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ABSTRACT
We use bivariate boxspline functions to construct nonseparable wavelets in Sobolev spaces.
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1. INTRODUCTION

We are interested in constructing wavelets in Sobolev spaces in the bivariate setting. Our motivation
and goal are to be able to numerically solve linear elliptic partial differential equations without
inverting their linear systems when the equations are discretized using Galerkin's method. This
paper is our initial step towards our goal. In this paper we first give some necessary and sufficient
conditions for functions such that their integer translates form an orthonormal set in a Sobolev
space. We shall also give conditions on subspaces to generate a multiresolution approximation
( MRA) in a Sobolev space and show how to construct the wavelets associated with an MRA.

We use bivariate box spline functions to construct scaling functions satisfying the conditions for
the orthonormality and generating a bonefide multiresolution approximation in a Sobolev space.
We then construct their wavelets. Our construction generalizes the box spline wavelets in L2(R2)
(cf. [1]) to Sobolev spaces and extends the Sobolev wavelets in the univariate setting (cf. [2]) to
the bivariate setting.

2. PRELIMINARIES

Let s be an nonnegative real number and let

Hs(R2) {f : fj < oo}
be the usual Sobolev space which is equipped with norm . defined by

1IflI =
(2)2 I 1R2(1 + 2 2)s1J(e,)I2dd.

Clearly, the inner product (.,.) associated with . is

U, g)s (2)2 I fR2 + 2 2)sJ(, (,

Proposition 2.1. Let Hs(R2). Then {2p(2x—t1,2y—12), (11,t2) E Z2} is an orthonormal
set in H(R2) if and only if

1 = (i +22J( + 21ir)2 +22(r + 227r)2)S +24ir,r+2t2ir)l2.
(4 ,t2)EZ2
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Proof: We have

(2p(2x'—4,2y —2),23(p(2x,23y))
22j f (1 + 2 2)S1(2_,

(2ir)2 JR2
1 j f (i + 22(2 + 2):)S ((2ir)2 JR2

=
(2)2 fO,2}2 [ (i 22( + 2ni)2 + 22( + 2n2)2)8

( ni

x + 2n1, + 2n2)I2] _i(1+t2)dd

Thus, (2ç(2x — £ , 23y — £2) = 8 2 V(11, £2) E Z2 if and only if

(i + 22( + 2ni)2 + 22( + 2n2)2)s ( +2n1, + 2n2)2 = 1
(ni ,n2)EZ

Proposition 2.2. Let p, j Z be a sequence of functions in H(R2) such that for each j,
j,(ti,e2) = 2'p(2x —£ , 2y — £2), (1 , £2) Z2 are orthornoma] in Hs(R2). Let

i/ = spanHs(R2) 2) ' (4 ' £2) e Z2}.

Suppose that urn (2,2i)I = (1 + 2 2)_s/2 Then the union of the Vi's is dense inj—+oo

H8(R2).

Proof. Let P be the orthogonal projection from H(R2) to V. That is, for h H(R2)

Ph =
(4 ,t2 )EZ2

Then we have

II1jhII = 1 I(h, Pj,(4,4))sI2
(4 ,t2 )EZ2

_____________________ 222j
Jf (1 + 2 + 2)s, (2-i, 2i)e—i2 (t=

(4.2)2 (4,t2)EZ2 R2

2_23=
(2ir)4 I E lL,2+112 (i + ( + 21n1)2 + ( + 22+mn2)2)8(4,2)eZ2 I(ni,n2)eZ2

xi + 21n1ir, + 23+mn)çj(2_i + 2n1ir,2-i +
1 i=

(2)2 i L,2+l]2 (i + ( + 2i+mn1)2 + ( + 2i+mn2)2)3
(ni ,fl2)EZ2

2+ 21n1ir, + + 2n1ir, 2i + 2n2ic ddi1
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� (1 + 8)I)xI) + (1 + )tI(h - x)II

(2r)2 (1 ) fJR2(' + 2

+()2 I 1R2 + 2 2)2sI,) _ , ) 2J(2i 2i) 2dd
� (1 + 6) [Ix -

(2ir)2 f 1R2(' +2 2)2sI )J21(2, 2)I2dd]
+(1 + )d1Ix1I+ (1 + )IIh - xII + Uh - xII.

For any E > 0, we choose small enough such that (1 + S — )CIIxI) < £/2 since we know an
estimate of IIxlL. Then let x be sufficiently close to h such that (1 + + )tIh— xII < E/4. Finally,
for x let j be sufficiently large,

(1 +) (IIx - (2)2 ffR2(' < 6/4.

Similarly, we can obtain a lower bound.

That is,

thII -
(2)2 I 1R2 (1 + 2 2)2sj, 2)I2dd

—+ 0 as j —* +00

Since (2—i, 2i)1 C(1 2 i2)/2, by Lebesgue's dominated convergence theorem, the
second term above converges to JhII for any h EE H(R2). That is, IPjh1l —p IIhII as j —÷ +oo.
Therefore,

IIP2h — hJl = IIPjhII — 2(P3h, h)3 + iIhII
= 1hII — 1PhII —f 0.

This completes the proof.

Proposition 2.3. Let pj, j E Z be a sequence in H8(R2). Suppose that for each j, {2ço(2ix —

4, 2'y — £2), (4, £2) Z2} forms an orthonormal basis for V. Suppose that there exists a> 0 such
that

I IR2 +2 +2)aI )J2dd A

for everyj 0, then fl V = {0}.

Proof. We may assume j —1. From the proof above, we have, by Proposition 2.1,

IIFjhII
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=
(2)2 f 1R2 2

2 2)s (i + ( + 2i+1n1)2 + ( + 2i+ln2)2)s ,)
(ni ,n2)EZ

xI( + 21n1 + + 2n1,23 + 2n2ir)ddui
�

(2)2IfR2 + 2 2)sJ, (2-i, 2)J x

(
(i + ( + 2+mni)2 + ( + 2i+mn2)2)s + 2j1n1 2i+mn22)

2

(ni,n2)Z2

As j — — 00 , we know

: (i + ( + 2i+mnir)2 + (i + 2i+1fl2)2)S + 2j1n1r, 2i+mn27r)2
nl ,n2EZ

IR2 + 2 2)sI, )I2ded
for h e C°(R2). Thus, we have

IhII (2)2 11R2(1 + 2
1/2

� (22 I 1R2 ( + 22(j12 + II2)) (2-i, 2i2 dd) 2CIIhII
1/2

x (22 11R2 ( + 22i(II2 + I2)) (1 + J2 +

� (ffR2 ( + 22i(I12 + II2)) (1 + I12 +

as j —f — 00 for any h C(R2). Thus, for h E HS (R2), let x be in C°(R2), we have

lIPih((s � ((P3(h — x)II + ((1ixIL � lh — xIL + I-EixIL.

We first choose x very close to h and then let j — —x. This completes the proof.

We now define a multiresolution approximation of Hs(R2) as follows.

Definition 2.4. Let s > 0 be a real number. A multiresolution approximation (MRA) of H8(R2)
is a sequence of subspaces V, j E Z such that

1.1'cV1, VjEZ;
2. tJ V is dense in Hs(R2);

+00
3. flVj ={0};
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4. for every j Z, there is a function pj E H8(R2) such that the distributions pj (ti, £2) =
23.p(23x — £, 23y — £2), (1,t2) E Z2 constitute an orthonormal basis for V3.

Furthermore, we call j Z are wavelets in HS (R2) if 'çb,(1 2) = 2iL(2i x —£, 2y —£2), j E Z,
£2) E Z2 constitute an orthonormal basis for H8(R2).

To construct wavelets j Z in H(R2), we start with an MRA. Suppose that cpj E V3 such

that Pj,(i 2) = 2p3(2x — £, 23y — £2), (4,£2) E Z2 form an orthonormal basis for V3. Since
V C V3+i, we have

for a 2ir periodic function m+1

=

J
= II

p=1
1 +00

— •• —
(1 + 2 + p2)8/2 H mj+p(/2P, /2P)

p=1

Proposition 2.5. Let m3 be defined above. Then

to fm((, ) +)j2 1 V(, ) E It2

where ir0 = (0, 0), ir1 = (7r, 0), 2 (0, r) and R3 (7L-, or).

Proof. By Proposition 2.1, we have

1 = : (i + 22(2 + 2irli)2 + 22(2 + 2irt2)2)8 Jçj(2 + 2ir4, 2i + 2r12)J2
Li ,12)EZ2

= >: (i + 22+2( + )2 + 22+2( + 712))
(4,t2)EZ2 2 2x (m( + 7r4 , ir + 72)I Ic°( + 7r4 , + 712)I

= to
which completes the proof.

Suppose that we have m, j E Z satisfying the condition in Proposition 2.5 which is a necessary
condition for the orthonormality. We may define j by

cj(, i) = m+i(/2, i/2)ç2i (/2, i/2)

(2.1)

for j E Z. For V, let W3 be the orthogonal complement of V in V3+i. For rn, let n,1, n,2, 72,3 be
three (2ir)2 periodic functions such that

(2.2)

m(,i) mj(+7r,71) rn( +ir) m+7r,+7r)) n,1( + r, ) + 7r) n,1( + r, + 7r)
nâ,2(, ) n,2( + r, ) + ic) n,2( + ir, + ir)) n,3( + r, ) + 7r) n,3( + r, + 7r)
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is a unitary matrix. Then let

= £ = 1,2,3. (2.3)

for j E Z. We have

Theorem 2.6. Suppose that , j Z defined by (2.1) generate an MRA {V} of H(R2) and

Pj,(i ,t2), (4 , £2) Z2 form an orthonormal basis for Vi j E Z. Suppose that for each j E Z,
m, n,i, nj,2, flj,3 such that the matrix (2.2) is unitary. Defined by (2.3) for I = 1, 2, 3 and

j E Z. Then Wi = with Wj, = spanHS(R2){2iLj,t(2ix—i1,2iY—i2),(i1,i2) e Z2},
£ = 1, 2, 3 is perpendicular to V in and = V W3. Therefore,

{23,t(23x — i1,23y — i2),(i1,i2) E Z2,j E Z, = 1,2,3}

is an orthonormal basis for HS (R2).

Proof. We first prove that 2çL',(2x — i1, 2y — i2) I V for all (i1, i2) Z and I = 1, 2, 3. Indeed,

(2)2(2,(2ix — i1,23y — i2),2'(22x — £i,23y —

= 2-2jJ JR2
+ 2 2-i(2_i, 2i )e23 z1_4)+z2_2flddjl

= I JR2 + 22(2 + )e_i(1_t1 )+((i2_t2))dd

= I L 2ir}2 2
22(( + 2p)2 + ( + 2p2)2))8 n,t( + Pi, + P2)

(P1 ,p2)EZ

x(/2 + irpi, /2 + p2)kj+1(/2 + lrPi, /2 + p2))I2e_iz1_h1)22l2flddl

= I I 2 [E
n,t((/2, /2) + )m((/2, /2) + )] e_i u_ti) i2_t2fldd

[O,2ir] =p0

by Proposition 2.1. Since the matrix (2.2) is unitary, we get that the integrand above is zero and

then Wj,t I V2. Similar to the argument above, we can see that {2i1(2x —ii, 23y —i2), (i, i2) E Z2}
is an orthonormal basis for W,1, £ = 1,2,3.

We now show that V1 = Wj,i W2,3. For any f E Vj+, we write

f(, ii) = C(2'', 2_i_1 2--1).

We shall demonstrate that there exist A(2, 2¾) and Bt(23e, 2_i77) which are 2r x 2ir periodic
functions such that

j(, ) = A(2, 2-i(2i, 2-in) + 2-in)

That is, we have

C(/2, ?7/2)Pj+i (/2, ii/2)

= A(e, ) + )
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= A(, )m+i(/2, /2)+ (/2, /2) + B, )n+1,(e/2, /2)+ (/2, /2).

It follows that

C(/2, /2) = A(, )m+i(/2, /2) + Bt(, )n+,t(/2, /2).

Note that A and Be's are 2ir x 2ir periodic functions, we have

C((/2, /2) + ) = A(, )m+i((/2, /2) + ) + B, )n+i,((/2, /2) + )
for p = 0, 1, 2, 3. Since the matrix (2.2) is unitary, we know that A(, ij), B, ii), £ = 1, 2, 3, have
a unique solution. This completes the proof.

3. CONSTRUCTION OF BOXSPLINE WAVELETS IN SOBOLEV SPACES

With the background knowledge on wavelets in Soboev spaces, let us construct them using bivariate
boxspline functions. Fix .s � 0 and natural numbers (1, in,n) such that

min{+ in — 2,+ n — 2,m + n — 2} > s.

Let B,m,n be a box spline function defined in terms of Fourier transform by

I \ nI. \/. .

E ( ) eie(t+n)/2ei(m)/2 sin/2 sin sin
£,m,n , -

/2 ) /2 ) +)/2
Then, Bt,m,n E H8(R2) (cf. [3] and {4]). Let

Wt,m,n,j (, ) = (1 + 22j (( + 274 )2 + ( + 272 )2))S 1B1,m,n ( + 2iri, +2ir12) 12.
(t1,t2)€Z2

It is known that there exist two constants ke,m,n and 1,m,n such that

o ke,m,n � IEt,m,n( + 2irt1, + 2irt2)12 t,m,n <+00
(i ,2)EZ2

(cf. [5].)

It is easy to see 7/) � ke,m,n and

) 38 (,m,n + 22jS ( + 2i)28IE,m,n( + + 22)12
(4,t2)€Z2

+2228 (7/ + 272)2IBL,m,n( + 27ri,7/+ 2712)I2
(4 ,12)EZ2

We need the following
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Lemma 3. 1 . We have for any (x , y) E R2,

1+x2 x2

(1+y2)(1+(x+y))
4 or

(1 +y2)(1+(x+y)2)
1.

Since W,m,n,j(,7/) iS a 2ir x 2ir periodic function, we consider (,q) E [O,2ir]2 and £, £2 are
sufficiently large. Then, we use Lemma 3.1 to have, for + 2ir4 + i + 2ir2I � 1,

( + 2iri)2s I,m,n( + 2irt1, + 2ir2)I2
I 1 \/ 1 \Th

< C( + 2)2(8_ (
I

(
I

— \1+(i+2r2)2) l+(+2irtl++2irl2)2
1

m—s+t 1
n—s+t

� C (
2t2)2)) ( + (+2t + +2ir2)2)

For + 2rt1 + + 2ir121 < 1, we have + 2irit � 1 + + 2ir12 and

( + 27i)2SIB,m,n( + 2irt1, + 2ir2)I2
� C( + 2lr4)2(S_t)IEo,m,n(+2ir4, + 2ir2)l2

CIB0,m,n( + 2ir11 , + 2ir2)I2 + IB0,m+_s,n( + 2r1 , + 2ir2)I2

These imply that

( + 21r4)28IB,m,n(t + 2i1, 77 + 2irt2)12 C <+oc
(1,2)eZ2

Similarly, we have

> (i + 2irI?2)2lB,m,n(c + 2ir4, + 27rt2)f2 � C <+00
(t1 ,t2)EZ2

Hence we have

Lemma 3.2. There exists two cosnt ants Ke,m,m and Kt,m,n such that

0 <K,m,n � Wt,m,n,j(, i) <22Rt,rn,n <+00.

We now define for every j

B,m,n(,ii)= _________ (3.1)
\/1,m,n,j(, 77)

Then it is easy to see E HS (R2) by Lemma 3.2. Moreover, these functions cpj satisfy the condition
in Propositions 2.1.

Next, we study 2_i77) for j > 0. Considering the terms in

> (1 + ( + 21ir&)2 + ( + 2+12)2)s
4 ,t2)€Z2
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