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ABSTRACT

We use bivariate boxspline functions to construct nonseparable wavelets in Sobolev spaces.
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1. INTRODUCTION

We are interested in constructing wavelets in Sobolev spaces in the bivariate setting. Our motivation
and goal are to be able to numerically solve linear elliptic partial differential equations without
inverting their linear systems when the equations are discretized using Galerkin’s method. This
paper is our initial step towards our goal. In this paper we first give some necessary and sufficient
conditions for functions such that their integer translates form an orthonormal set in a Sobolev
space. We shall also give conditions on subspaces to generate a multiresolution approximation
(MRA) in a Sobolev space and show how to construct the wavelets associated with an MRA.

We use bivariate box spline functions to construct scaling functions satisfying the conditions for
the orthonormality and generating a bonefide multiresolution approximation in a Sobolev space.
We then construct their wavelets. Our construction generalizes the box spline wavelets in Lo(R?)
(cf. [1]) to Sobolev spaces and extends the Sobolev wavelets in the univariate setting (cf. [2]) to
the bivariate setting.

2. PRELIMINARIES

Let s be an nonnegative real number and let
H*(R*) = {f : || flls < o0}
be the usual Sobolev space which is equipped with norm || - ||; defined by
1 o
2 _ 2 2\s 2 dn.
11 = e [ a1+ € 1 f 6 P

Clearly, the inner product (-,-)s associated with || - ||5 is
1 L
(.9)s = Goys | Jou 1+ € 47 flEmaE maan

Proposition 2.1. Let ¢ € H*(R?). Then {21¢(27z—4;,29y—£3), (£1,42) € Z?} is an orthonormal
set in H*(R?) if and only if

1= 3 (1425 +26m)2 + 2% (7 + 26m)?) @€ + 207, + 260m)[°
(21,22)€Z2
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Proof: We have
(2]99(2%:——61 2]y £2> 93 (ij 97 ))
= ( /./112(1+§2+772) |SD( _vaQ '] )|2 —z2—J(€15+£2n)d§d77

N Eﬁ// (14272 + %) @€, m)Pei ot dedy

= @7l k (14 25(6 + 2mur e+ 25(q + 20ar )’
27r [0,27]2 (n1.73) eZ’

X |G(€ + 2n17m, ) + 2ngm) || e C0+) ge gy

Thus, (2@(2Y ¢ — £y,27y — £3) = 84,64, Y(£1,£2) € Z2 if and only if

> (U 29+ 2mr)? 4 2 4+ 2m0m)?)” B(E + 2mim, 7+ 2nom)[ = 1
(n1,m2)€22

Proposition 2.2. Let ¢;, j € Z be a sequence of functions in H*(R?) such that for each j,
Piertr) = 20;(2x — £1,27y — £,), (£1,£;) € Z? are orthornomal in H*(R?). Let

V} = Spa‘nH’(RQ){zjsojy(el,ez)a (€17£2) € Zz}
Suppose that -liI_P |¢;(277¢,277p)) = (1 + €2 + n*)*/2. Then the union of the V,’s is dense in
Jj—=+oo
H*(R?).
Proof. Let P; be the orthogonal projection from H*(R?) to V. That is, for h € H *(R?)

Pih = Z (h,cpj(zl,zz)>s90j,(£1,€:)'
(81,12)622

Then we have

1PhlZ = > Ik, @ige)sl
(b1,£2)€ 22

22 i
= @oe / / (1+€ +0?)°h(€,m)$;(277, 27T n)e ’“lf”‘-’?")dgdn‘
(01 ,L2 )-sz2
_ 2"2j / 2J+1 2J+1
= (27r)4 @ lz):eﬁ (nama)e2? /[.0 2;+1,,]2 1+ (6 + ’nlﬂ') + (77 + n 71') )

Xh(f + 2" w0 + 27 nm) 35279 + 2nym, 209 + 2n27r)e"'2“’(‘1f+l2’7)d€dTIl2
- (27T ,//[0 2J+1 ]2 (1 + (5 + 2j+1n17r)2 + (77 + 2j+1n27r)2)s
7r n2)622

xh(€ + 2’+1n17r,7] + 27 1) p;(277€ + 2nym, 2-in + 2n27r)]2 dtdn
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= (27r)2 // > 1 + &+ (L4 (E+ 2 )’ + (n + 2j+1n27r)2)s h(€,n)

(n1 'ng)EZ2
) h(€ + 2Hnym,n + 2+ngm)$;(279€,2790)$;(277€ + 2nym, 277 + 2ngm)dédn

For h € C°(R?), we know Ih(&,m)] < C(1 + €% + n?)™ for any o > 0. By Proposition 2.1,
|p;(277¢,27in)| < C 1+ € + n?)~*/%. Thus, we have

Lt (1 €+ 2 ) 4 (4 2 nen)?) (e )

(nl n2 )#O

X h(€ + 21y, 0 + 20 n,m) - ;(279€, 27 Jn)(p](2"§+2n1ﬂ' 2 Jn+2n27r)‘d§d17

X [ e (1 2 )
{n1,n2)#0
x [h(€,mA(€ + 27 num, 0 + 27| dédn
<0 % [ a+@en (1€ ) (4 2 ) dedn

(n1,m2)#0 . 1
=0 j i / ——————d{d
S (m%#o (1 + (2J+1n7r)2 + (2;+1n27,)2)2 R2 (1 T ey ’72)2 &dn
1 . 1
< C - - = (2~4U+1)
(nxgz:);ﬁo ((2*1nam)? 4 (27+1n,m)?)? (mgz:);éo (nf + n3)?

— 0, as j — 4oo.

For (ny,n2) = (0,0), we have
[ L0+ €+ bl mPigs(e 2 ) Pdédn
— [ [+ €+ ) Ihe ) Pdedy
by Lebesgue’s dominated convergence theorem. Hence, we have
IP;hl} — IBlI;  as j— +o0

for h € C(R?). We now apply the following density argument to prove the above convergence
holds for any h € H*(R?).

We first recall the inequality

IF +glE < (L4 BLFIE + 1+ Plall

for any norm or semi-norm and for any 6 > 0. For any x € Cg° (R?), we have

PRl —

o7 [ Joa 1+ €+ P Pl 6, 20
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< (4 ORI + (14 DB~ X))

_-(—27}?(1 i 6) //;{2(1 +&+ 772)2sl>2(€a77)|2|95j(2_j5a2-j77)|2d§d77

+ @r)-z% / /Rﬂ + € +n)PIh(€,n) — R(&m)Plei(277€, 277 n) Pdédn
<

(1+6) [tuxnz — e | f 4 € PR mIPIg i, 270 P

C
+(1 46— —)ClIxlls + (1 + )Ilh—xllﬁ+gllh—xll§-

1-|—5

For any € > 0, we choose § small enough such that (1 + 6 — 1+6)C”X“2 < €/2 since we know an
estimate of ||x||s- Then let x be sufficiently close to & such that (1 + 3+ )“h x||? < /4. Finally,
for x, let y be sufficiently large,

4 (1P = s [ [0+ € + IR P o 2 mdean) <

Similarly, we can obtain a lower bound.

- That is,

I1BhIE = gz [ a1+ € 42l P Ips(2736, 277 P

—0 as j— 400

Since [3;(277€,277n)| < C(1 + €2 + ?)~*/2, by Lebesgue’s dominated convergence theorem, the
second term above converges to ||A||3 for any h € H*(R?). That is, | P;h||2 — ||A|)2 as j — +oo.
Therefore,

12h = RIS = |P;hIIZ — 2(P;h, k)s + ||
= IRl = [IPAll; — 0.

This completes the proof.

Proposition 2.3. Let ¢;,j € Z be a sequence in H*(R?). Suppose that for each j, {21p;(2iz —

0,27y — £,), (41,42) € Z*} forms an orthonormal basis for V;. Suppose that there exists o > 0 such
that

[ L@+ €+ u1ese n)Pdedn < A
+oo
for every j <0, then [ V; = {0}.
Jj==-00
Proof. We may assume j < —1. From the proof above, we have, by Proposition 2.1,

IRl

59



60

_ 2 2\s j+1 2 J+1 2\% 3
- (271.)2//1;2 n1n2)ez2(1+£ + 1) <1+(f+2+n17r) +(T]+2+n27r)) h(&,m)

xh(§+21+1n17r N+ 2+ ngm)3;(279€,2710)p;(279€ + 2nyw, 277 + 2nym)dédn
(27r // (14 € + )| h(&,m)@;(277€,277p)| x

IN

=

( > (T €+ P + () + 2 ngm)?)” [h(E + 2,y + 2J'+lm7’)’2)

(n1,n2)€22
As j — —o00, we know
> (1 + (6 + 2 )2 4+ (n + 2j+1n27r)2)s ]iz({ + 27 + 2j+1n27r)’2 22+
’n1,'n.2€Z

— [+ + 02 [h(e, ) Pdedy

for h € C$°(R?). Thus, we have

I1PRIS < (71?[/ (1+ € +n?)° (€, m)@5(277€,27n)|C|| R[22~ dédn

IN

1/2
<(27,)2// 1+ 275 + o))" |65 (277¢, 27m)| dédn) 279 C||h|2

- . 1/2
X ((T)?/ Jop (U275 + 1) ™ (L4 Je + ln|2)2s|h(€,n)l2d€dn>

Cg ';f“Q (f fo i+ 275067 + 1)) ™ (1 + 162 + Py lhce,mPaedn)

— 0

INA

as j — —oo for any h € C§°(R?). Thus, for A € H*(R?), let x be in C§°(R?), we have
1PiRlls < 1Pi(h = x)lls + 1Pixlls < M2 = xlls + 11 Pix[ls-

We first choose x very close to h and then let j — —oo. This completes the proof.

We now define a multiresolution approximation of H*(R?) as follows.

Definition 2.4. Let s > 0 be a real number. A multiresolution approximation (MRA) of H*(R?)
is a sequence of subspaces V;, j € Z such that

1.V;CVin, Vj€Z;
2. |J V, is dense in H*(R?);

j=—oo

+oo
3. ) V;={0};

j:-—oo



4. for every j € Z, there is a function ¢; € H*(R?) such that the distributions ©0j(l1,42) =
200;(21z — £y,29y — £y), (4,4,) € Z? constitute an orthonormal basis for V;.

Furthermore, we call ¢;, j € Z are wavelets in H*(R?) if Vi) = 20;(2x— 01,27y —4y),5 € Z,
(¢1,43) € Z? constitute an orthonormal basis for H*(R?).

To construct wavelets ; j € Z in H*(R?), we start with an MRA. Suppose that w; € V; such
that ©j(e.6) = 2¢;(2z — 4,29y — £;), (41,€,) € Z? form an orthonormal basis for V;. Since
V; C Vi1, we have

951(267 27]) =Mjt (67 77)951'4-1 (67 77)

for a 27 periodic function m; ;.

Proposition 2.5. Let m; be defined above. Then

S mi((&m) +m)P =1 VY(&n) € R?

=0

where o = (0,0), 71 = (x,0), 7 = (0,7) and 73 = (7, 7).
Proof. By Proposition 2.1, we have

1= Y (142926 + 2mty)? 4 2% (2 + 2765)7)" |35(26 + 278y, 20 + 27y 2
0,02)€22

= Z (1 +22j+2(n +7r£1)2 +22j+2(,,7 +ﬂ.€2)2)s
(41,£2)e2?
X |m;(€+ by, 7 + ﬂ'fz)lz |©;(€ + mly,mp + sz)lz
3
= > Im;i((&n) + m)?
=0
which completes the proof.

Suppose that we have m;, j € Z satisfying the condition in Proposition 2.5 which is a necessary
condition for the orthonormality. We may define ¢; by

¢i(&,m) = "3]‘+1(5/2,77/2)95j+1(§/2,77/2)
= I misn(€/27,0/27)p545(€/27 ,n/27)

r=1
1

400
U= TrE gy L2 n/2) (2.1)

for j € Z. For V;, let W; be the orthogonal complement of V; in Vis1. For mj, let nj;, nj,, nj3 be
three (27)? periodic functions such that

mi(&,n)  mi(€+mn) miln+7) mi(€ 4T+ )

nia(§n) nia(€+mm) nia(6n+7) (64w, + ) (2.2)

(
n]ﬂ(é, 77) njﬂ(é + 7, 7’) njﬂ(f, n+ 71‘) nj,?(é + 7,0+ 77)
nj,3(€7 77) njv3(€ + 7‘.77’) n]ﬁ(éa n+ ﬂ-) le,g(f +m,n+ 77)
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is a unitary matrix. Then let

$50(26,20) = njo(6,m)@5(Em), £=1,2,3. (2.3)
for j € Z. We have

Theorem 2.6. Suppose that @;, j € Z defined by (2.1) generate an MRA {V;} of H*(R?) and
@ittr), (&1,02) € Z* form an orthonormal basis for Vj, j € Z. Suppose that for each j € Z,
mj, mj1, N2, N3 such that the matrix (2.2) is unitary. Defined ;. by (2.3) for £ = 1,2,3 and
jEZ. Then Wj = ijl@ng@Wj,,g with ije = spaan(Rz){2j1/)j,g(2jx——i1,2jy——i2), (’il,ig) S Zz},
¢ =1,2,3 is perpendicular to V; in V41 and Vj41 = V; @ W;. Therefore,

{2j¢j,g(2j$ - ivajy - i2)7 (ilvi2) € Z27j € Zve = 1727 3}
is an orthonormal basis for H*(R?).
Proof. We first prove that 294, (27 x — 41,27y — i) L V; for all (41,i2) € Z and £ = 1,2,3. Indeed,

(27r)2(2j¢j,¢(2j:v — iy, 20y — iz),2jgoj(2jm — 01,2y — £3))s
=2 / fm(l + € 4 n?)*ehie(277€,270n)B; (279, 27T e Clam =t ey
//m(l + 2% (€2 + n?)) (€, m) B (€, m)e~ G —tn((a=2) gy
= R (2 2mm ) +  2em)) el + 7 7
[0,27] (p1,p2)€Z2

X (E]2 + 7P, 112 + 7p2)|Bi41(£/2 + TP, /2 + mpy)) [P BTN dedn
3
= [ foarr [E nsol(€/2:1/2) + m) i (ETB D + m] eridts =)y

p=0

by Proposition 2.1. Since the matrix (2.2) is unitary, we get that the integrand above is zero and
then W;, L V;. Similar to the argument above, we can see that {299;0(2P x—11,2y—13), (1,12) € Z%}
is an orthonormal basis for Wi, £ = 1,2,3.

We now show that Vj41 = V; ® W1 @& W2 @ Wja. For any f € Viyn, we write
f&n) = 077,27 )i (27716,277 ).

We shall demonstrate that there exist A(277¢,277n) and B,(277¢, 277n) which are 27 x 27 periodic
functions such that

. . . 3 . . ~ . .
F&,m) = AQ77€,2770)$;(279€6,277n) + 3 Be(2776, 277 n)9;0(277€, 277 ).
£=1
That is, we have

0(6/27 77/2)95]41(5423 77/2)
= A(&n)$i(&n) + ;_: Be(&,m)ds.(6,m)



= A(é? O)mj+1(§/2> 77/2)@!;.741 (5/2a 77/2) + Z Bf(éa 77)"1'+1,l(§/27 7’/2)95J'+1 (€/2v 77/2)'

=1
It follows that

C(£/2,n/2) = A(&,n)m;4+1(£/2,n/2) + Z Be(€,m)nj41,6(€/2,0/2).

Note that A and B,’s are 27 x 27 periodic functions, we have

3
C((€/2:1/2) + mp) = A(§, MM ((€/2,1/2) + 7p) + > Ba(€,m)njae((€/2,0/2) + )
=1
for p =0,1,2,3. Since the matrix (2.2) is unitary, we know that A(&,m), Be(€,7m), £ =1,2,3, have
a unique solution. This completes the proof.

3. CONSTRUCTION OF BOXSPLINE WAVELETS IN SOBOLEV SPACES

With the background knowledge on wavelets in Sobolev spaces, let us construct them using bivariate
boxspline functions. Fix s > 0 and natural numbers (I, m,n) such that

min{{+m —2,{4+n—-2m+n—2} >s.

Let By, be a box spline function defined in terms of Fourier transform by

. 4 . m . §ﬁ7. n
Bomn(£,1) = e€(&4m)/2gin(men)/2 (Sln§/2) (smn/z) sm( b )
£,m, (f n) =e &7 72 (€+n)/2

Then, By, € H*(R?) (cf. [3] and [4]). Let

wemmi(6n) = 30 (1+2%((€+276)" + (1 + 276)%))*| By (€ + 2781, + 2745) .
(ll,lz)eZ?

It is known that there exist two constants kymn and E,m,n such that

0<kpmn< I |Bomnl€+2ml,n4276)] < Fpmn < +00
(41 ,42)e22

(ct. [5].)

It is easy to see wymn;(€,7) > kypmn and
Wemmi(6,m) < 3° (Fz,m,n +27° 37 (64 2r1)"|Bymn (€ + 2741, + 278)
(£1,82)€22

+2%0 37 (04 2m)*| By (€ + 27ly, 7 + 27r€z)l2) :
(6,£2)€22

We need the following
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Lemma 3.1. We have for any (z,y) € R?,

1+ z? x?
70+ Gr0) S T Tt ryd) =

Since wemm;(€,n) is a 27 x 27 periodic function, we consider (¢,n) € [0,27])% and {4, £, are
sufficiently large. Then, we use Lemma 3.1 to have, for [ + 274 + 17 + 2nly] > 1,

(€ +2761)* | Bomn(€ + 2701, + 2765) |

IN

1 " 1 i
(€ +2rhh) 1+ (n + 27ly)? 14 (€4 27l + 0+ 2nd,)?
¢

1 m—s+2 1 n—s+
= C(l+(7]+27‘(’€2)2)) <1+(§+27r€1+7]+27r€2)2) '
For |€ 4 27ly + 1 + 274y < 1, we have |§ 4 21y| < 1+ |n + 27f2| and
(€ + 214,)%| By (€ + 2701, 7 + 28|

C(€ + 270,)C9| By (€ + 211, m + 27) |

<
< C|Bomn(€ + 271, n + 276)[* + | Bomae—sm (€ + 2mly,  + 27Lp)

These imply that

S (€4 276)%|Bomn(€ + 2mly,n + 274) [P < C < oo
(e;,lz)EZZ

Similarly, we have

> (n+ 2703) % | By (€ + 2181, m + 216) > < C < 400
(elie2)ez2

Hence we have
Lemma 3.2. There exists two cosntants K, , and Kymn such that

0< _Kl,m,n S wl,m,n,j(ﬁ’ n) S 22jf£,m,n < +400.

We now define for every j € Z,

Bl,m,n('ﬁa 77)

3.1
We,m,n,j ('57 7]) ( )

@i(€,n) =

Then it is easy to see ¢; € H*(R?) by Lemma 3.2. Moreover, these functions ¢; satisfy the condition
in Propositions 2.1.

Next, we study $;(277¢,277n) for j > 0. Considering the terms in

Wemni(2796,2790) = 30 (L4 (E+2Mnh)? + (n+ 27 nly)?)
0 ,02)€Z2



X| By (/29 + 21ly, /20 + 210, 2,
we have, for (£1,£2) # (0,0), (¢,n) € [0,27]? and j large enough,
(1 +(E+ 2 70)? + (n+ 2j+17r€2)2>3 |Bg,m,n(§/2j +2mly,m/2 + 2%(2)‘2

S (L (E+2ml) + (1 +270,)7) x
272G Emetn) 128 2m 16 g (20 gy L0,y £ 0,4 + £y £ 0,

2720 +)(En) | £126)¢ 1 p|2n, 6 #0,4, # 0,
2= 2(i+1)(m+n) 6 =0,4, #0,
2-2(+1)(¢4n) 6 +4, =0.

The condition min{€+n —2,£+m —2,m+n—2} > s implies each term in Wemn,i (€, M) converges
to zero except for (4y,4;) = (0,0). Thus,

Wemn,i(2776,2770) — (1+ & +7°)°
as 7 — +oo. Since lBg'm’n(2_j€,2_jT])| — 1. Hence, we have
Jm (252776, 27n)] = (1 + €7 4 9?) =2
That is, ; j € Z4 satisfy the conditions in Proposition 2.2.

Furthermore, we consider o = 1, for 7 < 0

/ /Rz(l + & +0°)%i(€,n)Pdédny
1 o
: \/mf/m(l+§2+n2) | B, (€, ) dédn
C/ /;‘2 Biomalt )Pdedn + C/ /m | Be-t,mn (&, )| dEdn
+C//m | Bem-1,1(€,m)[Pdédn < +oo.

I

Here, we have used Lemma 3.2. Hence, the conditions in Proposition 2.3 is satisfied.

Let V; = spanH,(Rz){goj(2jx — 0,27y — 05), (£1,€;) € Z?} for every j € Z. Then the above
arguments and discussion show

Theorem 3.3. Let ; be defined in (3.1) for every j € Z and V; be defined above. Then {Vitjez
constitutes a multiresolution approximation of H*(R?).

Finally, let us construct wavelets associated with the scaling functions ¢;,; € Z. We define
27 x 27 periodic functions nj;, n;, and n;3 by

; = ilétn) m;(§ +,n), if (£+n) is even,
nia(6) ) {mj(é +m,n), if ({+n)is odd,
ein { m;(§,n + ), if (m+n) is even,

n;2(€,7) m;(E,n +7), if (m+ n) is odd,
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| e miE+ 7+ 7)) if (£4m)is even,
njs(é,m) = e {mj(§+71',77+7r) if £+ m is odd.

We can verify that the following matrices

m;(&,n) mi(E+m,m) miEn+w) my(l+mn+w)
nj,l(é’ 77) nj,1(§ + 7, 77) nj,l(f, n+ W) nj,l(g +m,n+ 77)
nio(6,m) mipé+mm) nia(€n+7) nj(+mn+w)
nja(6,m) nis(E+m,m) nis(&n+w) nia(f+m,n+m)

are unitary for all j € Z. The verification is the same as in [1]. We may omit the detail here.

66

We now construct nonseperable bivariate wavelets in H*(R?) by
'QZYJ.JC({’ 77) = nj»k(ﬁ/Q’ "7/2)95] (5/2’ 77/2)a k=1,2,3.

When s = 0, these wavelets are exactly the wavelets constructed in [1].
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