if and only if there exists a vector v € R™ such that u = E;rv; (3.7)

e there exist matrices f’j e RMi+1*Mi guch that PiE; 1, = Ej+17Ll5j.
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This assumption is made in anticipation of our study of the structure of spline spaces to be
presented in the next section. Typically, F; 1 is not invertible, but rather represents a dif-
ference operator of order L. (The matrix Ej 1, is analogous to the Laurent polynomial factor
(1 — 2)¥ in the shift-invariant setting.) The second property is known as a “commutation

property” in the literature on subdivision schemes, see [17]

We now state three conditions on the spsd matrices S; and explain their relation to

Theorems 1 and 2. The conditions are

(S]'+1 - PJS]PJT) is Sde; (38)
(I‘j_1 — S;) is spsd; (3.9)
F;l -5 = Ej,LXjE}-:L for some symmetric matrix Xj. (3.10)

It is clear that the last two conditions can be combined to one condition by requiring that

X, in (3.10) be an spsd matrix.

The condition (3.8) is necessary and sufficient for the existence of matrices @); in

condition (ii) of Theorem 1.

We next show that the condition (3.9) is equivalent to the property

Tif <|IfI%  f € La(D), (3.11)

of T, which is necessary for the family {¥;} to constitute a tight MRA-frame of Lo(I) with

respect to Tp. Indeed, if (3.11) holds, then for any f € V}, we have

T

AP =138 = [(f050)]| . O =S)[(Fesw)] >0

kemM; - 7 kEM;

Hence, since the moment sequences exhaust the finite-dimensional sequence space ¢5(IM;),

the matrix I‘j_l — S; must be positive semi-definite. Conversely, positive semi-definiteness
of I‘;l — S; implies that

T . T

Tif = [{f éi)] i Oy 4 e,

Si [ eim] < [(f.0)]

€M eM

<P
J

keMj k?E]l\/Ij
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for all f € Lo(I), since the third expression is the norm of the orthogonal projection of f

onto Vj.

Finally, we claim that the condition (3.10) is equivalent to (3.6).
Proof of claim: Here, we drop the index j for simplicity. Indeed, if (3.10) is satisfied, we

obtain
K(z,y) — Ks(z,y) = (®(z)EL) X (B(y)EL)" = Zxk,eek(@”)@e(y)
where the notation
[Gk]lgkgM = QL

is used. By the definition of E,, all functions #; have vanishing moments of order L, and,

for all f € II;,_1, we obtain

0= /f — Ks(wy))d /f \Ks(z,y)d (3.12)

Therefore, S defines an approximate dual. Conversely, if S is an spsd matrix that defines
an approximate dual ®°, then

A=T"1-g§

is a symmetric matrix. Since the relation (3.12) is valid for all f € II;,_1, the null space of

A contains all vectors of the form [(f, gbk)]ge]M with f € II;,_1. The spectral decomposition

,
Z T
A= )\kukuk
k=1
can be used, where \j are the nonzero eigenvalues of A with norm-one eigenvectors u; and

r is the rank of A. Clearly, the vectors u; are orthogonal to the null space of A. We then

define
O :=Pu, eV, 1<k<nr,

and obtain, for all f € II;_, that

(f:0k) = [{f,00)] up = 0.
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This shows that all of the functions 6 have L vanishing moments. By the definition of E,
there exist vectors v, € ]RM , 1 < k < r, such that up = Fpvg. If we insert this identity

into the spectral decomposition of A, we obtain (3.10) by defining X to be the matrix

T
X = E )\kvkva. [ |
k=1

An important consequence can be drawn by combining the conditions (3.8) and (3.10).
Recall that the bases ®; and ®;,; are related by the refinement relation ®; = ®;,1P; in
(2.2). So, if II;—; C V; (as assumed in Definition 4), then a similar argument as before
gives

P;_&l - Pjrflpjr = j+1,L5G+1Ef+1,L» (3.13)

where Y; 1 is an spsd matrix. If S;11 and S; are spsd matrices that define certain approx-

imate duals of ®,,; and ®;, respectively, we can combine (3.10) and (3.13) to get

Sj+1 = PiSiPl = (U7}, = Sja) + Ty — BT P+ Py(Ly T = S)P)

= Ej1p (Vi — Xjr1) Ef gy + BB LXE] P

= Lj41,L0 (YJ‘H = Xj1 + PijPJT> Bl

Furthermore, if the condition (3.8) is valid as well, then there exists a factorization of the

form

Sj+1 — P]SJPJT = (Ej—l—l,LQj) (Ej+17LQj)T

that provides a special form for the matrix Q; = F;11, L@j in condition (ii) of Theorem 1.
Therefore, the individual functions of the vector ¥; = ®;F;, 1 L@j have vanishing moments

of order L.

We summarize the findings of the matrix formulation in the following result, where we

also make use of the statements in Remark 1 in Section 2.
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Theorem 3. Let {®;};>¢ be a family of locally supported bases that satisfy the refinement
relation (2.2) and S; be spsd matrices of dimensions M; x M;, such that the conditions
(3.8)—(3.10) are satisfied for all j > 0. Then the families ® are approximate duals of order

L. Moreover, a factorization of the form
Sjt1 — PiSiP] = (Ej1,.Q;) (Ej11,0Q;)" = Q;QT (3.14)
with real matrices Q; = Ej 41, L@j exists. If, in addition, the kernels K, satisfy (2.16) and

(2.18), then the function vectors ¥; = <I>j+1Ej+17L@j, j > 0, define a tight MRA-frame

relative to Ty and all wavelets v;;, have vanishing moments of order L.

We remark that property (2.18) is automatically satisfied, if the S;’s are banded with

bandwidth r independent of j.

This completes the description of the general procedure for the construction of tight
MRA-frames with vanishing moments of order L. We see that the essential part is the
construction of uniformly bounded approximate duals (to satisfy (2.16)), such that the
positivity constraints in (3.8)—(3.9) are satisfied. We will define such duals for B-splines of

arbitrary order with arbitrary knot vector in Section 5.

4. Background on Univariate B-splines

Based on the general considerations in Sections 2 and 3, we will develop, throughout the
rest of this paper, methods for the construction of tight frames of Lo(I) that are linear
combinations of B-splines. In the present section we recall several facts about B-splines
and introduce the necessary notations. For a more detailed description we refer the reader
to [1,27,32].
Let m, N € IN and
t={ts; —-m+1<k<N+m} (4.1)

be a knot vector such that
T < Tk+1 and te < tk+m for all /{3, (42)
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temir=--=to=a and  tyi1=--tnim =b. (4.3)

Note that we consider knot vectors as ordered sets whose elements may have multiplicities
up to m. The multiplicity uy of a knot 5 € t is the number of times this knot is repeated
in t. The number m will denote the order (i.e. degree plus 1) of the spline functions, and N
is the number of interior knots. The conditions in (4.2)—(4.3) assure that p < m for all k
and both boundary knots a and b have multiplicity m, which we shortly denote as “stacked

boundary knots”.

The normalized B-spline Ng.p, . of order m (or degree m—1) is a function on R defined
by

Nt;m,k;(x) = (tk-i-m - tk)[tky v 7tk+m](' - m)Til, ke M, (44)

where [tg,...,tk+m| denotes the divided difference of order m and M = {-m + 1,..., N}
denotes the proper index set. It is well known that Ni.p,  has support [tg, t4m], is strictly
positive inside this interval, and is a polynomial of degree m — 1 in each interval (¢;,t;4+1),
k<1< k+m—1. Moreover, it has m — p; — 1 continuous derivatives at ¢;. The integral
of Ni.m i is given by

ttm — T
/ Nt;myk(x)dm = em Tk = dt;m,k~ (45)
R

m

An interesting identity is the representation formula for normalized B-splines that was
discovered by Schoenberg and Curry in [31; Lemma 6]. It states that for » > m and any
complex number z, not purely imaginary, then we have

b Bro
/a (1 — 22) """ Neg (@) de = dyoye g 11 T T >m, (4.6)
near the origin. This identity can be employed as a generating function formula for the

moments of the B-spline.

The spline space Sy, is the space of all piecewise polynomials of degree m — 1 on I

with so-called “breakpoints” t; € t and smoothness m — ur — 1 at every knot t. The row
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vector of normalized B-splines

(I)t;m = [Nt;m,k:]kEIM (47)

is a basis of Sg.p,. Moreover, under the normalization
B _ B _rg—1/2
(I)t;m - [Nt;m,k]kell\/[ - [dt;m,th;m,k]kelM»

this family defines a Riesz basis of St.,,, and its upper and lower Riesz bounds can be chosen
to be independent of the knot vector t, see [1; p.156,19; p.145]; more precisely, there exists

a constant D,, > 0 which depends on m, but not on the knot vector, such that

2
Dul{ertrentl, < || 32 aeNEns| < MenhremlE,  {adr e @), (@43)
kelM

The Gramian matrix I'? of (I)Em, given by

FB = /(I)Em(x)Tq)Em(x) dx = [(dt;m,kdt;m,ﬂ)_1/2<Nt;m,k7Nt;m,é>]
I k,4cIM

is a symmetric positive definite banded matrix, whose upper and lower bounds are the Riesz
bounds of ®f, . (It is also known to be totally positive.) As in (3.1), we can define the

dual basis ® = @, (IP)~! and the reproducing kernel
K(z,y) = &, (2)®(y)".

Note that K also defines the kernel of the orthogonal projection of Ls(I) onto S.pm. The
result of the recent proof of de Boor’s conjecture by A. Shadrin [33] can be stated as follows:

there exists a constant C,,, that does not depend on the knot vector or the interval I, such

that

sup [ |1 (z.9)]dy < Con. (4.9)
xel JI

(Indeed, the expression on the left-hand side of (4.9) gives the operator norm of the ortho-

projection operator as an operator from Lo, () to Lo (I). This operator norm was shown
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by Shadrin to be bounded by a constant that does not depend on the knot vector or I.)
Our construction in the next section will yield approximate duals whose kernel Kg has the

same property, see Section 5.7.

The B-splines lead to a partition of unity and, more generally, to Marsden’s identity:

= > g ) Nemi(@),  0<s<m—1, zyel, (4.10)
kelM

where

Gtm k(Y) = ﬁ(y —trs1) - (Y = thrm—1)

is a polynomial that depends only on m and the interior knots of Ng.p, . In particular, we

obtain

== Giltep1, s thgm-1)Nemp(x),  0<s<m—1, (4.11)
kelM

where the coeflicients

Golthris e s topm—1) = (—1)*g =(0)

are homogeneous and symmetric polynomials of degree s with respect to the “variables”

Ukt o s thopm—1; L€
Gs(atla s 7atm—1) = asGs<t17 s 7tm—1)7 Gs(ta(l)a s 7t0'(m—1)) = Gs(tlv s 7tm—l)7

for every a € IR and every permutation o. A similar structure will be found to exist for the

approximate dual of B-splines that we consider in Section 5.

Next we develop the matrix formulation (3.7) needed for the description of linear com-
binations of B-splines which have vanishing moments of a certain order. When we make
use of B-splines of higher order r > m with respect to the same knot vector t, we need
to observe that the stacked knots at both endpoints of I have multiplicity m (and not r).

Therefore, the B-splines have at most m-fold knots at the endpoints a and b, which implies
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that the functions and their » — m — 1 first derivatives vanish at a and b. It is well known
that the derivative of a normalized B-spline of order » + 1 > m satisfies the recurrence

relation
Nipi1g = ey pNewk — dep 1 Nerkr1, ko k+r+1—me M, (4.12)

where di., 1, are the divided knot differences (tx4, — tx)/r as in (4.5). Written in matrix

form, the recursive application of (4.12) gives

dc.fCV Peimtv () = Poym () pt;m e Dt;m—s-v—l/? (4.13)
= By
where the matrices Dy, are bi-diagonal and can be defined as
Dy, = diag [dt_;}n_m“, e 7dt_;7},N+m—r] AN 4m—(r—m) r>m, (4.14)
with
1
-1 1 0
A= 0o . - : (4.15)
-1 1
1 nxnn)

Note that the vector ®¢.,,+, on the left-hand side of (4.13) has v fewer entries than ®y.y,.

The recursion for the Ls-normalized splines is given by

d” _ o
08 (@) = OF,(x) diag [diﬁ’k}th;m---Dt;m+,,_1d1ag [dt;:ﬁyvk]k. (4.16)

J/

— B
- Et;m,l/

The identities (4.13) and (4.16) are particularly useful for the study of vanishing mo-

ments of order L > 1, meaning that
/x”f(x)d:c:O forall 0<v<L-1. (4.17)
I

For the study of splines, we make use of the fact that a spline s € S, has L vanishing
moments, if and only if it is the L-th derivative of a spline S of order m + L with respect to
the same knot vector t, and S can be chosen such that its derivatives S, 0 <v < L —1,
vanish at both endpoints of I, and observe that the multiplicity of the knots at a and b

remain to be m (and not the order m + L of S). We need the following result.
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Lemma 1. A spline s = q)gmu, u = [Uk|—m+1<k<nN, has L vanishing moments, if and only

if there exists a column vector v = [Ug]_mt1<k<N—1L, Such that
u=FEZ, v, (4.18).

Moreover, if up, = 0 for all k < iy and/or k > io, then v can be so chosen that vy, = 0 for

all k < iy and/or k > io — L. The same result is valid when the superscript B is dropped.

Proof: We can choose v as the coefficient vector of the spline S of order m + L with knot
vector t such that s = S(), where S satisfies homogeneous boundary conditions mentioned
above. Equation (4.18) is a direct consequence of (4.16). The additional conditions on the
coefficient sequence u imply that the support of s is contained in [t;,,t;,+.m]. Hence, the
support of S is confined to the same interval, which determines the support of its coefficient

sequence as claimed. H

Let us now assume that two knot vectors t C t that satisfy condition (4.2) are given,
where the subset notation is used for ordered sets: new knots of multiplicity < m can be
inserted into t, or the multiplicity pur < m of an existing knot ¢; in t can be increased. The
index sets of the bases ®¢.,, and @y, are denoted by IM and M, respectively, and we allow
for arbitrary (finite) refinements of the knot vector t.

The B-splines satisfy the refinement equation

B = Py (4.19)

;mPt,E;m7

where the matrix P, ;.,, has nonnegative entries, with each row summing to 1, and is sparse
¥

in the following sense: if (k) and u(k) denote strictly increasing sequences such that

{tkv R 7tk+m} C {gﬁ(k% s 7£u(k)—|—m};

then the entries p; . in the k-th column of P, ;.. are zero, if i < {(k) or i > u(k). In other

words, only the B-splines in ®;. ., whose support is contained in the support of Ng;m k,
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appear in the refinement relation for this B-spline. (The row indices of P, ;. refer to

the basis functions in ®:

i.m, and the column indices refer to the basis functions in ®g.p,,
b

respectively.) The useful relation
[dE;m,k; ke M]Pt,f;m = [dt;m,k§ ke M] (420)

immediately follows from (4.5).
We consider, in particular details, the special case where t \ t = {7} is a singleton and

T € [ty,tp41). In this case, we have

1
1
b2 a9
P o = , (4.21)
bm am
1
1
where
— o mai .
a; = —L_temmEl g, >0, i=2,....m, (4.22)

toti—1 — Lp—m+i
and a; has row and column index p — m + i. The same identities are valid if m is replaced
by an integer m + v > m in (4.19)—(4.22). A technical difference may arise if p < v, or if
p > N — v. This means that the inserted knot is close to the left or right endpoints of I.
(Recall that the numbering of the knots is given such that the first and last interior knots
of t have indices 1 and N, respectively.) If p < v, the matrix in (4.21) must be truncated on
the left so that its first column has the subdiagonal entry b,_, 2. Similarly, if p > N — v,
the matrix in (4.21) must be truncated on the right so that its last column has the diagonal
entry am+n-p. The row sums of the first and last row of the matrix P ;.,,,, may then be

less than 1.
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Since both knot vectors are finite, we can proceed with knot insertion from t to t in a
finite number of steps, such that at most one new knot is inserted per interval [tx, tg4m+1] for
each step. This explains that P, ;.,,, has a factorization into matrices that are block diagonal
with blocks of the form (4.21). Another important algorithm for insertion of several knots,
which describes a recursion of P 3., with respect to m, is known as the Oslo-algorithm.

Note that the Ls-normalized basis satisfies the refinement equation
tm” t,t;m? t;m,k

of, = of Pl where P5 =diag 4" | Pg,diag |di,5] . (429)

The following result is a version of the “commutation” relation for refinable functions

in the case of B-splines.

Lemma 2. For all r > m, the identity

DE,’I’Pt,E;T’+1 = Pt,{;rDt,ra (424)
holds and
EE;””L,VPt:E;m‘FV = Pt,ﬁmEt?me’ Etfm,llptff:;m—l—z/ - Ptéf;mEng' (425)

Proof: The recurrence relation for the derivative (4.13) and the scaling relation (4.19) give

d d
(I)E;r(w)DE,rPt,E;r—i—l = d_q)f:;r—l—l(x)Pt,f:;T—l—l = %Qt;’rﬁ-l(z)

x
= (I)tﬁ"(x)Dtﬂ“ = q)f;r(x)Pt,E;rDtﬂ"'
Identity (4.24) follows from the fact that ®;,. (or its La-normalization, if the interval I is

unbounded) is a (Riesz) basis. The identities in (4.25) follow by recursive application of

(4.24). m

5. Minimally Supported Approximate Duals of B-splines

This section is devoted to the development of an explicit formulation of the unique ap-

proximate duals of B-splines with minimum support, as well as all necessary results for the
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construction of tight frames of spline-wavelets on a bounded interval. The section is divided
into 7 subsections to facilitate our presentation.
5.1. Preliminary results

Analogous to the Marsden coefficients in (4.11), we define homogeneous polynomials F,, :

R" — R by

27V v
F”(xl""’xr) - Z H(Z"Léj—l _l'in)Q. (51)
léil,--.,iQVST’ ]:1

i1,00yi2, distinct
Without causing any confusion, we abuse the use of the notation of F},, by allowing different
numbers of arguments. In addition, the notation F,({z1,...,2.} \ {zi,...,z; }) will be
employed in order to denote the function defined for r—s variables by leaving out z;,, ..., x;..
If »r < 2v, F,, is defined to be the zero function, in accordance with the fact that the sum
in (5.1) is empty. We also let Fjy = 1 regardless of the number of arguments.

For » > 2v, it follows from the definition that F), is a symmetric and homogeneous

polynomial of degree 2v; i.e.,
F,(azxy,...,ax,) = a* F,(z1,...,1,), Fo(zoays - Tomy) = Fu(T1,...,20),

for every a € R and every permutation o. It is also clear that F,, is invariant under
a constant shift of the arguments (x1,...,2,) — (x1 —¢,..., 2, — ¢), and its coordinate
degree in each of its variables is 2. The following result describes several other properties

of F,.

Lemma 3. For every v > 1 and r > 2v the following identities hold:

(i) Recursion with respect to r and v:

r—1
Fy(zy,....x) = Fy(1, .., xe0) + 3 (2 —20)°Foa({m, 2o\ {2}). (5.2)
=1
(ii) Recursion with respect to v:
1
Fy(w1,... ) =~ S (i, — 2 Fooa({my, . me b\, wi,}). (5.3)
1<i1 <io <71
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(iii) Recursion with respect to r:

(r—20)F, (x1,...,2,) = ZF,,({xl, e\ mi)), (5.4)

and, more generally, for any 1 < k <r,

(r—kzu)py(:cl,...,xr): S FB(red\ {zin 1) (5.5)

1<ip<---<ip<r
(iv) For any a, B € R, a4+ =1,

Fu(mh ces Ty QT+ ﬁy) :aFu(x17 cee 7'7:7’7:13) +5FI/($17 cee 75177’73/)_

(5.6)
(r+2—2v)aB(x —y)’F,_1(21,...,2,).
Forr >2vandx; <o <--- <z,
27 Vrl 9 9 9
Fy(x1,...,2,) < =20 (r —20)*(Tp—1 — 2p—1) - (g1 — 21)" (5.7)

Proof: Let r > 2v. The recursion in (i) follows directly from (5.1). In order to show (ii)

and (iii), we introduce the notation of a typical summand in (5.1) by setting

y(xiw s 7xi2u) = (xil - xi2)2 T ('ri21/71 - xi2u)27 (58)

and observe that the total number of summands in (5.1) is r!/(r — 2v)!. Since the product
remains the same, if we rearrange its v factors or switch the two terms of any of the
v differences, there are 2¥v! summands that express the same homogeneous polynomial.

Therefore, F, can be rewritten as

F,(z1,...,2,) = Z Y(Tiyy -y Ty, ), (5.9)

1<iy,...,i0, <r distinct
11 >13> >lo, 1
125 _1>12; for 1<5<v

where the conditions on the ordering of the indices i1, ...,i2, are used to select a unique

representer for each summand. Now, the proof of (ii) goes as follows. Both sides in (5.3)
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are composed of multiples of y(z;,,...,z;,, ), where iy, ..., iz, can be assumed to satisfy the
constraints of the indices in (5.9). While such terms appear once on the left-hand side of
(5.3), they appear precisely v times on the right-hand side of (5.3) as a result of permuting
the order of the factors. This fact necessitates the factor 1/v in front of the summation. A
similar argument is used in order to prove (iii). Here, we note that both sides vanish, by

definition, if r < 2v + k.

The proof of (iv) is based on the identity
(az + By — 23)* = alz — ;)* + By — 2:)* — aB(y — 2)%,

which holds for all real z,y, z; and a + § = 1. Note that the recursion (5.2) also holds for

r < 2v. Hence, we obtain, by (5.2), that

Fu(xlv ceey Ty, QT + ﬁy) = Fl/(xb s 7x7°) + Z(O&l’ + ﬁy - xi)zFl/—l({xla s 7':67“} \ {xZ})
i=1
Likewise, the assumption that o + = 1 and the recursion (5.2) together give
aF,(x1,...,zp,x) + BF,(x1,...,2.,y) =

F,(z1,...,2,) + Z [a(z — )2 + By — 2:)] Foor({z1, .y 2} \ {2i}).

By applying these two identities, we have
F,(z1,...,xp,ax + By) — aF,(x1,...,2.,2) — B, (x1,...,20,y) =

— Oéﬂ(@/ - x)2 ZFIJ—1<{$1a s ,.’.Er} \ {x’b})7

which is the same as (5.6) by an application of (5.4).

For the inequality (5.7), we make use of the simple fact that, for all real numbers
a’ b7 C? d?
a<b<c<d = (d—a)(c—b) <(d—b)(c—a),
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namely for 7 < z9 < --- < z,, the products in (5.8) satisfy

y(a:ilv s 7xi21,) S (xr_xu)z(xr—l _1'1/—1)2 e (xT—I/-i-]. _x1)2 = ymaX(V; T1y---,

which gives the upper bound estimate

27Vr!
Fy(il?l,---,l'r)g )|ymax(y;xla"'7xr)7

vi(ir—2v

or equivalently, the inequality (5.7). W

The invariance properties of F, are sufficient to guarantee that F,(xq,...

polynomial of the centered moments
1 < 0
op=—-) (wx—7),  2<L<w,
k=1

where T = (21 + - -+ + z,)/r. We have

Fl(ilﬁl, e ,xr) = 7’20'2,

2Fy(x1,. .. ) = r3(r? —3r +3) o3 —r3(r — 1) o4,

x,), (5.10)

,Tp) IS a

6F5(x1,..., 2, =r3(r —2)(r2 = Tr +15) 05 — 3r2(r — 2)(r®> = 5r + 10) o409—
2

2r2(3r? — 157 + 20) o3 + 2r%(r — 1)(r — 2) g,
3

24Fy(x1,. .. x,) = ri(r* —18r® 4 125r% — 384r 4 441) 05—
6r3(r* — 16r° + 104r% — 305r + 336) o405+
3r2(r* — 1473 + 95r% — 322r 4 420) o3+
8r2(r —2)(r — 3)(r* — Tr + 21) ogoo—

8r3(r — 3)(3r? — 24r + 56) o309+

48 r*(r — 3)(r® — Tr + 14) o503 — 6r%(r — 1)(r — 2)(r — 3) o3,
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120F5 (21, ... 2p) = 75 (r — 4)(r* — 26r® 4+ 261r% — 11767 + 2025) 05—
1074 (r — 4)(r* — 2473 + 23012 — 9997 + 1674) o405+
2073 (r — 4)(r* — 20r® + 16812 — 645r + 972) oo+
1573 (r — 4) (r* — 2213 4 21172 — 9421 4 1620)03 09—
2074 (3r* — 60r® + 470r% — 16657 4 2232) o505 —
30r2(r — 2)(r — 3)(r — 4)(r* — 9r + 36) ggoo—

2072 (r — 4)(r* — 18r® + 173r% — 828r + 1512) 0g04+
240 73(r* — 1973 + 143r% — 493r + 648) 050302+
2074 (r — 4)(3r? — 30r + 83) o405 —

2472 (5r* — 901> + 65512 — 22501 + 3024) 02—

240 7% (r — 3)(r — 4)(r? — 9r + 24) o703+

24r2(r —1)(r—2)(r —3)(r —4) o10.

5.2. Definition of the minimally supported approximate duals

In order to establish representations of the minimally supported approximate duals, we need

to introduce some notations. For a given knot sequence t, let

B9 (t):=1, -m+1<k<N, (5.11)

m,k

m!(m —v —1)!
(m+v)i(m+v-—1)!

ﬁ(y) ( ) Fv(tk+1, cee ,tk+m+y71)7 (512)

where ] <v<m-—1and —m+1 < k < N—v+1. Here, F, is the homogeneous polynomial

defined in (5.1). Moreover, we define

1% m+y 14
u(t) = Y (t), v=0,...,m—1, (5.13)
tk‘+m+u_tk

and consider the diagonal matrices

U, (t) = diag (ul), (t); —m+1<k <N —v). (5.14)
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The approximate dual of order L, for 1 < L < m, is then given by
L—1
Sp(t) =Uo(t) + > Dem -+ Desmav—1Up(6) D,y - DL (5.15)
v=1

where Dy, > m are defined in (4.14). It is easy to see that this (m + N) x (m + N)
matrix is symmetric, nonsingular and banded with bandwidth L. Moreover, the kernel Kg,

in (2.8) has the form

L-1 N-v
y d21/
Ko@) =3 3 k®) o Nemrok (@) Nemon(y)- - (5.16)
v=0 k=—m-+1

In the following subsections, we will show that ®¢.,,, S, is the minimally supported approx-
imate dual of ®.,, of order L, the kernel Kg, satisfies (2.16) (where the upper bound C
does not depend on the knot vector or the length of I), and that conditions (3.8)—(3.9) are
satisfied for approximate duals with respect to nested knot vectors. Hence, the construction
of tight MRA frames can be performed with the sequence of the so-defined matrices S; 1.
The main step of the proof makes use of knot insertion. Therefore, as a starting point for
our induction argument, we first prove the result for the polynomial space II,,_1 on the

interval [a, b].

5.3. Approximate duals of Bernstein polynomials

Here, we restrict our attention to the simplest case where the knot vector t has no interior

knot (N = 0); that is,

In this case, the B-spline basis N, 1, —m +1 < k <0, of order m is identical to the basis

of Bernstein polynomials of degree n := m — 1 on the interval [a, b], given by

Bou(a)=({b—-a)™ (Z) (z—a)fb-2)"*  0<k<n=m-—1;
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that is, Ng.m k—m+1 = Bnk. Of course, if we let Bg’k(:c) denote the Bernstein polynomials

on [0, 1], that is
By = ([ )at-art, o<k

then B, x(z) = B . ($=2) for x € [a,b]. So, as usual, we can study the special case of the

Bernstein polynomials on [0, 1] without any loss of generality.

In this special case, for 1 < L <m = n + 1, the kernel in (5.16) has the form

L—1n—v

21/
Ks, (2.y) = ZZ%nmwwwwwwm» (5.17)
v=0 k=0

The evaluation of the coeflicients

m!(m —v —1)!

u) (v) _
mk: n(t) (m+y)ﬁmk n()_(m+y_1)<m+y_1)

Fy(tk—ns1s- s thto)

makes use of the closed form expression for

—k\ [k
Fy(t]gn+1;~"7tk+’/):FV(()’”"O’l"”’l):V!<n )( +7/)7
—— ——

14 1%
n—k k+v

which can be obtained either directly from (5.1) or by an application of Lemma 3. This

gives
o Vu'n+1 n—u)' n—k\(k+v\ 4 _,

KSL x y Z Z 7’L+V U v WBn—i—u,k—H/( )Bn+yk+u(y)
v=0 k=0

(5.18)

In order to prove that S; defines an approximate dual of order L, we will find a
representation for the reproducing kernel of I1,,, considered as a subspace of L2(0, 1), which
is similar to (5.18). Note that an approximate dual of order L = m must be identical to

the dual basis of the Bernstein polynomials.

Representations of the dual basis of Bernstein polynomials on [0, 1] are given in [25,12,34],
but we need a new representation as given in the following theorem for the purpose of for-
mulating approximate duals in terms of partial sums. There does not seem to be any

immediate connection between the representations in [25,12,34] and ours.
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Theorem 4. The Bernstein polynomial basis {B% w; 0 <k <n} of degree n > 1 possesses

the Sobolev space orthogonality property

~ (n—d)! [, d' d'
(n+1)z ( i'n‘) /0 z*(1 —m)zdxiB%k(x)@Bg’e(x) dx = Op 0, 0<k¢<n. (519)
— ilnl

Moreover, the polynomials

Cusde) = (4 1) (- (S0 -0 2B @), 0<k<n (520

, in!  dxt
1=0

constitute the dual basis of the Bernstein polynomial basis, and

K(z,y) = K(y.2) = Y B} 1(€)Coi(y) (5.21)
k=0

defines the reproducing kernel of the space of polynomials of degree n with respect to the

ordinary inner product on [0, 1].
The proof of this result will be given in Section 9.

Remark 5. After we communicated our result to Margareta Heilmann of the University of
Wuppertal, she discovered (using Maple) that for low degree n, the Sobolev orthogonality

property in (5.19) can be strengthened into the identity

— (n—i)! , i d o d' o 0
Z in) xz(l - ZL‘) dri Bn,k(’r) dri Bn,ﬁ<aj) = 6’?7@ Bn,k(’r)
i=0

This identity is then proved to hold for every degree n and even extended to multivari-

ate Bernstein polynomials on a d-dimensional simplex, with a proper adaptation of the

differential operator in [22].

The reproducing kernel in (5.21) can be written in another form, which is more suitable

for our subsequent arguments.

Corollary 2. The reproducing kernel K(x,y) in Theorem 4 has the equivalent form

n n—v

Kieag) = 3 3 A () () e Bk 0B i )

v=0 k=0
(5.22)
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The proof of this result will also be given in Section 9. The importance of our formula-
tion in (5.22) is that the kernel Kg, in (5.18) is obtained as a partial sum of the reproducing

kernel K. Since K reproduces all polynomials in II,,, i.e.

/0 fE(@y)dy = f(z),  feTl,

and the terms for v > L in (5.22) annihilate all polynomials in II;_q, the kernel Kg,
reproduces all polynomials in II;_;. In other words, we have shown that Sy in (5.15)

defines an approximate dual of order L, in the Bernstein case.

The matrix formulation in Section 3 can be given in terms of the inverse Gramian of

the Bernstein basis. The next result is a direct consequence of Corollary 2 and (4.13).

Corollary 3. Let Gy be the Gramian of the Bernstein basis (By ;; 0 < k < n) on [0, 1].

Then

go_l =+ 1)l +(n+1) Z Apgr--- An—i—Z—l/Al/A;l;—f—Q—y T A£+1a (5.23)

v=1

where A, is defined in (4.15) and A, = diag (0422170, o) > is a diagonal matrix

» “n+1n—v

with entries

k+v -k
047(;21’]{ — ( v ()n() v )7 0<k<n-—u. (524)

v

More generally, the inverse Gramian of the Bernstein polynomials By j on the interval

I =a,b] is given by

B n—+1 "
g~ = b—a Iy + Z AVERIEE An+2—VAVA£—|—2—u T Az;—i—l ) (5.25)

v=1

Identity (5.25) shows, in perhaps the most appropriate way, how the construction of the
matrix Sy, in (5.15) validates identity (3.10). More precisely, the right-hand side of (5.25)

defines a successive approximation of the inverse Gramian by means of banded matrices.
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The first term is diagonal, the next term (v = 1) is tridiagonal, etc. To be specific, let Sy,

be the partial sum in (5.25), so that

Iy, if L =1,
g _ n—+1 L—1
L= b—a In+1+ZAn—i—l"'An+2—VAVA£+2—V'”Az:+17 1fL:277n+1
v=1
If we write S;, = | siLj lo<ij<n, then
L—1n—v

L iti T +1 1 v (v)

Szg ( ) b—a;;('&—f ]—f an—l—l,é
Since G~ = S,,41, writing G~ = [ gi5 Jo<i,j<n, We obtain

Z n -+ 1 n n—v ” ,
0= (OIS (V) (57 el
— 4020 =0 —¢ 7

Therefore, the difference between G~' and Sy, for 1 < L < n, admits a factorization of the
form

g_l - SL = An—H T An—l—Z—L*XLAZ-H—L T Ag—s—la (5'26)
where

n—+1 -
X = b a Ap + Z Apti-r- --An+2_,,A,,AZ+2,,/- An+1 L] : (5.27)
v=L+1

If we write X = | :1:{3 lo<ij<n-r, then

L H_n—l—lnnyy— — L (v)

=0 S S () (0 e

The factorization in (5.26) governs the construction of approximate duals of B-splines as

shown in (3.10), except for a different normalization of the factors A,.

5.4. Induction proof for B-splines

In this subsection, we show that Sz, := S (t) in (5.15) defines an approximate dual @y, - St

of order L, for an arbitrary knot sequence

t:=la,...,a,t1,...,tn,b,... 0] (5.28)
—— ——

with ¢ < tgym, for all k. Let I'(t) denote the Gramian of ®g.,.
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Theorem 5. For 1 < L < m, let Sy, := SL(t) be defined as in (5.15). Then ®y.,, - S, is
an approximate dual of order L that corresponds to the B-spline basis ®y.,, in the sense of

Definition 4. That is,

I (t) = Sp(t) = Dean -+ Doy 1 X2, (8) DE iy -+ DE

t;m>

(5.29)

for some symmetric matrix X (t).

In order to prove Theorem 5, we use arguments about knot insertion. An intermediate
result is concerned with the approximate duals relative to two knot vectors t C t, where t
is as in (5.28) and

t=1la,...,a,t1,...,InN401,0,. .., D] (5.30)
N e’ N—

m m

We first introduce the notation of the intermediate knot vectors
t=:tgCt; C--- Cty =t (5.31)

such that txiq \ tx, & = 0,...,M — 1, is a singleton. In the following, we encounter
the refinement matrices Ptk,f;m 41 between the intermediate knot vector t; and the final
refinement t, for splines of order m + L. As usual, we assume that all knots of t have

multiplicity at most m.

Theorem 6. For L = 1,...,m, the matrix Sp(t) — Py g.m SL(t) PT.is positive semi-

t,E;m

definite and has the representation

SL(E) - Pt,E;m SL(t> Ptj’};,m = Lgm,L ZL Eg:m7L7 (532)
where
M
AR ZL(t7t) = Z Ptk,f;m—l—L VL(tk) Ptj;,f;m—l-L’ (533)

=1
and Vp,(ty) are diagonal matrices with nonnegative entries.

Theorem 6 is of independent interest for the construction of tight frames, as it confirms

the positivity condition (3.8) for the difference of two consecutive approximate duals Sz,(t;)
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and S(t;y1) for nested knot vectors --- C t; C t;41 C ---. Since the proof of Theorem 5

depends on Theorem 6, we start with the proof of Theorem 6.

The proof works by successive insertion of single knots. Let us consider the special case

E: [CL,...,a,{l,...,{{N.,_l,b,...,b] = [a,...,a,tl,...,tp,T,tp+1,...,tN,b,...,b], (534)
N—— N——

m m

where only one new knot 7 is inserted in the interval [t,,t,41). Of course, t, is assumed to
be a knot of multiplicity at most m in the refined knot vector t as well. Note that ¢, = ¢
for —-m+1<k <p, fp+1 =7, and t, = t;_ for p+1<k<N+m+ 1. The refinement
relation (4.19), with m + v in place of m and the matrix Ppyy, = P g, as in (4.21),
plays an important role in our derivation of Theorem 6.

For simplicity, we denote
,E:V):ﬂf:’)k(t), k=1-m,...,N —v,

~,(€V):6(V)(E), k=1—-m,...,N—v+1.

m,k

Likewise, we use the short-hand notations U, := U, (t), U, := U,(t), D, := D: ET,S =

t;r?

E;.,. ;- By (5.12) and appealing to the symmetry of the functions F, in (5.1), we can write
=(v) m!(m —v —1)! o ~
— v t PRRERIRS 7t m-+v—
k (m+v)i(m+v-—1)! (1 rmev—1)

m!(m —v —1)!
(m+v)i(m+v—1)!
Fl/(tk-i-l?"'atk-f—m-‘rl/—l)a 1f1—m§k§P+1_m_V7

F,(tks1, thkomiv—2,7), max(p+2—m—v,1—m) <k <min(p, N —v+1),

Fy(te, - thrmyv—2), fp+1<E<SN-—-v+1
(5.35)

When p < v, the first case of (5.35) does not occur, and when p > N — v, the last case does

not occur. By a comparison of (5.12) and (5.35), we obtain

~ (v) _ <L < _ _
(w:{ ko l-ms<kspt+l-m-v, (5.36)

F ,(;1)1, k=p+1,....N—v+1.
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The terms with the remaining indices
max(p+2—m—v,1 —m) <k <min(p,N —v+1) (5.37)
are treated in the next lemma.

Lemma 4. For k in (5.37),

30) _ (te4miv—1 — 7)By v ) L (7 — ) By ) ~ (Cepmtr—1 — 7)1 — ) By v
b tk—|—m—|—v—1 —tk tk—|—m—|—u—1 —tk (m + V)(m +v— 1)

Whereﬁl(:):Ojfk:<1—mork:>N—V.

. (5.38)

The proof of this result is delayed to Section 5.5. The key step of the proof of Theorem 6

is the next lemma.

Lemma 5. Let diagonal matrices V,, = V,,(t), 0 < v < m, of dimension (m + N + 1 — v) x

(m+ N + 1 —v), be defined by Vi = 0 and, for 1 <v < m, by the diagonal entries

(smsr — )7 —8)BY @\ (7))

y , kin (5.37)
vy 1= IR [ —— (5.39)
0, otherwise.
Then V,, is positive semi-definite and satisfies
V,+U,—Ppiy U, P, =Dyyy Vo1 DL, 0<v<m-—1. (5.40)

Furthermore, the sequence of matrices V,,, 0 < v < m, is uniquely determined by the

identity (5.40).

The proof of Lemma 5 is also delayed to Section 5.5. The commutation property (4.25)

comes into play when we form the sums
Sy = SL(t) = Up + Z En, UEL

and

SL—SL U()—f—ZE UE;‘:ZV,
for 1 < L <m, as in (5.15). For the insertion of a single knot, as in (5.34), Theorem 6 is

shown by the following result.
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Lemma 6. For L = 1,...,m, the matrix Sy, — P,,S;PL is positive semi-definite and
satisfies

Sy — PnSLPE = Ep 1 VLEL |, (5.41)
where Vj, is the matrix in Lemma 5.
Proof: We use induction on L. The result for L = 1 is given in Lemma 5, where we let
v =0 in (5.40) and make use of V5 = 0. For 1 < L < m — 1, the definition (5.15) leads to

Stt1 — PuSp41PE = Sp, — PSP + By LULEL | — P By LULEL [P

The commutation relation (4.25) gives

P’mEm,L - Em,LPm—l—L-

Then by the induction hypothesis (5.41), we obtain
Spi1— PnSp1PL = Ep (Vi + UL — Pm+LULP,£+L)E,ZL,L

= Epmr1Vig1EL o1
The last step is again an application of (5.40). Thus we have proved (5.41). Lemma 5 implies
that V,, 1 < v < m, is positive semi-definite, and therefore the matrix S, — P, S Pl is

also positive semi-definite. W

Next we show that the result in Lemma 6 can be extended to general knot refinements
on a bounded interval, and thereby prove Theorem 6. Therefore, we go back to general
knot vectors t C t in (5.28), (5.30) and define the intermediate knot vectors ty, 0 < k < M,

as in (5.31).
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Proof of Theorem 6: We write the left-hand side of (5.32) as a telescoping sum and make

use of Lemma 6 and the commutation relation, in order to obtain

NE

SL(E) - Pt,f;mSL(t) PT~ =

t,t;m [Ptk»£§mSL<tk) Ptj;,f:;m - Ptk—lyf;mSL(tk_1> Ptj;_l,f;;m]

e
I
H

M=

Ptk,f;m[SL(tk) - Ptk—htk;mSL(tk—l) Ptj;_l,tk;m] Ptj;’f;;m

>
I
H

M-

T T
Ptk.,E;m Etk;m,L VL(tk‘) Etk;m,L Ptk,f;;m

>
I

1

M-

T
EE;m,L Ptk,f;m-l-L VL(tk) Ptkj:;m—i—L EE;W%L'

>
I

1

This proves the identity (5.32) with Z, in (5.33). Here, the matrix Z, is positive semi-

definite by the result of Lemma 5. W

Finally, we can combine the results in Theorem 6 and those from the previous sections,
in order to prove Theorem 5. For this purpose, we choose t to be the knot vector of the

Bernstein basis, i.e.

t=la,...,a,b,... 0 (5.42)
and N = 0 in (5.28). Then consider the arbitrary knot vector t in Theorem 5, denoted by

t=1la,...,a,t1,...,tar,b, ..., 0], (5.43)
N—— ——
as a refinement (5.30) of t. As before, let the Gramian matrices of ®¢.,, and ®;,,,, be denoted
by I'(t) and I'(t), respectively, and recall from identity (3.13) that there is a positive semi-
definite matrix Y (t,t) with

rt)- P, 0 t)PL  =E; . Y(tt)EL

t;m,m’



Proof of Theorem 5: For the Bernstein case, which is associated with the knot vector t

in (5.42), we have already established in (5.26) that

m—1
F_l(t) - SL(t) = Z Et;my’/ UV(t> Eg:m,l/
v=L

m—L—-1
= Et;m,L UL(t) + Z Et;m-l—L,l/ UL-H/(t) Eg;m+L,v Eg;m,L'

v=1

— X1, (t)

For the B-spline basis ®;., on the refined knot vector t in (5.43), we obtain

t;m

P7HE) = S(t) = 071 (0) = Pygo D71 (6) Pl + Pegon [071(4) = S2(8)] Py, —

= B Y (t,1) Egmm + P, ¢m B Xo(t) EL, 1 PtT,E;m—
T
By, p, Zu(t,8) EL
= Ef:;m,L [Ef;m—&-L,m—L Y(t7E) E€m+L7m_L+
Pt,f:;m—l—L XL<t) PZE;m—l—L - ZL(taE)] Eg:ml/'

The last matrix in brackets is symmetric, and therefore Sy, (E) defines an approximate dual

of order .. N

5.5. Proof of lemmas in Section 5.4
Proof of Lemma 4: By the definitions of B,iy) and B}g,,) in (5.12) and (5.35), respectively,
we see that (5.38) is equivalent to

Fy(thrla tk+m+v727 T) -

tk—i—m—i—y—l - T Ja T — g

V(tk7 R atk+m+v—2) + Fu(tk+17 s atlc+m+1/—1) (544)

tk+m+u—1 - tk tk—l—m—l—y—l - tk

— (m = V) (thrmrv—1 — T)T = te) Fomi (Chg1, - o s thpmgn—2).
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This equivalence is also valid in the extreme cases, when k =m — 1 or N + 1 — v, since by

the definition (5.1), we have

Fy(a,...,a,tl,...,ty_l) = 0, Fl,(tN_,/+2,...,tN,b,...,b> =0.
N—— ——

m m

tk+m+u—1 - T ﬂ o
, =
tk—l—m—l—y—l - tk

Now, (5.44) immediately follows from (iv) in Lemma 3 with a =

T—tk

, x=1tg, and ¥y = tgrmip—1. W
tk—i—m—i—u—l - tk

Proof of Lemma 5: For all k£ in the range

max(p+2—-—m—v,1—m) <k <min(p,N +1—v), (5.45)
the knot 7 = t~p+1 appears in the sequence of knots (fx41,...,txtmyr—1). Therefore,
th =1 <7 <tptmev = thomiv_1, (5.46)

which shows that all diagonal entries v,(:) in (5.39) are nonnegative. Hence, the matrices
V,, are positive semi-definite.

We define the row vectors

1
Aty = [dm+1/,k] = m+ V[(tk—i—m—f—v - tk)3 -m+1<k<N-— V];
) (5.47)
dm+y = [dm-i-l/,k] = f— V[(Ek+m+y - Ek), -m+1 S k S N +1-— I/]
and recall from (4.14) that
~ . ~ -1
Dm+V = DE;m—}—z/ = dlag <dm—|—1/> Am—l—N—l—l—l/-
The identity (5.40) is equivalent to
A= diag (&m+y) (V,, 4+ U, — Poyy U, PT +V) diag (am,,)
(5.48)

T .
= Am+N+1—u Vst Am+N+1—u =: B,
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where the matrix A on the left-hand side of (5.48) is a real and symmetric tridiagonal

matrix. We first show that its column sums vanish, and therefore A must be of the form

[ C1—-m —Cl—m
—Cl-m Cl-m T C2—m —C2_m
—C2—m C2—m + C3—m
—C3—m
A= . (5.49)
—CN—v—1
CN—y—1+CN—» —CN—p
L —CN—v CN—v A

with real entries ¢, —m +1 < k < N —v. Clearly, A has vanishing column sums if and
only if
dyriy (Vl, 4+ U, — Ppyy U, PT +U) —0. (5.50)

By (4.20), we conclude that &m+VPm+V = d;+,. Hence, identity (5.50) is equivalent to
v (Vo + 00) = A Uy Pl (5.51)

The definition in (5.13) gives

dpi U, = [Bky); —-m+1<k<N+1-v,
(5.52)
dminU, = 8% —m+1<k <N -],

For all k in the range (5.45), we obtain, from (5.46),

5 . tk—i—m—i—u - Ek _ tk—l—m—i—u—l — 1y
m—+ v m 4+ v '

Hence, (5.39) gives
[ e =D )5
dm—l—l/,k UV, " = (m + v — 1)(m + V)
0, otherwise.

, kasin (5.45),

An application of the identity (5.38) yields the entries

tetmtv—1—T L) T — tg (v) .
d W) =)y _ ) ¥ 4, Pe=1 T — P k as in (5.45),
m+uv,k (Uk + uk ) = NIC‘I-m—I—l/—l k k+m+rv—1 k
l(cy) ’ otherwise,

(5.53)
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of (~1m+,,(V,, + U,,) We claim that these are precisely the entries of the row vector

x = [z3] == dpt U, Ph, (5.54)

m

which appears on the right-hand side of (5.51). We use indices 1 —m <k < N 4+ 1 — p for
its entries x.
Forall1-m <k < p+2—m—v, therow of P4, = P, ;.,,, 1, in (4.21) with row index

k is a unit vector with entry 1 in its k-th column. From (5.52) and (5.36), we conclude that

— )

Likewise, for all p+1 <k < N+1—v, the row of P, ;,,,,, with row index k is a unit vector
with entry 1 in its (k — 1)-st column. Therefore, we obtain

() _ 3
k— k-

T =

This establishes the equality of the corresponding entries of both sides of identity (5.51)
for all indices not in the range shown in (5.45). For the remaining indices & in (5.45), the

corresponding row of P ;... ,, has the form
[O,...,O,l—ak,ak,O,...,O], (555)

where

T—1 T—1
ar = LI b (5.56)
letmtv—1 —tk  thpmtr — Uk

appears with column index k. The only exceptions are the first row (with £ = 1—m) and/or
the last row (with £ = N + 1 — v), which have the form

[al—ma Oa s 70]7
(5.57)
[O, PN ,0, 1-— CLN_H_,,],

if p < v and/or p > N — v, respectively. This is due to the truncation of the matrix in

(4.21) mentioned in Section 4. Therefore, we obtain

lktmtrv—1 —T L) T — 1k (v)
k

Tk = k-1
theymiv—1 — i tetmirv—1 — Tk

b
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in the typical case (5.55), and

T _ T —1t1—m (v)
1—-m t,, _ tl—m 1—m>
INtm — T (v)
N—uv»

IN4+1—v —
tN—i—m - tN—l—l—l/

if the modifications (5.57) occur. Thus, we have shown that the vector x in (5.54) agrees

with the vector in (5.53), and this completes the proof of the identities (5.50)—(5.51).

In the next step of the proof of Lemma 5, we show that both matrices A and B in
(5.48) agree. It is clear that B also has the form (5.49), since it is a real and symmetric
tridiagonal matrix whose row and column sums vanish. In order to prove the equality
A = B, it suffices to show that the subdiagonal elements of both matrices agree. Observe

that the subdiagonal entry of the (k + 1)-st row of B, 1 —m < k < N — v, is simply

bk = —U,E:V—i_l).

In particular, by # 0 can occur only if
max(p+1—m—v,1—m) <k <min(p, N —v). (5.58)

Also, the subdiagonal entry —cj of the (k 4 1)-st row of A, as in (5.49), comes from the

single matrix

_diag (dm+,,) Pty U, PT, diag (&m+y> . (5.59)

Note that the first, third, and last factor of this product are diagonal matrices. Therefore, a
nonzero subdiagonal entry of A can only occur in row £+ 1, if the inner product of rows k+1
and k of the matrix P4, = P ., 1 nonzero. Due to the special form of this matrix, as
shown in (4.21), this can only occur if k satisfies (5.58). Otherwise, the subdiagonal entries

of A and B are —cj, = by, = 0. If k satisfies (5.58), then

V) 3 7
—cr = —ar (1 —agt1) U dmgokt1 Dt k-
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If we replace ay and agy1 by the expression on the right-hand side of (5.56), we obtain

T — g tk—‘rm—i—u - T (v) m—+v tk—i—m—i—l/—i—l - tk:—l—l tk—‘,—m—i—l/ — tk

Uetmtv =tk thpmtv+1 — Lpt tetmtr — i m+v m+v

(7 — tr) (b rmtr — T)B}iy)
(m 4+ v)(tktmsr — k)

Y

and this is equal to by = —U,(:H), as defined in (5.39). Therefore, both matrices A and B
in (5.48) are identical.

Finally, to discuss the uniqueness of the matrices V,, in (5.40), we consider the unique-
ness in the equivalent identity (5.48) instead. The factorization on the right-hand side of
(5.48) exists, with a diagonal matrix V41, if and only if the symmetric matrix A has van-
ishing row and column sums. For each 0 < v < m —1, there exists a unique diagonal matrix

V,, such that this property is satisfied. This also determines V,,, in a unique way. W

5.6. Minimally supported approximate duals

We show that the matrix Sz, := S (t) in (5.15) is the only symmetric matrix with bandwidth
at most L such that ®4,,, Sy, is an approximate dual of ®,,, of order L. This result is based

on the variation-diminishing property of the B-spline basis.

Theorem 7. Let t be a knot vector as in (4.1)—(4.3). If R is a symmetric matrix of size
(m+ N) x (m+ N) and bandwidth at most L such that ®¢.,,, R is an approximate dual of

Py, of order L, then R must be the matrix in (5.15).

Proof: Let R be a matrix that satisfies all the assumptions in the theorem, and let us
assume that Z = [z;¢] := S — R is nonzero. The index range of the rows and columns of
all matrices is chosen to be —m+1 < k,/ < N. Let k be the index of the first nonzero row

of Z; hence,
N

s(y) == Z Zi,c’gNt;m,é(y)

{=—m+1
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is a nonzero spline. Due to symmetry and bandwidth of Z, we have
2,,=0 forall (<k and ¢>k+L,

which gives
k+L—1

s@W) = Y 2 Neme(y).
t=k
Since s is a linear combination of at most L consecutive B-splines, it can have at most
L — 1 vanishing moments due to the variation-diminishing property of the B-spline basis,
see [1; p.156]. This observation leads to a contradiction, as we first show for the case where
ty < tj,q- Indeed, for any x € (t;,t;,,), we have Ngm k(x) = 0 for k > k. In addition, by
our choice of k we know that 2 =0 for all k < k and all ¢. Therefore, we obtain, for such

x, that
N

Kz(l’, y) = Z Zk,ﬁNt;m,k(x)Nt;m,ﬁ(y) = Nt;mﬁ(x)s(y)' (560)
kf=—m+1

Now, the polynomial reproduction property of both kernels Kg, and Kp implies that

b b
0= / Y Kz(z,y)dy = Nt;m,;;(fc)/ y's(y)dy, 0<v<L-1, (5.61)

so that the spline s must have L vanishing moments, which is a contradiction to the afore-
mentioned variation-diminishing property.
The general case, where t; = ... =1t; ipo1 <ljy,lsa multiple knot, is treated similarly.

For the evaluation of Kz (z,y) in (5.60), we substitute the one-sided partial derivative

N
om—r m— m—
WKZ(%"U?J) = ) Z Zk,ENt(;m,kp)(m)Nt;m,é(y) = Nt(;m,,;p) (t+)s(y).
k,=—m++1

Note that the value Nf?n’_kp ) (t;,+) is nonzero, while Nt(::%_kp ) (t;+) = 0 for all k& > k. The
rest of the argument that involves the polynomial reproduction property remains the same.

This completes the proof of the theorem. W
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5.7. Boundedness of the kernel Kg,

Let t be a knot vector as in the previous section (see (4.1)—(4.3)). Then the kernel Kg, in

(5.16), with the positive definite matrix S, = Sr(t) in (5.15), has the form

Z K

where
0% Nzv m+ v
KY T BY) () Neomt () Nermtw i (1) 5.62
M) = G 3 e B ONm @ Nemals). (662

The next result shows that Kg, satisfies the estimate (2.16) with an absolute constant Cp,

that does not depend on the knot vector or the interval I.

Theorem 8. The kernels K (v) 1, satisty Ké;o% >0,

/Kt(;”%(x,y)dy:&,,, xel, (5.63)
I
and
v 2v —1)!
/|K()xy|dy_ (m +v ), xel, 0<v<L-1. (5.64)
vi(m—1)!

Proof: Recall that Bfr??k (t) = 1 (see (5.11)). The first relation Kt(;or)n > 0 is obvious, and

the identity (5.63) for v = 0 readily follows from

tham —
/Nt;m,k(y) dy = u
I

m

and the partition of unity, see (4.10). Identity (5.63) for v > 1 follows from

dv
/d VNt m—i—l/k(y)dyzoa

since every B-spline Ni.y,4. 1 has compact support in I and vanishes at both endpoints of

1.
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Next we introduce the auxiliary kernels

N—v

m + v (v) d”
1% ) = - ;7 t N sm—+v
)= 3 ) o M)

dl/
Nl G.0)

Clearly, we have that ko = K( ) and K, > |K£I;T)L| for v > 1. The upper estimate in (5.7),

m

with r = m+ v — 1, leads to

27Vm! pig ymax(y; tk+17 e 7tk+m+1/—1)
Ky (xa y) S '( + 1)' Z ; ; X
ST e e (5.66)
dv dv
@Nt;m+u,k(l’) ‘WNt;m—FV,k(y)‘ .
where
ymax(y; tk—i—la ey tk+m+u—1) = (tk—i—m—i—y—l - tk—l—u)Q(tk—l—m—i—u—Z - tk+u—1)2 te (tk—i—m - tk—|—1)2

is defined in (5.10). The differentiation formula (4.12) can be applied recursively, in order

to generate the central inequalities

av (m+v—-D'& (v
max\V; yeeey m—+v— —N, m-—+v S - N1 . N; m 7 )
Vmax (Vi Thg 15 Bmir—1) |7 Nk () GRS (Z) tim ki ()
: v B Y , .
\/ymax(ya Lh41y - - - 7xk+m+1/—1) d _ Nt;m+y,k(y)' < (m +v '1) (V) Nt,m,k—l—z(y) ‘
tktm+v — tk dy (m —1)! e tktitm — Chti

The last sum, by (4.5), has the integral

/Z( ) N k+i(y) dy:in_"‘

tk+z+m - tk—i—z

Applying this result and making use of the partition of unity relation, we obtain

//iy(l‘,y)dy_ (m+y_1 NZ:V ZV:( )Ntmk—i—z( ) < 2”£T!r(LT;L}-i1—)!1)!.

I k=—m++1 1=0

This establishes the uniform bound on the kernel Kt(yr)n in (5.64). We have thus completed

the proof of the theorem. W
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In summary, we see that the integral kernel Kg, satisfies the estimate (2.16), where

the constant

L—1

m+v—1
C:= 2Y

(")

v=0
does not depend on t or I.

Remark 6. The existence and uniqueness of minimally supported approximate duals of
B-splines (see Section 5.6) was proven for all odd 1 < L < m by Sablonniére and Sbibih
[30; Theorem 1]. The explicit representation of the approximate dual was only found for
the cases L = 1 and (L = 3, m < 4) in [30], where a much more complicated formulation is
given. Our results in this section, among others, provide the explicit formulation of Sy, (t)
for all m and L. Moreover, the conjecture that an upper bound in (2.16) exists, which does
not depend on the knot vector and the length of the interval (proven only for L = 3 and

m = 3,4 in [30]) is a direct consequence of Theorem 8.

6. Construction of Tight Frames of Spline-Wavelets and Study of Their Supports

The results in Theorems 5-8 can be integrated into the general results on tight frames
described in Section 2 as follows. Let t;, 7 > 0, be a nested sequence of knot vectors, such

that (4.2)—(4.3) are satisfied and that the maximal knot spacings
h(t;) == max{tV) — ¢y (6.1)
g) = maXtp g — b :
converge to zero. Also, as before, let the B-splines Nj.,,,  with knots given by t; provide
the bases of the MRA spline spaces V; of La([I).

As a consequence of Theorem 8, the uniform boundedness of the kernel Kg, () leads

to the following result.

Theorem 9. Let 1 < L < m, to C t; C --- be knot vectors with h(t;) tending to zero,

and Sr,(t;) be the matrix in (5.15). Then the quadratic forms

ij = [<f7 Nj;m,k:>]k€]Mj SL(tj) [<f7 Nj;m,k:>]k€]Mj
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are uniformly bounded on Ly(I), and
tim T7 = |fI% f € Laa,b)

For the reasoning that leads to this result, see (2.16)—(2.18). Theorem 9 explains that
the condition (i) in Theorem 1 is always satisfied, if we choose the matrix Sz,(t;) in (5.15)

to formulate the minimally supported approximate duals of order L of the B-spline bases.

Next, we observe that Theorem 6 already provides for the construction of the matrices

Q; that defines the tight frame

;= q)tj+1;mQj
of Ly([I) relative to Tp, consisting of wavelets 1,  with L vanishing moments.

Theorem 10. Under the same assumptions as in Theorem 9, there is a factorization
SL(tj-i-l) - Ptj,tj+1;mSL(tj)Ptj;,tj+1;m = (Etj+1§m7LQj)(Etj+1;m7LQj)T = QJQJT (62)

where Q; = Eth;m,L@j is of dimension (Njy1 +m) X (Nji1 +m — L). The families
U, = &g, :mQj, j > 0, of cardinality (Nji1 +m — L), constitute a tight frame of Lo([)

relative to Ty, such that all the wavelets ;. € V;, 7 > 0, have L vanishing moments.

Proof: The Cholesky factorization of the matrix Z; = Zp(t;,t;41) =: Q]Qf in (5.32),

with lower triangular matrix Qj, provides the factorization in (6.2). W

The sparsity of the matrices Q; = [ql(Jk)] in (6.2) determines the support of the tight
frame spline-wavelets. The length of the support of 1; j is easily determined by counting

the number of consecutive B-splines in its representation

£:(Qj) .
Vi = Z ngfk?NjH;m,i,
i=uk(Qj)

where the sequences /i (C') and uy(C), for a sparse rectangular matrix C, denote the lower

and upper profiles of nonzero entries, namely: uy(C) is the row index of the first nonzero
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entry in the k-th column of C, and ¢ (C) is the index of the last nonzero entry of that
column. (In our applications, we also assume that both sequences are (weakly) increasing
and ignore columns of all zeros.) It is well known that the Cholesky decomposition C' = LLT
of an spsd matrix C defines a lower triangular matrix L whose lower profile ¢ (L) is bounded
from above by the least monotonic majorant of the lower profile ¢, (C'), due to the “fill-in”
of Gaussian elimination, and whose upper profile is uy (L) = k. For later use, we also define
the right profile r;(C') of C', which gives the column index of the last nonzero entry of the
i-th row. Note that
Uur, () (C) < i <4y (0)(C) (6.3)
holds for all row indices 7 of C.
In order to determine the lower and upper profiles of the matrix @; in (6.2), we make

use of the sparsity pattern of the matrix P; := P; ¢, ,;m in the refinement equation (4.21)

Jj+15

relative to the knot vectors t; C t;1 1. It turns out that

pi = ug(P;),
—m+1 S k S Nj,
M = L (Py),
satisfy the relation
() (4) j (+1)
{7ty Y ) ) (6.4)

where the subset notation is to be understood in the sense of ordered sets and A\g 1 +m
and p are minimum and maximum numbers, respectively, for the inclusion relation (6.4).
In other words, the B-splines N 1. € Vjt1, with up < ¢ < Agyr—1, are the only ones
needed for the representation of the subfamily Nj.., k,..., Njm k+r—1 in the refinement

relation (2.2). Therefore, by counting the number of relevant B-splines in V1, we obtain

Merrot — e+ 1= L+ #((ta \ t) N (6 67,00 1), (6.5)

(4)

htmar—1)- Moreover,

which is L plus the number of new knots in the open interval (t,(cj ), t
with
pr=ri(Pj),  —m+1<k< Ny, (6.6)
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it follows from (6.3) and (6.5) that

)\PkJrL*l —k+1< /\pk+L71 = Hpy, T+ 1<L+ #((tj+1 \tj) N (t;()];‘c)vtgj:-&—m%—L—l))' (6'7)

This provides the necessary notation and background for the following result.

Theorem 11. Let t; C t;;1 be two nested knot vectors and Q); = Et;m,L@j be as in
Theorem 10, where Qj is the lower triangular Cholesky factor of Zr,(t;,t;11). Then the

upper and lower profiles of (); are given by
u(Qj) 2k, e(Q) < Appyr—1, —m+1<k<Njy—L, (6.8)

where A\ = lp(P; ¢;,,:m) and pr, = 13(P, ,,,:m). Furthermore, the number of nonzero
coefficients in the k-th column is bounded by the expression on the right-hand side of (6.7),

and the wavelet 1; ; is a spline in V1 with support contained in [t,(cj+1),t§)j’;)+m+L_1].
Proof: First we recall from Section 5.3 that S; := Sr(t;) is a banded matrix with upper

and lower bandwidth L; i.e.
up(S;) =max{l —m,k— L+ 1}, £;(S;)=min{N;,k+ L —1}, 1-m<k<N;.

Since S; is positive definite, the Cholesky factorization S; = CCT exists, where C is a lower
triangular matrix with lower bandwidth L. Therefore, the upper and lower profiles of the

product D := Py, ¢ C' are bounded by

j+1;m
uk(D) > pr, (D) < Agsrrn—1, -m+1<k<Nj,

where the numbers p, and A\; are defined in (6.3). We denote the rows of D by d;,
—m +1 < i < Nji1, and observe that 7;(D) = r;(Py; t,,,:m) = pi, as in (6.6).

The matrix on the left-hand side of (6.2) is F' := S;;1 — DDT. The pattern of nonzero
entries of S;41 is a subpattern of the corresponding pattern of DDT. Therefore, it suffices

to find bounds for the upper and lower profiles of DD?. Nonzero entries of this matrix
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occur only when rows d; and d; of D have an overlapping pattern of nonzero elements. By
the symmetry of DD”, we can restrict our attention to its upper triangular part. For the
row indices —m +1 <4 < Njiq, we have d; -d; =0 if i > Api+IL—1, since d; has zeros in
all columns p; < k < N; and d; has zeros in all columns —m + 1 < k < p;. Therefore, the

right and lower profiles of F = S; 1 — DDT, by the symmetry of F, are bounded by
Ti(F), gi(F)S)\pH—L—la —m+1§i§Nj+1.

Consequently, the matrix Z; = Zp(t;,t,41) in (5.32), after elimination of the L-th order

: T
differences Ey ., ;m, and Eg . 1,

has reduced right and lower profiles

Ti(Zj), KZ(ZJ) S >‘pi+L—1 — L, —m + 1 S 7 S Nj+1 — L

The Cholesky factor Qj of Z; is a lower triangular matrix with the same bound for its lower
profile. Multiplication of Qj by the matrix Ex,,  .m, o gives the matrix Q; with upper and

lower profiles
ui(Q;) >4, 4i(Qj5) < Xpivi—1, -m+1<i<N,y; — L.

This completes the proof of Theorem 11. W
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7. Examples of Tight Frames of Spline-Wavelets

In this section, we demonstrate our results in Sections 5 and 6 by including examples on

linear and cubic splines.

7.1. Piecewise linear tight frames

Let (t;);>0 be a nested sequence of knot vectors with double knots at a and b and meshsizes
h(t;) tending to zero. Here, we consider piecewise linear spline-wavelets with 2 vanishing
moments, so that m = L = 2. The matrices S(t;) in (5.15) are tridiagonal matrices of

dimension N; + 2, and the diagonal matrices Uy(t;) and U;(t;) in (5.14) have diagonal

entries
2
0
Ug,i(tj)=M7 —1<k <Ny
tito — i
(4) (4) \2
1 (tk 2 _tk 1)
ug(ty) = M 1<k <N -1
Q(tk+3 - tk )

It is sufficient to describe the construction of the wavelet family Wy = {4 1}, since the
families ¥;, j > 1, are constructed analogously. In the following, we develop an explicit
formulation of the wavelets 1y 1 for the special case, where all interior knots are simple and

one “new” knot is placed between two adjacent knots of tq; in other words, we assume that

1 1 1 1 1 1 1 1
a=t" =) <tV < ) < <t <SR <R o =N s = b
~ ~ —— N —

N~~~ S~~~
~,(0) _4+(0) _4(0) _,(0) _,(0) _4+(0)
=t] =ty =t IV =tNg+1 =tngte

For convenience, the superscript (1) of t,(cl) will be dropped from now on. In this case, the

factorization

S2(t1) = Peg ,5252(t0) Py 4,32 = Eiy32,2Z2 B¢ 55

is obtained where Zy = Z5(tg,t1) is the symmetric matrix of dimension N3 = 2Ny + 1 in

(5.32) which, in this special case, has bandwidth 3. Instead of a Cholesky factorization of
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Zs, here we choose a more economical factorization Zy = QoQF', where

s —a -
ty —ts 1 t1—tp
s —t1
R te —ts 1 t3—to
QO = Rl tr — 13 R2 (71)

tg — t7
1 tony—1 —tan,—2
L b—ton,—1

and where R; and R, are diagonal matrices with diagonal entries (indexed from 1 to 2Ny+1)

given by

4
Ry =——""—, 1<k <2Ng+1,
lkr2 — Tp—2
t —tp_ t — 1) (T — T
Rouep = (trgr — te—1)y/(tegs — ti) (b — te 3), k=13 . . .9Ne+ L.
124/2(tgs3 — tr—3)
and

1
Ro. = ——| (¢ —tr_1)(t —t_o)X
k= s (( vos— o) (bt — ta)

1/2
((tk — te—1)(tr — thz) (trg2 — thg1) + (o1 — ) (bogz — ) (b1 — tk2))>

for all k = 2,4,...,2Ny. Here, we let t_5 := a and ton,+4 := b. The wavelet family ¥y is

then defined by the coefficient matrix

Qo = Etl;Q,QQO =:[d1,92,.-.,92N,+1] - R,

where Rs is the diagonal matrix in (7.1) and the column vectors qj of dimension (2N + 3)

are given by

T _ 24 24(t_1+to—ta—ta) 24 24(ta—t3) 0
A = |G (a—t-1) Ga—to)(ta—to)(ta—t—1)° (a—t1)(fa—to)’ (ta—ta)(ta—t1)(fa—to)® 2No—1]>

T _
doNyg+1 = |:02N0_17

24(tang—1—ta2ng—2) 24
(tang —tang—2)(tang+1—tang—2) (tang+2—tang—2)’ (tang+1—tang—2)(tang+2—tang—2)’

24(tang —2+tang —tang+2—t2Ng+3) 24
(t2N0+3—t2N0)(t2N0+2—tQNO)(tQNOJ,-Q—tzNO—z)’ (t2N0+3—t2N0+1)(t2N0+3—t2N0) ’
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where the symbol 0, denotes the zero-vector of dimension ¢, and, for 1 < k < Ny,

T
Qo = 02k—17

24 24(tog—2+tor—1—tok+1—t2k+42)
(tor—tok—2)(tak+1—tok—2)(takra—tar—2)' (tok+1—tor—1)(tokt+1—tor—2)(tort2—tok—1)(t2kt2—tok—2)"

24
(tokt2—tar)(tonyo—tor—1)(tant2—tar—2)’

Oony—2k+1 |5

while for 1 < k < Ny — 1,

24(tokr—1—tor—2) 24
(tok+1—tok—2)(takto2—tok—2)’ (tokt1—tor—2)(toky2—tok—_2)’

T _
k41 = 021, (tar—tar—2)

24(tog—2+top —tokt2—tokt+a) 24
(tok+2—tak—2)(tak+2—tor)(takta—tor)’ (tokta—topt1)(topta—tar)’

24(tog+a—tok43)
(tokta—tokt2)(tokta—tor+1)(tokta—tar)’

02Ny —2k—1 |-

Up to multiplication by the diagonal entries of the matrix Rs, the vectors qi represent the

coefficient sequences of the wavelets 1 for 1 <k < 2Ny + 1. Hence, we conclude that

e the wavelets ¥ 21, 1 < k < Ny, have a 3-tap coefficient sequence, support [tg)—)p t,goll]
and 5 simple knots t,(co_)l = té?_2 < té?_l < e < t;{)w = t,(gl; up to their nor-

malization, they are uniquely determined by their property of having two vanishing

moments;

e the wavelets g 2r+1, 1 < k < Ny — 1, have a 5-tap coefficient sequence, support in

[t,go_)l,tlgzz], and 7 simple knots t,@l = té?_z < < téi)+4 = t,(€22; by inspecting the
coefficient sequence g1, we observe that the second and next-to-last knots of ¥ 2541

are inactive, i.e. the wavelet is a linear polynomial in [té}f)_wté?] and [tg?JFQ,t&)JFLL];

under this constraint, and up to the normalization constant, the wavelets are uniquely

determined by the property of having two vanishing moments;

i,

e the boundary wavelet ¢y ; has a double knot at a and 4 simple knots Ty 5 we

also observe that 1y is a linear polynomial in [tgl),til)] and thereby determined, up

to the normalization, by the property of having two vanishing moments;
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e the boundary wavelet 1o 2n,+1 has a double knot at b, simple knots at télj\),rQ, . ,télj\),o 41

and is a linear polynomial in [tg\)fo—Q’ tg\),o]; up to the normalization, it is uniquely de-

termined by the property of having two vanishing moments.

In the special case, where the interior knots in tg are equidistant (with stepsize hg)

and the new knots are placed in the middle of each knot interval, our construction leads to

F19v3 _
-9v3 6 V6
2v/3  —12 26
V3 6 —6V6 6 6
2v6 —12 26
V6 6  —6V6
Qo= — 2v6
"7 12vh, V6

6 V6
—12 26
6 —6vV6 6 V3
26 —12 23
V6 6 —9V3
12v/3 |

The interior wavelets (with coefficient sequences in columns 2 to 2Vy) are shifts (by integer

multiples of hg) of the two generators v 2 and g 3, namely

Yo,26+2(x) = Yo 2(x — khy), 1<k < Ny—1,

Yo,26+3(x) = Yo 3(x — khy), 1<k < Ny—2.
Moreover, all of these interior wavelets are symmetric. If we fix the stepsize hg = 1, then
these generators are identical with the functions ' and ? that were constructed in the
shift-invariant (i.e. stationary) setting for Lo(IR) in [7]. The current construction reveals
that the adaptation to the bounded interval [a,b] by assigning one boundary wavelet at
each endpoint of the interval works successfully in this particular example. However, this

does not apply to the general setting as will be discussed in Section 10.
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7.2. Piecewise cubic tight frames with simple interior knots

For simplicity of the presentation, we restrict to the case of simple equidistant interior knots

of stepsize hg = 1 in the interval I = [0, N + 1]; i.e.,

to = {0,0,0,0,1,2,..., NN+ 1,N+1,N+1,N + 1},

1.3 1 (7.2)
ty :{0,0,0,0,5,1,5,...,N,N+§,N+1,N+1,N+1,N+1}.

The method described in Section 6, for L = 4 vanishing moments, employs the Cholesky
factorization of the matrix Z, = Z4(to,t1) in (5.32), which has dimension N; := 2N + 1.
This leads to the definition of N7 non-symmetric wavelets with 4 vanishing moments. As in
the previous subsection, we choose an alternative factorization method that we will describe
in some detail. In particular, we will choose a larger number of wavelets, namely 3N — 14
interior wavelets and 6 boundary wavelets for each endpoint, in order to obtain symmetry
and shift-invariance at the same time for the interior wavelets. Moreover, the construction
is scale-invariant, in that the same coefficient sequences (for interior and boundary wavelets
in ¥; and with proper scaling by 27/ 2) can be employed for all scales j > 0, if uniform
refinement of the knot vector is used by inserting the midpoint between two adjacent knots
in t; for the definition of t; ;.

For the particular knot vector in (7.2), the diagonal matrices U, (tg), 0 < v < 3, in

(5.14), of dimension (N +4 —v) x (N 4+ 4 — v), are given by

30
Uy = 3diag(3, 15, 3,1,1,...,1,2, 3. 2),
Uy = osdiag(fr, 55, 2,1, 1,...,1, 8, 22, &%),
Us = 151208128 (1555 15557 6+ 1+ Lo+ 11 6 55 1555 )-

Note that with the exception of 3 values in each of the upper and lower corners, the diagonal
entries in Uy, . .., Us are constants. The matrices U, (t1) are of larger size, but have the same

diagonal entries, up to multiplication by 2'=2¥, 0 < v < 3. The matrix Z4, of dimension
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N; x Njp in (5.32), is positive definite and has bandwidth 7. In order to find an economical

factorization of this matrix, two symmetric reductions
Zy=(1—-Ky))(I—-K\)Zs(I - KNI -KT),  withI=1Iy,,

are performed in order to obtain the matrix 24 with bandwidth 3. Here, K7 and K5 are
tridiagonal matrices with zero main diagonal; K; has nonzero entries 1/8 in the upper and
lower diagonal of rows 4,6,..., Ny — 3, and K5 has nonzero entries 2/5 in the upper and
lower diagonals of rows 5,7,...,N; —4 and 1/6 in the upper (resp. lower) diagonal of row
3 (resp. N1 —2).

Our initial attempt for a factorization of Z; by using the same interior wavelets as for
a tight frame of L?(IR) with 2 generators, as given in [7,18], failed. More details are given
in Section 10.2. Instead, we find a new factorization Z, = BBT, with B = [By, B;, B,],

where B; is an Ny x (3N — 14) block given by

- -
0
0
0
a
b d
a ¢Cc € a
d b
a C €
B; = d
d
c € a
d b
a
0
0
0
0

with

a=\/45248/125/r, b= +/187152/5/r, ¢=+/263168/5— e2/r

d = /24880/r, e = (773536/25 —ab)/(dr), r = 1536v/21.
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This block gives rise to the interior wavelets. Each of B, and B, consists of 6 columns
and gives rise to the boundary wavelets. The above formulation depicts the symmetry and

shift-invariance of the interior wavelets. The columns of the matrix
Qo= E,ua(I + K1)+ K2)B

constitute the coeflicients of all the wavelets

Ny

Yok = Y. GksNeyms 1<k<3N -2
s=—m+1

in ¥y in their B-spline expansions in terms of the B-spline basis ®¢, ,,,. Another represen-
tation can be formulated by using the column vectors of Qo = (I + K1)(I + K2)B as the
coefficients of 1 j in the expansion

Ni—4 e
Yok = Z @k,s@Ntl,s;s (7.3)
s=—3

with respect to 4-th order derivatives of the corresponding B-splines of order 8. The coeffi-
cients in this latter expansion are given in Tables 1 and 2, where Table 1 lists the coefficients
c},(j) of the 3 generators 9" for the interior wavelets. From this information, it is clear that

the supports of 1!, 2, ¢? are
suppy' = [0,6], suppty® = [1,6], suppy® =[0,7].
All of the 3N — 14 interior wavelets are given by
V(- — k), i=1,2,3, 0<k<N —6, (- — N +5).

The graphs of ¢, i = 1,2,3, are shown in Figure 1. Table 2 lists the coefficients in (7.3)
of the 6 boundary wavelets for the left endpoint of the interval. The first three of these
functions have a knot of multiplicity 4 at zero and their supports are [0,2.5], [0, 3], [0, 4],

respectively. The fourth boundary wavelet has a triple knot at 0 and its support is [0, 5].
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k.0 4,1 k2 k.3 Q4 Q.5 k.6
0.171217  1.369738 3.091033 1.369738 0.171217

1

1

2 0.267942  2.143537  0.267942

3 0.112045 0.896364 2.883961 4.248047 2.883961 0.896364 0.112045

Table 1. Coefficients (x100) of interior wavelets ¥ = 1) ¢4, in expansion (7.3).

Gk,—3  Qk,—2  Qk,—2 k.0 k.0 k.2 Q.2 Q4
0.468951

0.208884 1.193513
0.046733 0.588400 2.238939 0.279867
0.217826 1.577574 3.111291 1.110131 0.138766
0.051599 0.511502  2.242497 0.280312

S T W N

0.245479 1.950235 3.573393 2.594618 0.818264 0.102283

Table 2. Coefficients (x100) of boundary wavelets v, in expansion (7.3).

The last two boundary wavelets have a double knot at 0 and their supports are [0, 5], [0, 6],
respectively. The reflection of these functions yields the 6 boundary wavelets at the other
endpoint N + 1. The graphs of the boundary wavelets for the left endpoint are shown in

Figure 2.

Remark 7. The three generators 1*, i = 1,2,3, in the previous example also generate a
tight frame {1;x = 29/2¢%(27 - —k); j, k € Z} of L?(IR). This construction yields three
symmetric generators with 4 vanishing moments and coefficient sequences (in terms of the
B-spline basis ®¢,.4) of 7, 9, and 11 nonzero coefficients, respectively. This underlines
the fact that our general method is also useful for constructing tight frames in the shift-
invariant setting discussed in [7] as well as symmetric ones as in [21], but with smaller
support and the same order of vanishing moments. It is also worthwhile to observe that
the constant diagonal entries of U, appear in the shift-invariant setting as the coefficients

of VMR Laurent polynomials in [7].
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0.6
0.6
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W®
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03
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0.1
0
-0.1
-0.2
0 2 4 6

Figure 1. Generators of interior wavelets of piecewise cubic tight frame with simple interior knots.
7.3. Piecewise cubic tight frames with double knots

We assume as in Section 7.2 that [a,b] = [0, N 4 1], where N is an integer, so that V} is the

space of all splines of order 4 and with knot vector

to = {0,0,0,0,1,1,2,2,...,N,N,N+1,N+1,N + 1, N + 1},

and t; is the refinement with double knots at the half integers. Note that the dimension of 1}
is 2N + 4 and the dimension of V; is 4N + 6. Instead of the generic Cholesky factorization
of the matrix Zy = Z4(to,t1) in (5.32), we describe next an alternate factorization that
defines symmetric/anti-symmetric interior wavelets that are shifts of 5 functions ¢* € V7,

1 < i <5. At each interval endpoint, we define 7 boundary wavelets.

The construction is described by the following procedure. First, we compute the diag-
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Figure 2. Boundary wavelets of piecewise cubic tight frame with simple interior knots.

onal matrices in (5.14), namely

Uo(to) = d1ag(4, 4, 2, 2, ey

Ui (to) = diag(§,3,3,1,3,1,...,3,1,3,2, 3
UQ(tO) 900dlag(2i % 1717 ;1,%2%),
Us(tg) = 2700d1ag(% % 4—“;’ 1 ‘f—;,l .,? 1,

27 47 4)7

);

[N

3

’1

wlﬂk
[NJ[eY

,5).

The matrices U, (t;1) are of larger size and have the same diagonal entries up to multiplication

by 2172¥, 0 < v < 3. The matrix Z4 in (5.32) has dimension N; x Ny, is positive definite, and

has bandwidth 8. Similar to the case of simple knots as discussed above, three symmetric

reductions

Zy=

(I - K3)(I — K2)(I — K1)Zo(I - KI)(I - K3)I - K3),

I =1In,,

(with tridiagonal nilpotent matrices K;) lead to a matrix Z; with bandwidth 4. The factor-

ization of Z4 leads to the definition of 7 boundary wavelets at each endpoint of the interval
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and 5 interior wavelet generators 1) € V;, 1 < i < 5, with
Yo 745k+i = V' (-—k), 1<i<5 0<k<N-—4, Yosn—s+i = ¢V (x—N+3), i=12.
We give the coefficients of the representation

i d
Z g Ng gy, 1 <45, (7.4)
=0

in Table 3 and depict their graphs in Figure 3. Note that 1?2,1*,1° are symmetric and

t, 93 are antisymmetric. The supports of these generators are

suppt' = suppy® = [0,4], suppv® = supprp? = suppy® = [1,4].

The spline wavelets 1!, 1)? have simple knots at 0 and 4, and double knots at .5,1,. .., 3.5,
while ¥ and 1* have double knots at 1,1.5,...,4. The spline wavelet 1> has simple knots
at 1,4 and double knots at 1.5,2,...,3.5. The total number of interior wavelets is 5N — 13.

The coefficients gy s of the 7 boundary wavelets ¢ 1, 1 < k < 7, at the left endpoint
are given in Table 4, and their graphs are shown in Figure 4. The boundary wavelets at the
right endpoint are the mirror images of the wavelets on the left endpoint. We thus obtain
a total of 5N 4 1 wavelets in V7, all of which have four vanishing moments.

R R A & g\ gt g" gt gs)

0.092642 0.370569  1.852847 0.989527 —0.989527 —1.852847 —0.370569 —0.092642

0.126349 0.505395 2.526977 3.156191 3.156191 2.526977 0.505395 0.126349
0.526730 1.601752 0.086252 —0.086252 —1.601752 —0.526730
0.580480 2.180883 1.757771 1.757771 2.180883 0.580480

CUB W N |

0.869741 3.478964 3.478964 0.869741

Table 3. Coefficients (x1000) of interior wavelets 1)° = 1)y 74, in expansion (7.4).

Remark 8. The consideration of splines with double knots at all integers leads to an MRA
generated by two functions. Therefore, our consideration in this subsection can be viewed as

a construction of tight frames of “multiwavelets” for the bounded interval. We remark that
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dk,—3 Qr,—2 Qk,—1 dk.,0 dr1 Q.2 drk,3 k4
1.030983 1.417601 0.644364 0.096655

1.964342 1.523281 0.719836 0.300617 0.060123 0.015031
2.170762 1.104518 0.574380 0.134319 0.038137 0.001519
0.909528 3.566099 2.804337 1.352000 0.523422 0.061807
0.987016  3.948064 3.102908 1.320567 0.181613
0.100948 0.403790 2.018952 1.126572 0.207278

N O O e W N

2.193554 0.731185

Table 4. Coefficients (x1000) of boundary wavelets 1, in expansion (7.4).

1 0.5
0.5
0 0
-0.5
-0.5
0 1 2 3 4 0 1 2 3 4
05 0.2 \/
0 0
-0.2
-0.5
-0.4
0 1 2 3 4 0 1 2 3 4
0.5
0
-0.5
0 1 2 3 4

Figure 3. Generators of interior wavelets of piecewise cubic tight frame with double knots.

the Fourier transform approach for the study of tight multiwavelet frames in the shift- and
dilation-invariant setting on Lo (IR) was recently given in [26], where the discussion is devoted
to the study of existence and characterization. In particular, there are no examples of tight
frames with higher vanishing moments by using the Fourier approach directly. On the other
hand, by working in the time domain, the example of this subsection leads to a normalized

tight frame of L?(IR) with 5 generators each having 4 vanishing moments. Its reformulation
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Figure 4. Boundary wavelets of piecewise cubic tight frame with double knots.

in the Fourier domain can be found in [11; Ex. 7.3.1]. Furthermore, the consideration in [26]
of VMR Laurent polynomial matrices for the construction of “multiwavelet frames” with
L vanishing moments, which are the Fourier analogue of our matrices Sy, is not suited to
achieve minimally supported approximate duals, and there is no discussion in [26] of the
positivity conditions (3.10)—(3.11) either.

In summary, as an application of our approach, we provide a unified framework for the
construction of tight frames of spline-wavelets regardless of the multiplicity of the knots
and the rule of knot insertion. In the specialized stationary setting, an approximate dual

®7.,, S, is defined by a biinfinite block Toeplitz matrix S, whose analogue in the Fourier
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approach is a VMR Laurent polynomial matrix of size r x r, where r denotes the (uniform)
multiplicity of the equidistant knots. In general, the arbitrariness of the refinement allows
for the use of scaling parameters M > 2 as in [9] at the same time as multiple knots can be
considered. The advantage of our time-domain approach lies in the fact that techniques from
matrix linear algebra replace some “ad-hoc” factorization techniques for Laurent polynomial
matrices. Preliminary results and examples were given in [11], and the forthcoming paper

[8] is devoted to frames of Lo(IR) and L2 (0, 00).

8. Matlab Program for Computing Approximate Duals

The computation of the positive definite matrix Sy, that defines the minimally supported
approximate dual of order L of the B-spline basis ®¢.,, is given in MATLAB syntax. The
vector knots is the knot vector (with multiplicity m for the boundary knots while all other
knots have multiplicities < m), where m is the order of the B-spline basis, and mu is the

order L of the approximate dual.

function S = make_S(knots,m,mu)
% compute approximate dual of order mu
% for B-spline basis of order m
% use Horner-like scheme for S
S = make_U(knots,m,mu-1) ;
% produce the diagonal matrix U_mu-1
for nu=mu-2:-1:0
D = make_D(knots,m+nu);
% produce the difference matrix D_knots;m+nu
S = DxS*D’ + make_U(knots,m,nu);
end

function U = make_U(knots,m,mu)
% compute F_2 mu by means of centered moments
% and normalize to give U_mu
% currently only for mu=0,1,2,3
N = length(knots)-m;

% dimension of spline space
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temp_knots = knots(2:end - 1);
udiag = (m+mu)./(knots(m+mu+l:end)-knots(1l:end-m-mu));
switch mu
case O,
beta = ones(1,N);
case 1,
a=make_moment (temp_knots,2,m+mu-1) ;
beta = (m*a)/((m+1)*(m-1));
case 2,
a=make_moment (temp_knots,2,m+mu-1) ;
b=make_moment (temp_knots,4,m+mu-1) ;
beta = ((m"2-m+1)*a.”2-m*xb) /(2% (m+2) *m* (m-1) * (m-2) ) ;
case 3,
a=make_moment (temp_knots,2,m+mu-1) ;
b=make_moment (temp_knots, 3,m+mu-1) ;
c=make_moment (temp_knots,4,m+tmu-1) ;
d=make_moment (temp_knots,6,m+mu-1) ;
cl = (m™2-3*m+5)* (m+2) / (6% (m+3) * (m+1) “2% (m-1) * (m-2) * (m-3) ) ;
c2 = -(m"2-m+4)/ (2*x (m+3) * (m+1) "2*% (m-1) * (m—-2) * (m-3) ) ;
c3 = -(3*m~2-3*m+2) / (3% (m+3) * (m+1) " 2*m* (m-1) * (m-2) * (m-3) ) ;
cd = 1/(3*(m+3) * (m+1) * (m-1) * (m-2) * (m-3) ) ;
beta = cl*a.”3 + c2*xa.*c + c3*%xb."2 + c4x*d;
end
udiag=beta.*udiag;
U=spdiags(udiag(:), [0],length(udiag),length(udiag));

function a = make_moment (knots,nu,k)
% compute centered moments of degree nu
% for all sets of k consecutive knots
t=knots(:);
lt=length(t);
tmp=repmat (t,1,k);
tmp=tmp(:);
trep=zeros(lt+1,k);
trep(:)=[tmp;zeros(k,1)];
trep=trep’;
% now contains, in each column, k consecutive knots

tstar=sum(trep) /k;
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% the mean value
a=sum( (trep-repmat (tstar,k,1)). nu) /k;
% the centered moment of degree nu
a=a(1:1t-k+1);

function D = make_D(knots,order)
% compute matrix D for derivatives

% find diagonal entries first

A = order./(knots(order+1:end)-knots(1l:end-order));
A= AC:);
D = spdiags([A, -[A(2:end);0] 1,[0,-1],length(A),length(A)-1);

9. Proofs of Theorem 4 and Corollary 2

Proof of Theorem 4: First, we show that all the three statements in Theorem 4 are
equivalent. Let C),  be defined as in (5.20). Clearly, C,, , is a polynomial of degree at most
n. The equivalence of the last two statements of the theorem is a well-known fact about

reproducing kernel Hilbert spaces. Furthermore, integration by parts gives

/130 (z)C (a;)da;—(n“)zn:(”_i)!/lxi(l—x)i 4" po (a;)d—iBO (z) da
0 n.k n,¢ - — ilm!  J, dai RN g Tt ’

This shows that the first and second assertions of the theorem are also equivalent. Therefore,

it is sufficient to prove that the kernel K (x,y) in (5.21) satisfies
1
/ ' K(z,y)de =y”, 0<v<n,yec]l01]. (9.1)
0
For this purpose, we let 0 < v < n and consider the integral
1 n 1
/ ' K(z,y)dz = Z Bg’k(y)/ z’ Cy i (z) da. (9.2)
0 0 0

Integration by parts leads to

/01 e Copl@)dr = (n+ 1)y PV (”) /01 /(1 - x)idcf; BY,(x)dz.  (93)

=0

-
I



The well-known relation for derivatives of the Bernstein polynomials gives

d nl < (i
B = e Y (1)) B
drxt n,k (TL - ’L)' j:O( ) (]) n—ik—7j

where, as usual, we set B,,Q’s := 0 for integers r, s with s < 0 or s > r. Similarly, we use the
standard notation for binomial coefficients (Z) =0 for s <0 or s > r. These notations help

us in rearranging the sums in order to obtain
" (n—i)! (v - d
SO () a1 - 2y B ) =

=0
> ,V0<—1>” () (F )=y

7=0 7=

(9.4)

For the inner sum on the right-hand side of (9.4), we use the identity (*) (;) = (;) ('::;),

which is valid for all 0 < 4,5 < v. Then we obtain

>~ () = Oz (2D - ()6)

see [20; equ. (Z.8)] for the value of the last sum. This can be inserted into (9.4) and (9.3)

to yield

[ s =t ) ;) () [0yt
- (n+1)(Z:2)Z:: (?) (n—i—y-l—zjll)( )

n—k-+j

The last expression in (9.5) can be simplified by using the identities

<;)(n_k’+j)!<”+’f—j)!:y!k!(n—k)!(n_]?”) (”+k:—j)

J v—]

S(E)-()

j=0

and

72



see [20]. This gives

b g

/01 Oy () dit = (n+ 1vlk!l(n —k)! (n — u) (n +v+ 1)

(n+v+1)! n—k v
Note that we obtain zero on the right-hand side of (9.6), if ¥ > k. Combining (9.6) and
(9.2), we finally obtain
/1 l/K( )d Zn: n—v k(l )n—k v
'K (x r = — =y".
i Y 2 g )y y
This shows that K(z,y) in (5.21) is the reproducing kernel of the space of polynomials of

degree n on the interval [0, 1], completing the proof of Theorem 4. W

Proof of Corollary 2: We denote the kernel in (5.22) by Ks(z,y). The well-known

relation for the derivatives of Bernstein polynomials gives

dl/
dx?

[Bg’k(x); 0<k< ”} = (=1)"v! <n) [Bg—u,k(x)§ 0<k<n-— V] AZ—V+2 e AZ—H

1%

where A, is defined in (4.15). The restriction to a subset of the Bernstein basis of degree

n + v gives

d 0

n-—+v
@ [Bn—i—u,k—H/

v

(); 0<k<n-— 1/} = 1/!( ) [Bgvk(x); 0<k< n] ApirAp_yio.

By combining these two identities, we obtain

dCZ” [Brvp(@); 0k <n—v] [Buy,pp,(y); 0<k<n-— V}T =
V!(n Jur V) (B, x(@); 0< kb <n—v] (Anpre Anyya) [BY () 0<k<n] =
_ 14 (nj/_ll) dV 0 < < 0 < < T
(=1) oy do [Bai(z); 0<k<n]-[By,ly); 0<k<n] . (9.7)

v

Now, simple calculations show that

k4+v\ (n—k Ainl
%Bg+u,k+u(x) = %xl’(l — m)VBg,,,,k(m), 0<k<n-—v. (9.8)
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Finally, identities (9.7), (9.8), and integration by parts yield
/ By y(2)Ka(z,y) da

:(n—i—l)z()%/o x”(l—x)

v=

:(n—i—l)z%/g x”(l—x)”d

v=0

ZBn Vk: Bn—i—y k+y(y) dx

) Z dx—yBg,k(x)Bg,k(y) dz = By, 4(y).
k=0

In the last step, we have made use of equation (5.19). Thus we have shown that K» is the

reproducing kernel of the space of all polynomials of degree n on the interval [0,1]. B

10. Lack of Agreement Between Tight Frames on Bounded and Unbounded Intervals

The objective of this section is to point out a somewhat unexpected obstacle for the con-
struction of tight frames on a bounded interval [0, N + 1] in that the standard procedure
for constructing orthogonal wavelet bases on [0, N + 1] cannot be extended to the construc-
tion of tight frames in general. Two cardinal cubic spline examples are presented in this
section to demonstrate this interesting observation, with the first one on the construction
of tight frames using unitary matrix extension (also called “unitary extension principle”,
UEP, in [28]), and the second one using a nontrivial VMR function to achieve four vanishing
moments.

Consider the MRA on L?(IR), defined by
Vo = closspan { N4 (- — k); k € Z}, Vi ={f(27); feW},

where N, denotes the cubic cardinal B-spline with simple knots at the integers 0, ..., 4.
Then we choose a normalized tight wavelet frame of L?(IR), which is defined as the family

of functions
X = {¢i;j,kz = 2]/2¢z(2j ' _k); jv k € Za 1= 172}7
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where 1); (called frame generators or framelets) are compactly supported spline functions
in V7, and normalization is to divide the framelets by the square root of the frame bound

constant so as to achieve the value 1 for the upper and lower frame bounds.

10.1. UEP cannot be extended directly to construct tight frames on bounded

intervals

In this subsection, we consider the case of one vanishing moment, associated with the
unitary matrix extension in [28]. A special construction with 2 non-symmetric generators

is contained in [6], where the functions

4
Yi(x) = Zqz',kN4(2x — k), i=1,2,
k=0

have coefficient sequences

3v2  V/2b V2(5 + 16b?)

= 2a(1—4b? = Y= _ = = /2 - _v=
q1,0 = 2a( )s Qi1 T6r o @2 37 , Q13 V2b, g4 1

V2r V1da — 3v/2b V2 Vor V2
42,0 = Q2,1=2a+\/§b, 2= () CJ2,3=\/§T—Z, q2’4:T_1_6r

with parameters a, b, ¢, r defined as

. V8 —2V14 .
S8

V8 + 214

8 )
2
c:—\fl—, r=+va?+ 2.

For unitary matrix extension, the VMR Laurent polynomial S(z) = 1 is employed in
[28]; it defines the symbol of the identity matrix on f5(Z) which serves as the analogue of
the matrices Sy and S; in our construction.

The analogous setting for the interval [0, N 4 1], with N > 4, requires the use of the

knot vectors tg and tq in (7.2), together with B-spline bases &y and ®;. Let Py denote the
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refinement matrix that contains the coefficients of the B-splines Ng, .4, with respect to the

basis ®1. Moreover, we define the matrix

0 0
0 0
0 0
q1,0 42,0
i1 42,1

12 G422 41,0 42,0
41,3 423 qi1,1 42,1
14 Q924 412 G272

q1,3 42,3
@ 14 QG24

q1,0 420
qi1,4 424
0 0
0 0
0 0

which contains all coefficient sequences of 11 (- — k), ¥2(-—k), k = 0,..., N —3, with respect
to the basis ®;, whose support is contained in the interval [0, N + 1]. In order to apply the
matrix extension method, we must perform an adaptation at the boundary of the identity

matrix; namely we define the matrices

1,101, 42,4) @ RV (VHY)

So = U (to) = diag (4, 2,

Wl

and

Sy = Up(t1) = 2diag (4,2,4,1,1,...,1,4,2,4) ¢ RENFHX(EN+)

in order to obtain the unique approximate duals of order 1 with minimum support, which,
for an arbitrary knot vector t of cubic B-splines, are defined by the B-splines N :=
WL—MNW‘W‘ If a tight frame could be found by the matrix extension and if all frame

elements v;.; x, 7 > 0, with support in [0, N + 1] belonged to the tight frame, then the

matrix

A:= 8 — PySoPT — QQ" (10.1)
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must be positive semidefinite. However, our numerical computation with relative precision
10716 shows that A ~ —0.0037 is an eigenvalue of this matrix. This has the following
consequence. For any function f € L?([0, N + 1]), whose moment sequence (®1, f) with
respect to the B-spline basis ®; is an eigenvector of A for the negative eigenvalue A, we
have

N 2 N-—

AP < sO,kI(f,Nt0;4,k>|2+Z [(f, (- = k).

Therefore, the frame elements of the normalized tight frame of L?(IR), whose support is
contained in [0, N + 1], cannot be extended to a normalized tight frame on the interval by

choosing appropriate frame elements in V; for the boundary.

10.2. Oblique unitary matrix extension cannot be extended directly to con-

struct tight frames on bounded intervals

The obstacle demonstrated by the above example persists in the construction of tight frames
with vanishing moments of higher orders. Two nonsymmetric framelets with 4 vanishing

moments for a normalized tight frame of L?(IR) were found in [7,18], namely

8

() = ZQ1,kN4(2£E — k),

k=0

10

Po(z) = ZQ2,kN4(290 — k),

k=0

where ¢; , are given in Table 1.
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k| g1,k 92,k

0 | 0.01630813193478 0

1 | 0.06523252773913 0

2 [ 0.01887806291643 0.00929635674687
3 | —0.25065038702991 | 0.03718542698750
4 | —0.54734482313354 | 0.22145387636058

5 | 1.27958545779041 —1.28861285535716
6 | —0.29581552065325 | 1.89020463879447

7 | —0.38661217215439 | —0.92585345120529
8 | 0.00188283977587 —0.04053902663799
9 | 0.07882870625158 0.07749202744882
10 | 0.01970717656289 0.01937300686220

Table 1: Coefficients of generators of frame with 4 vanishing moments.

For N > 10, we choose the matrix ) of coefficients for the interior wavelets as

0
0
0
qgi0 g20 O
g1 q21 O
; g0 0 O
q1,8
42,9
Q= 42,10 G1,8
g2,0
q2,1
q1,0
g2,10 4q1,8
0
0
0

The positive definite matrices Sy, S7 of the approximate duals of order 4 of &, and &,

respectively, which have minimal support, are boundary adapted versions of the coefficient
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matrix that is related to the minimum degree VMR Laurent polynomial in [7,18]. Then it
turns out, that the matrix A in (10.1) has eigenvalue A &~ —0.0019. This means, as pointed
out in Section 10.1, that it is impossible to extend the interior wavelets by some boundary

wavelets to form a normalized tight frame.

10.3. Conclusion

We showed in this section that the construction of tight frames on bounded intervals cannot
be viewed as an extension of the known methods for the real line. We even claim that, to the
contrary, our formulation of nonstationary frames yields many new results for the stationary
case. A more detailed account of this claim is given in [11]. For example, in [11] we prove
that our examples of symmetric and antisymmetric generators of tight frames in Sections
7.2 and 7.3 also define tight frames of L?(IR). Symmetric tight frame generators with
such small supports were not known before. Moreover, for the MRA of splines of order m
with knots of multiplicity r, 2 < r < m — 1, many new results are consequences of our
current development. Firstly, the minimum degree VMR Laurent polynomial S, which is
the Fourier transform analogue of our matrix Sy in Theorem 7, was not even known for
cubic splines with double knots, while we give a formulation for splines of any order and
any multiplicity of knots. (Note that the construction in [26] does not yield the minimum
degree Laurent polynomial.) Secondly, the issue of positive definiteness for the purpose of
symmetric matrix factorization to yield tight frame generators was completely unsettled.
Theorem 6 affirms this property for the minimum degree VMR Laurent polynomial. Finally,
as for splines with simple knots, symmetric and antisymmetric generators of tight frames
of L?(R) were not known before for any MRA that is generated by splines with multiple
knots, and constructions with the Fourier technique are likely to produce frame generators
with larger support than those in Section 7.3. Hence, we expect that our formulation of the
nonstationary MRA frames will have significant impact on the construction of tight frames

of L?(R), in particular those concerning multiwavelet frames (which are frames based on
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multiply generated MRA’s). In another development, the analysis of the duals of Bernstein
polynomials in Section 5.3 has already lead to new results in multivariate approximation
theory [22,23]. While this article was still being completed, the orthogonality result of
Theorem 4 could be strengthened into a new pointwise identity for multivariate Bernstein
polynomials, see [22].

In summary, we emphasize the significant dissimilarity between the theories of tight
frames on bounded and unbounded intervals. While the mathematical foundation for the
theory of tight frames on a bounded interval is the subject of discussion in this present paper,
the analogous consideration for the setting of an unbounded interval will be presented in

our forthcoming paper [8].
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