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ABSTRACT
Phasing genotype data to identify the composite haplotype
pairs is a widely-studied problem due to its value for under-
standing genetic contributions to diseases, population ge-
netics research, and other significant endeavors. The accu-
racy of the phasing is crucial as identification of haplotypes
is frequently the first step of expensive and vitally impor-
tant studies. We present a combinatorial approach to this
problem which we call SplittingHeirs. This approach is bi-
ologically motivated as it is based on three widely accepted
principles: there tend to be relatively few unique haplotypes
within a population, there tend to be clusters of haplotypes
that are similar to each other, and some haplotypes are rel-
atively common. We have tested SplittingHeirs, along with
several popular existing phasing methods including PHASE,
HAP, EM, and Pure Parsimony, on seven sets of haplo-
type data for which the true phase is known. Our method
yields the highest accuracy obtainable by these methods in
all cases. Furthermore, SplittingHeirs is robust and had
higher accuracy than any of the other approaches for the
two datasets with high recombination rates. The success of
SplittingHeirs validates the assumptions made by the dense
graph model and highlights the benefits of finding globally
optimal solutions.

1. INTRODUCTION
We might not know each other, but we have a lot in com-

mon. We have DNA sequences that are roughly 99.9% iden-
tical [24, 45, 4, 19]. Our custom-blend of the remaining one-
tenth of one percent is what makes us genetically unique.
This variation, combined with environmental factors, is re-
sponsible for a plethora of characteristics that distinguish
us from each other. Of particular importance is the fact
that genetic variation coupled with environmental factors
contribute to our vulnerability to, and convalescence from,
virtually every known disease [8]. Furthermore, our varia-
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tion affects our responses to treatments for these diseases.
The Human Genome Project [44, 41] has mapped the

99.9% of DNA that is common, and the International HapMap
Consortium [43] is currently mapping the small portion with
variation. About 90% of this variation is due to single nu-
cleotide polymorphisms (SNPs) [23].1

Although the HapMap project is mapping a substantially
smaller number of nucleotides, they have a daunting chal-
lenge that the Human Genome Project did not have to
tackle. Being diploid, we have pairs of chromosomes and,
consequently, two DNA sequences at most regions of the
genome. Current sequencers produce a meld of the pair of
DNA strands. This is not a problem when both sequences
are the same. However, if they are different it is not clear
how to split the meld, or genotype, into its two original com-
ponents, or haplotypes.

The importance of inferring haplotypes from genotypes,
and the value of accuracy in this inference, can hardly be
overstated. Because genetic variation has an impact on vir-
tually every known disease [8], researchers studying preven-
tion from, and treatment of, diseases will likely need in-
formation about this variation. Many complex diseases of
interest are believed to be associated with a combination of
several genetic factors, coupled with environmental compo-
nents. Errors in haplotype inference could severely confound
efforts to solve these inherently complicated studies.

Haplotype inference is also of great interest in the field of
population genetics as this field is the study of genetic varia-
tion of populations of plants and animals, including humans,
and how that variation changes with time and space [37].
Understanding these changes is fundamental for developing
policies to reduce species extinction and environmental de-
terioration (e.g. [38]). Errors in haplotype inference could
compromise these policies.

In 2002, the International HapMap Consortium was founded
to map human genome-wide variation [43]. Data have also
been produced from numerous other studies, yielding rich
and accurate genotype data for many populations. The
question that remains is how haplotypes should be inferred
from these data.

It is possible to find the two actual separate haplotypes
by a variety of laboratory techniques [1, 29]. However, these
approaches are infeasible for all but very small projects. For
this reason, researchers depend on computational methods

1The recent work of Redon et al. [31] may result in a reduc-
tion of this estimate.



Figure 1: A genotype with four heterozygous sites
is shown at the center of this figure. Surrounding it
are the eight pairs of haplotypes that could resolve
it.

to determine haplotype pairs from sequence data. For in-
stance, the HapMap Consortium has used PHASE [36] to
computationally infer haplotypes for their genotypes [42].

True haplotypes identified in laboratories are valuable for
assessing the accuracy of computational methods. Recently,
Andrés et al. [1] identified true haplotype pairs and tested
the accuracy of PHASE [35, 36], fastPHASE [33], HAP [11,
18], and GERBIL [21]. The results were poor and the con-
fidence levels computed were error prone. This finding sug-
gests that the assumptions made by these models do not
completely reflect properties that arise in nature.

1.1 The Haplotype Inference Problem
The term haplotype is sometimes used in reference to a

“block” of SNPs where the boundaries of the block are de-
fined by certain criteria [14]. Barnes suggested the use of a
haplotype structure that has little or no recombination and
a limited variation within a population [2]. In this paper,
we use the term“haplotype”broadly to refer to a set of SNP
nucleotide states in physical proximity to each other. This
broad definition allows us to discuss sets of SNPs for which
we have no prior information about recombination and/or
frequency within a population.

For most SNPs, there exist only two different nucleotides
in the population. These SNPs are referred to as biallelic.
Most haplotype inference methods assume that the SNPs in
the input are biallelic and we consider this simplest case.
However, the general ideas presented in this paper can be
extended to account for multiallelic data.

The haplotype inference problem can be abstracted into
an elegant mathematical formulation. Assuming biallelic
data, there are only two possible nucleotides, or alleles, at
a given site in a haplotype. For this reason, a haplotype
can be encoded into a binary string where ‘0’ represents one
allele and ‘1’ represents the other. A genotype can be rep-
resented by a ternary string in which a ‘0’ indicates that
the corresponding alleles on both haplotypes are ‘0’s, a ‘1’
indicates that both are ‘1’s, and a ‘2’ indicates that one of
each allele is present, i.e., it is a heterozygous site.

Let m represent the number of nucleotides in a genotype
and let k represent the number of sites that are heterozy-
gous. There exist 2k−1 pairs of haplotypes that can resolve
a genotype with k heterozygous sites. Figure 1 depicts an
example genotype.

Genotypes with k < 2 are unambiguous and can only be

resolved by one pair of haplotypes. Given a genotype with
k ≥ 2 heterozygous sites, it is not clear what could make any
one of the 2k−1 feasible solutions more likely than another to
be the actual pair of haplotypes that exist in the individual.
However, if genotypes are identified for a set of individuals
from a population, there are reasons to believe that some
solutions are more biologically sound than others.

The haplotype inference problem can be stated as follows:
Given a set of n genotypes taken from a population, find the
set of haplotypes that exist in the sample set and, for each
genotype, find the pair of haplotypes that is most likely to
exist in the given individual. This problem is also referred
to as phasing the genotypes.

1.2 Previous Approaches
In this section, some of the previous approaches to haplo-

type inference are discussed and the biological assumptions
upon which they are designed are summarized.

In 1990, Clark proposed the Subtraction Method for hap-
lotype inference [5]. This method requires that at least one
of the genotypes has k < 2, where k is the number of het-
erozygous sites. The resolving haplotype pairs for these
genotypes are obvious and are the first to be placed in the
pool of haplotypes that are inferred. A number of itera-
tions follow in which genotypes are resolved if at least one
of the haplotypes in the pool can be used to resolve the geno-
type. In some implementations, the algorithm is randomly
restarted a large number of times and the “best” solution is
selected [5], while others use a consensus system [29].

The main biological assumption used by the Subtraction
Method is that the number of unique haplotypes in a given
population is relatively small. However, this approximation
method doesn’t always return a solution with the fewest
possible unique haplotypes.

Earl Hubbell and Dan Gusfield independently derived the
Pure Parsimony model to address this issue (personal com-
munication). Gusfield published a concise definition of this
model as a Mixed Integer Linear Program (MIP) that can be
computed using any generic MIP solver [16]. The solution to
this MIP is guaranteed to have the minimum possible num-
ber of unique haplotypes that can resolve the given set of
genotypes. The Pure Parsimony MIP is NP-hard [17]. How-
ever, efficient implementations have been made and it has
been used to optimally solve moderate-sized instances [16,
3].

The only biological assumption made by the Pure Parsi-
mony model is that the number of unique haplotypes in the
population is the absolute minimum possible. Some other
combinatorial methods use very different assumptions.

In 2002, Gusfield proposed the Perfect Phylogeny infer-
ence model [15]. This model infers haplotypes that, when
combined with additional haplotypes, form a phylogenetic
tree. A phylogenetic tree is a mapping of the genealogi-
cal heritage of a set of haplotypes to a common ancestor.
It is assumed that there is no recombination in the data.
Furthermore, the infinite sites model [22] is assumed. This
assumption presupposes that at most only one mutation has
ever occurred at any given site in the genome, and has been
commonly assumed in the past. However, recent work has
shown that recurrent mutations are common in the human
genome e.g. [9].

The perfect phylogeny model recognizes that some haplo-
types in a population are similar to others as they may be



mutations of the others. In this respect, it emphasizes the
similarities between haplotypes without direct regard for the
cardinality of the haplotype set. In summary, the main bi-
ological assumptions made by the Perfect Phylogeny model
are that the haplotypes within a population can be orga-
nized into a phylogenetic tree, there is no recombination,
and the infinite sites model is assumed to be valid.

Many sets of genotypes have no perfect phylogeny solu-
tion. For this reason, a number of algorithms have been
developed using an imperfect phylogeny, e.g. [11, 34, 13,
18]. For example, HAP [11, 18] finds a perfect phylogeny
for a subset of the genotypes and then resolves the remain-
ing genotypes by using haplotypes in the pool and adding
new haplotypes as necessary.

A number of haplotype inference methods are based on
statistical approaches, including expectation-maximization
(EM) e.g. [40, 12, 30], and Bayesian approaches e.g. [25, 28,
36]. EM uses maximum likelihood to first estimate the fre-
quency of each haplotype in the population and then to re-
solve each individual genotype. These methods assume that
mating is random within the population. A major difference
between EM and Bayesian approaches is that the latter stays
within the domain of probability distributions and uses prior
information, which incorporates beliefs about patterns that
are expected for a set of haplotypes from a population. The
priors that are assumed by Bayesian approaches can vary.
For example, HAPLOTYPER [28] and the method devel-
oped by Lin et al. [25] both use a Dirichlet prior. This prior
applies weights to favor a resolution for a genotype if one
of the haplotypes is currently assumed to be in the sample.
PHASE [36, 35] uses a prior that approximates the coales-
cent. This prior favors the same resolutions favored by the
Dirichlet prior and also applies weights to favor resolutions
in which both haplotypes are similar to haplotypes that are
currently assumed to be in the sample.

The main assumptions made by EM and Bayesian ap-
proaches are that mating within the population is random
and the likelihood function or posterior probability should
be maximized. The coalescent-based prior also assumes that
there are relatively few unique haplotypes and there are sim-
ilarities between pairs of haplotypes in the population.

One potential pitfall of statistical approaches is that a
single run finds one peak in the likelihood/ probability sur-
face. To help overcome this drawback, some of these al-
gorithms randomly restart a number of times and output
the best solution found. For instance, the use of default
settings for PHASE [36, 35] results in 100 runs being com-
puted. However, unless the likelihood/probability surface
is exhaustively searched, there is always the possibility of
missing the “best” peak.

In this paper, we introduce an approach to inferring hap-
lotypes which we call SplittingHeirs. Using haplotype data
for which the true phases are known [1, 29] we compare this
new approach with Pure Parsimony [16], HAP [18], EM-
DeCODER [28], and PHASE [36]. SplittingHeirs has equal
or higher accuracy for all seven data sets.

2. MATERIALS AND METHODS
SplittingHeirs finds a set of haplotypes that resolves a set

of genotypes such that the resultant dense graph is opti-
mized. In this section, the dense graph model is defined and
the assumptions made by SplittingHeirs are summarized.
We also describe the known haplotype data that are used

for comparisons in our study.

2.1 The Dense Graph Model
Let h equal the number of unique haplotypes in a given

solution. Consider a graph with h nodes, in which each
node represents a haplotype in the solution. The weight
on an edge in the graph is set equal to the distance between
the two haplotypes that are endpoints of the edge. Distances
between haplotypes can be defined in various ways. A simple
distance measure is just the number of sites in which they
differ.

For the Pure Parsimony model, the optimal solution would
be a graph that has the least number of nodes possible. On
the other hand, if minimization of pair-wise similarities was
the objective, the optimal graph would contain edges from
each node to its nearest neighbor, where the sum of the
weights of these edges is the minimum possible. When rely-
ing completely on simple pair-wise distances, it is possible to
have h/2 disjoint subgraphs with arbitrarily large distances
between them. In real populations, we would expect to find
clusters of haplotypes that are similar to each other, so it
is desirable to enforce similarities beyond a single nearest
neighbor. This enforcement is made by increasing the den-
sity of edges in the graph.

In a dense graph model, the density of the graph is re-
quired to be greater than or equal to a given value, α. The
density of a graph can be defined as e/h, where e is the
number of edges in the graph. By considering the additional
edges required to achieve the mandated density, similarities
beyond single nearest neighbors are taken into considera-
tion. We evaluate the quality of the dense graph solution
using:

CD =

e
X

i=1

di + h × u (1)

where di is the distance of edge i and u is a weight. The
dense graph with the minimum cost CD is considered op-
timal. This objective simultaneously minimizes the sum of
the edge distances and the cardinality of the haplotypes. In-
creasing the value of u will tend to yield graphs with fewer
unique haplotypes. Reducing the value of u will yield graphs
in which the similarities of haplotypes within each cluster
tend to be increased at the cost of reducing parsimony.

We have cast this model as a Mixed Integer Linear Pro-
gram (MIP). The constraints of our MIP require that the
selected haplotypes resolve all of the genotypes. These con-
straints are similar to the constraints for the Pure Parsimony
MIP formulation. The key differences between our MIP and
the Pure Parsimony MIP is that our objective function is
Equation (1), and we add the following constraint to ensure
the density of the graph:

e/h ≥ α (2)

The choice of the value used for α is considered in the Discus-
sion section. Like Pure Parsimony, this problem may require
exponential time to compute in the worst case. However, we
were able to obtain globally optimal solutions for our trials
using ILOG’s Cplex 8.11, which is a generic MIP solver.

Once the set of haplotypes has been determined using this
model, each genotype is resolved using haplotypes from this
set. On some occasions, there may be more than one pair
of haplotypes that can resolve a given genotype. When this
is the case, SplittingHeirs assumes that common haplotypes



are very common, and assigns the pair that contains the
haplotype with the highest frequency in the set. Alternate
pairs, along with their frequencies, are also provided for the
user.

Biological Observation and Intuition Behind the
Dense Graph Model. Many of the methods previously
used for haplotype inference have favored reduction of the
cardinality of unique haplotypes. Pure Parsimony [16] is an
extreme case in which a set of haplotypes are found such
that the number of unique haplotypes is the least possi-
ble. SplittingHeirs favors reduced cardinality, but simulta-
neously considers other favorable properties and does not
always yield a strictly parsimonious solution.

The dense graph model is biologically motivated as it uti-
lizes three widely accepted principles: the number of unique
haplotypes within a given population is relatively small,
there are clusters of haplotypes that are similar to each
other, and common haplotypes are very common. PHASE
incorporates the first two of these principles in its priors.
However, PHASE favors pairs of haplotypes that are simi-
lar. It is biologically intuitive that clusters of haplotypes are
similar, not just pairs. SplittingHeirs favors solutions with
cluster-wide similarities. However, this model does not re-
quire similarities between all haplotypes and the dense graph
might be composed of more than one connected component,
as illustrated by the small example that will be introduced
shortly.

The dense graph model is also an intuitive approach when
considering regions in which recombination is important.
PHASE is based on a coalescent prior that basically assumes
an evolutionary tree of haplotypes. However, in areas of
high recombination, the tree-like structure is broken down
by recombination and there is much reticulation; that is,
a recombinant haplotype or clade of haplotypes will have
similarities to both parental types. This reticulation results
in a biological dense graph for the relationships among the
haplotypes. Hence, the dense graph approach is a biologi-
cally more realistic representation of haplotype relationships
when recombination is present than the coalescent evolution-
ary tree representation. A dense graph can effectively col-
lapse into an evolutionary tree, but the inverse is not true.
Therefore, this algorithm can deal with a broader range of
realistic biological situations than programs such as PHASE.

Mixed Integer Linear Program Formulation. The
following Mixed Integer Linear Program (MIP) is the model
assumed by SplittingHeirs.

Assume there are n genotypes to be resolved. Let H =
{h1, h2, . . .} be the set of variables representing all candidate
haplotypes, where hi is a binary variable that is equal to one
if and only if haplotype i is selected for the resolving set of
haplotypes. Let Ri be a set of binary variables represent-
ing the haplotype pairs that can resolve genotype i. More
specifically, Ri = {riρ} such that ρ represents a pair of hap-
lotypes, hj and hk that can resolve genotype i. ri(j,k) = 1 if
and only if genotype i is resolved by haplotypes hj and hk

in the solution.
Each vertex in the solution graph represents a haplotype

i such that hi = 1. Let X = {xij} be the set of binary vari-
ables representing edges between haplotype vertices. xij = 1
if and only if the edge between haplotypes i and j is in the
solution graph. dij is the distance between haplotypes i and
j. α is the minimum density required for the solution graph.
Finally, u is a weighting factor.

The MIP formulation follows:

min CD =

|H|
X

i=1

|H|
X

j=i+1

xijdij +

|H|
X

k=1

uhk (3)

subject to:
X

Ri

riρ = 1, 1 ≤ i ≤ n; (4)

hj ≥ ri(j,k), 1 ≤ i ≤ n, (j, k) ∈ Ri; (5)

hk ≥ ri(j,k), 1 ≤ i ≤ n, (j, k) ∈ Ri; (6)

hi ≥ xij , 1 ≤ i ≤ |H|; (7)

hj ≥ xij , 1 ≤ j ≤ |H|; (8)

|H|
X

i=1

|H|
X

j=i+1

xij ≥ α

|H|
X

k=1

hk (9)

The objective function (3) minimizes selected distances
between haplotypes and the cardinality of the haplotypes,
as previously described. It has a slightly different formu-
lation from the previous objective, but is mathematically
equivalent. The version given here allows the introduction
of variables that are used by the constraints. For our exper-
iments, we used the Jukes-Cantor distance measure.

Constraints (4) require that each genotype is resolved by
a pair of haplotypes. Constraints (5) and (6) require that
all haplotypes that are selected to resolve genotypes are in
the solution graph. Constraints (7) and (8) require that all
of the edges in the graph also have their endpoints in the
graph. Finally, constraint (9) requires that the density of
the graph be greater than or equal to α.

SplittingHeirs has the option for allowing “absent” haplo-
types. When this option is used, the graph might contain
extra haplotypes that do not resolve any of the genotypes.
This option is offered as the sample might not contain all of
the haplotypes in the population. However, care is needed
when a non-linear distance measure, such as Jukes-Cantor,
is used. For Jukes-Cantor, the distance between a pair of
haplotypes that differ at two sites is more than twice the
distance between a pair of haplotypes that differ at only a
single site. In this case, extra haplotypes might be inserted
to reduce the sum of the distances. For this reason we re-
quire that each “absent” haplotype has a degree of at least
three. This option was used for all of our trials.

Example. We use the following small, highly heterozy-
gous example to illustrate the dense graphs for various al-
gorithms: g1: 1111 0001, g2: 2212 0202, g3: 2220 2102,
g4: 2222 2121, and g5: 2022 0222. The wide range of fea-
sible solutions offered by this example helps to illuminate
assumptions that are made by the underlying models upon
which each method is based.

Despite the high heterozygosity of the example, three al-
gorithms derived the same solution. Clark’s Subtraction
Method, Pure Parsimony, and EM (using EM-DeCODER)
computed the same solution consisting of five unique haplo-
types. The solution follows:

g1: 1111 0001 → 1111 0001 ⊕ 1111 0001
g2: 2212 0202 → 1111 0001 ⊕ 0010 0100
g3: 2220 2102 → 1100 1101 ⊕ 0010 0100
g4: 2222 2121 → 1100 1101 ⊕ 0011 0111
g5: 2022 0222 → 1001 0011 ⊕ 0010 0100



There is no perfect phylogeny solution for our example
problem. The imperfect phylogeny program HAP computed
a solution composed of six unique haplotypes as follows:

g1: 1111 0001 → 1111 0001 ⊕ 1111 0001
g2: 2212 0202 → 1010 0101 ⊕ 0111 0000
g3: 2220 2102 → 1010 0101 ⊕ 0100 1100
g4: 2222 2121 → 1010 0101 ⊕ 0101 1111
g5: 2022 0222 → 1010 0101 ⊕ 0001 0010

PHASE version 2.1 with default settings computed a solu-
tion comprised of nine unique haplotypes, which is the max-
imum number of unique haplotypes that could be used to
resolve the example problem. The PHASE solution follows:

g1: 1111 0001 → 1111 0001 ⊕ 1111 0001
g2: 2212 0202 → 0011 0001 ⊕ 1110 0100
g3: 2220 2102 → 0100 0100 ⊕ 1010 1101
g4: 2222 2121 → 0000 1101 ⊕ 1111 0111
g5: 2022 0222 → 0000 0111 ⊕ 1011 0000

Using Splitting Heirs, we solved the example problem with
u = 0.25, and α = 1.5, which yielded a disconnected dense
graph for a small example. The solution is comprised of
eight unique haplotypes. The cost CD for the dense graph
is 26. The solution follows:

g1: 1111 0001 → 1111 0001 ⊕ 1111 0001
g2: 2212 0202 → 1111 0001 ⊕ 0010 0100
g3: 2220 2102 → 0000 0100 ⊕ 1110 1101
g4: 2222 2121 → 0000 0111 ⊕ 1111 1101
g5: 2022 0222 → 1011 0001 ⊕ 0000 0110

Clark’s Subtraction Method, Pure Parsimony, HAP, EM-
DeCODER, and PHASE are not designed to find the opti-
mal dense graph, so those solutions are likely to correspond
to suboptimal dense graphs and cannot have a lower cost
CD than that found by SplittingHeirs. Using the haplo-
types that were selected by each method, we derived the
dense graph with the least CD cost. In other words, for a
solution with h haplotypes, we found α × h edges that had
the least cost. Figure 2 illustrates these graphs. The costs,
CD, are equal to 33.25 for Clark’s method, Pure Parsimony,
and EM-DeCODER, 35.5 for HAP, and 38.25 for PHASE.
As expected, these costs are all substantially more than the
minimum possible cost of 26.

2.2 Haplotype Data
We have tested the accuracy of various haplotype infer-

ence methods using haplotype data for which the true phases
were derived experimentally (i.e. the individual haplotypes
were identified, not the melded pairs). The data came from
two sources. The size of the sets, number of ambiguous geno-
types, degree of heterozygosity, and recombination rates are
listed in Table 1.

The first source of data is a set of 80 human ApoE hap-
lotype pairs, each with nine SNPs, that was experimentally
found by Orzack et al. [29]. These SNPs are drawn from the
apolipoprotein E locus. The individuals were unrelated and
18 were classified as Asians, 19 as Blacks, and 43 as Cau-
casians. Templeton et al. found that there is no statistically
significant recombination in this region [39]. Dataset A in
Table 1 is composed of these 80 pairs of haplotypes.

The second source of data was experimentally collected
by Andrés et al. [1]. It contains 39 pairs of human haplo-
types, each with 411 sites, in a 48 kb region containing the

Figure 2: Dense graphs for the solutions found using
(a) Clark’s Subtraction Method, Pure Parsimony,
and EM-DeCODER, (b) HAP, (c) PHASE, and (d)
Splitting Heirs. The number of sites that are dif-
ferent for a pair of haplotypes are used for the edge
weights.

KLK13 and KLK14 genes. There is a substantial amount of
missing data in this set. Pure Parsimony, EM-DeCODER,
and the current implementation of SplittingHeirs all require
complete data. Six regions of complete data from this set are
used for this study and correspond to datasets B through G
in Table 1. They range from 5 sites to 47 sites in length. Re-
combination rates for this data have been found by Maxwell
et al. [27]. The 17 sites of set C have no recombination and
are combined with 9 additional sites, which have a low re-
combination rate, to make set E. The seven datasets, as well
as the input files that were used for our tests, are available
by contacting the first author.

In this paper, we use a “gold standard” of experimen-
tally derived haplotypes to evaluate the accuracy of com-
putational methods without bias. A number of haplotype
datasets have been used in previous studies, including sets
from Drysdale et al. [10], Rieder et al. [32], Hinds et al. [20],
and HapMap data [43]. While all of these datasets were de-
rived from real biological genotypes, they have been phased
using computational methods. Due to the lack of direct ex-
perimental validation, they are not suitable for evaluating
the biological correctness of haplotype inference algorithms.

Another source of haplotype data is derived from the Hap-
Map [43] data in the following way [26]. Roughly two-thirds
of the HapMap data is composed of trios, where a trio con-
sists of two parents and a child. The genotypes of the parents
can be partially phased by examining the child’s genotype.
However, not all sites can be accurately phased. These cases
arise most frequently at sites with high heterozygous rates
throughout the population. In the previous study, these sites
were treated as missing data [26]. Thus, the use of trios
requires omitting data in a highly nonrandom way, exclud-
ing sites that are highly heterozygous within the population.
These sites have the least pattern, and consequently increase
the complexity of this combinatorial problem. Evaluating
inference algorithms on data with highly heterozygous sites



Table 1: Haplotype data sets used for comparisons, including name of data set, nucleotide range in reference
sequence, number of genotypes in set (n), number of sites in each genotype (m), number of genotypes that
are ambiguous (number of genotypes that have at least two heterozygous sites), percentage of all sites that
are heterozygous, and recombination rate.
Data Nucleotide Range n m # Ambiguous % Heterozygous Recombination

A 17874-21388 80 9 47 21.4% none
B 667-1464 39 5 13 22.6% none
C 32107-34389 39 17 27 20.5% none
D 12867-13729 39 8 15 16.7% low
E 32107-35800 39 26 28 19.0% low
F 8043-9256 39 22 26 21.7% high
G 33117-38365 39 47 33 14.0% high

missing is akin to evaluating chess strategies on games in
which the knights have been removed. There is no reason to
believe that the champion chess algorithm would triumph
for regular chess games.

Andres et al. [1] tested PHASE [35, 36], fastPHASE [33],
HAP [11, 18], and GERBIL [21] on known haplotypes that
were directly identified, not inferred from genotype data.
They found the accuracy was poor for all of the methods
tested and the confidences computed were error prone. On
the other hand, Marchini et al. found the accuracy to be
very high (close to the typing error rate) when using HapMap
trio data [26]. This discrepancy illustrates the bias that is
introduced when using trio data for testing accuracy.

3. RESULTS
In this section, we compare SplittingHeirs with several

popular haplotype inference methods: Pure Parsimony [16],
HAP [18], EM-DeCODER [28], and PHASE [36]. Two of
these implementations use combinatorial methods and the
other two use statistical approaches.

We used the default settings for all programs. For Split-
tingHeirs, we set u = 0.175 and α = 2, which are the current
default values. The “best” pairs predicted by each method
were used to score the accuracy for that technique. EM-
DeCODER cannot handle more than 20 SNPs, so there are
no results for the three largest sets of data using this method.

To reduce computation time and space for our Splitting-
Heirs implementation, Taylor Maxwell suggested using a
candidate haplotype list, instead of considering every pos-
sible haplotype pair that can resolve each genotype. These
candidate haplotypes can be derived by a number of meth-
ods, such as simply removing all haplotypes that can only be
used to infer a single genotype each. By reducing the input
size, the computation time and space can be reduced. How-
ever, the filtering process can lead to errors if the wrong data
is omitted. With SplittingHeirs, the user can decide whether
or not to filter their data and to what extent. One method
for filtering the data is to compute a list of haplotypes that
have a probability above some threshold according to a sta-
tistical method. We used all of the feasible haplotypes for
datasets A, B, and D. To reduce computation time, we used
candidate lists for the remaining datasets. The haplotypes
in these lists have a probability of at least 1% of appear-
ing in the solution, according to supplementary information
provided by PHASE.

Figure 3 shows the results for the four datasets, A, B, C,
and D, that were solvable using all five methods: Pure Par-
simony, HAP, EM-DeCODER, PHASE, and SplittingHeirs.
All of these datasets have little or no recombination. When

a genotype is incorrectly phased, it may contain just a sin-
gle site that is incorrect, or a number of sites. The plots in
Figure 3 show the number of genotypes incorrectly phased
as well as the total number of sites that were incorrectly
phased by each method. SplittingHeirs did better than, or
as well as, all of the other solvers in every case.

Figure 4 depicts the results for the other three datasets.
Two of these datasets, F and G, have high recombination
rates. Splitting Heirs outperformed the other algorithms on
all three datasets.

Our tests were run as single processes on Athlon 1.9 MHz
dual processors with two gigabytes shared memory. None
of the datasets tested required more than three minutes to
compute using HAP, EM-DeCODER, or PHASE. Computa-
tion times varied dramatically for SplittingHeirs, requiring
less than two minutes for sets A and B; several minutes for
C and E; 25 minutes for set D;2 and several days for the
two sets with high recombination rates. These results sug-
gest that high recombination rates may negatively impact
computation times.

We are currently working on strategies to speed up our im-
plementation. In particular, we are investigating the use of
Cut-and-Solve [7] for solving the MIP. This method has been
shown to speed up computation times for difficult MIPs.
Furthermore, it is an anytime solver that can be terminated
early with the best solution found thus far returned. In the
meantime, SplittingHeirs is valuable for research focused on
small regions, such as candidate locus studies. Improving
the accuracy of phasing will strongly impact the quality of
results from subsequent analyses, such as nested clade anal-
ysis and tree scanning.

Table 3 lists the number of unique haplotypes in the so-
lutions computed by each method and the actual number of
unique haplotypes in the datasets for which the true phase is
known. As previously noted [6], the true number of unique
haplotypes in each of the datasets is relatively small, but it
is not always the most parsimonious, as seen for datasets A,
F, and G.

Finally, we observed a correlation between the number
of connected components in the graphs and the degree of
recombination. Datasets A and B had a single component,
G had six components, and the others had two or three
components each.

4. DISCUSSION
In this section, the derivation of a default value for the

2It took less than one second to compute dataset A, B, or
D when a candidate haplotype list was provided.
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Figure 3: Results for the four datasets, A, B, C,
and D, that were solvable using all five methods.
The number of genotypes (a) and sites (b) incor-
rectly phased by Pure Parsimony (Pars), HAP,
EM-DeCODER (EM), PHASE, and SplittingHeirs
(Split) are shown.

density parameter α is discussed and sources of error that
arise for haplotype inference are considered.

4.1 Default Value for α

SplittingHeirs uses a dense graph model to evaluate so-
lutions. A key question remaining is how dense should the
graph be – i.e. what value should be used for α. This value
should be related to the diversity of the sample. In general,
the overall diversity of the haplotypes in a population may
vary from one study to another. This diversity can be af-
fected by the age and size of the population, the degree of
gene flow, and other population level properties. Further-
more, given a population, the overall diversity of the haplo-
type pool can also vary over different regions of the genome.
Some regions are highly conserved while others undergo a
high rate of mutations.

The density of the graph, e/h, is required to be greater
than or equal to α. Choosing a large α value forces greater
density and should only be used in cases when the diversity
of the sample is expected to be small. Conversely, α can be
reduced for samples that are expected to be exceptionally
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Figure 4: Results for datasets E, F, and G. The
number of genotypes (a) and sites (b) incorrectly
phased by Pure Parsimony (Pars), HAP, PHASE,
and SplittingHeirs (Split) are shown.

diverse. The default value of α is 2.0. Using the five datasets
with little or no recombination, we tested the sensitivity of
α by experimenting with various values. The solutions for
datasets A and B did not change for α values ranging from
1.0 to 2.8. The solutions for the other three datasets were
best in the range from 1.8 to 2.4. In the Results section, we
used the default value of 2.0 for all trials.

4.2 Sources of Error
Haplotype inference is particularly challenging as it has

several sources of error, some of which can be minimized
and others that may be inherently unavoidable.

First of all, the assumptions that are made by a model may
introduce error. It is not known what qualities of a solution
are important and to what degree they should be pursued.
For example, Clark’s Subtraction Method, Pure Parsimony,
and EM completely disregard the similarities between haplo-
types, PHASE favors pair-wise similarities with prescribed
weights, and SplittingHeirs favors cluster-wide similarities
with a different prescribed weight.

Second, the method for solving a model may introduce
error. For instance, statistical methods can miss peaks on
the likelihood/probability surface. Another source of error



Table 2: The number of unique haplotypes in each
of the data sets for which the phase is known
(True) and the number of unique haplotypes in the
solutions found by Pure Parsimony (Pars), HAP,
EM-DeCODER (EM), PHASE, and SplittingHeirs
(Split). The true solutions don’t always have the
most parsimonious number of haplotypes, as seen
for sets A, F, and G.
Data True Pars HAP EM PHASE Split

A 17 15 20 20 16 15
B 7 7 7 7 7 7
C 12 12 12 12 12 12
D 7 7 7 8 7 7
E 16 16 20 - 17 16
F 18 17 25 - 20 18
G 32 28 40 - 28 28

is the use of a technique called partition-ligation [28, 35].
This strategy was introduced for HAPLOTYPER [28] and
later added to PHASE [35]. When using partition-ligation,
genotypes are cut up into short segments, solved, and re-
combined. While this approach generally reduces computa-
tion time, it introduces additional sources for error. On the
other hand, Splitting Heirs, Pure Parsimony, and Perfect
Phylogeny compute globally optimal solutions.

Finally, there is a source of error that will always persist
as long as the input consists solely of a set of genotypes.
Even if the model precisely and accurately quantified true
biological assumptions and it computed the optimal solution
exactly, the stochasticity of nature introduces uncertainty.

Dataset B illustrates this uncertainty. Eight of the 39
genotypes are identical. Each has two heterozygous sites
and is encoded as 02002. However, four of these genotypes
are conflations of 01000 and 00001 and the other four are
conflations of 01001 and 00000. All four of these haplo-
types were in the solutions for all five methods. The best
an algorithm can do in this case is to identify both pairs as
probable, use biological assumptions to rank the pairs, notify
the user of the other possibilities, and assign the “best” pair
to all eight genotypes. SplittingHeirs and PHASE correctly
identified both pairs as probable. Interestingly, they chose
opposite pairs as the “best” – resulting with the same score.
Pure Parsimony, HAP, and EM-DeCODER chose the same
pair as SplittingHeirs for all eight genotypes, but those im-
plementations don’t explicitly identify other probable pairs.

In addition to having multiple pairs of haplotypes in the
solution set that may resolve a single genotype, there are
other sources of stochastic error associated with this prob-
lem. For instance, if the number of genotypes is small in
comparison to the size of the population, the sample may
not contain the same proportions of haplotypes that exist in
the entire population.

Another consideration is gene flow between populations.
Modern technology has put diverse populations in closer
contact than ever before. Recent gene flow between popu-
lations can confound some haplotype inference models. For
instance, a phylogenetic tree that captures all of the haplo-
types in a diverse population requires that a common ances-
tor from deep in the past is identified. Such a requirement
invites opportunities for errors. A favorable feature of the
dense graph model used by SplittingHeirs is that disjoint
subgraphs are possible, as illustrated by the example prob-

lem in the Methods section. This model does not force a
universal connectivity on the solution.

Sometimes the error introduced by assumptions implied
by the model, error from compromising optimality in the
computation method, and/or error due to stochasticity in
nature are captured by considering all of the solutions with
confidence levels above a threshold as provided by statisti-
cal methods. However, statistical methods may completely
miss the peak that is closest to the true solution. In these
cases, the true solution won’t be captured even if a very
large number of solutions are considered. When accuracy
is paramount, identification of all global optimal and near
optimal solutions is more promising. A future version of
SplittingHeirs will offer this option.

4.3 Conclusion
The haplotype inference problem has a rich history and

has been approached using a number of various combina-
torial and statistical methods. Due to consequences for
vitally important studies, the benefits of accuracy for the
haplotype inference problem reach far beyond mere finan-
cial gains. SplittingHeirs finds globally optimal solutions for
this problem that favor low cardinality of unique haplotypes
as well as similarities across clusters of haplotypes. Favoring
cluster-wide similarities is biologically intuitive and this as-
sumption is experimentally validated using known haplotype
data. In this paper, we used seven sets of data for which the
true phase is known to test the accuracy of Pure Parsimony,
HAP, EM-DeCODER, PHASE, and SplittingHeirs. Split-
tingHeirs tied for highest accuracy for four of the datasets
and outperformed all of the methods tested for the remain-
ing three datasets. Furthermore, SplittingHeirs is robust
and had higher accuracy than the other haplotype inference
methods for genotypes with high recombination rates.
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