RANK 3 ACM BUNDLES ON GENERAL HYPERSURFACES IN P°
G. V. RAVINDRA AND AMIT TRIPATHI

ABSTRACT. We prove that a general hypersurface in P> of degree d > 3 does not support an
indecomposable rank 3 arithmetically Cohen-Macaulay (ACM) bundle. This settles the base
case of a generic version of a conjecture of Buchweitz, Greuel and Schreyer.

1. INTRODUCTION

We work over an algebraically closed field of characteristic zero.

Let Y be a smooth, projective variety and Oy (1) denote an ample line bundle. The Lefschetz
theorems state that for any smooth hyperplane section X C Y, we have an isomorphism of
Picard groups Pic(Y) = Pic(X) provided that dimX > 3. When dim X = 2, the above
isomorphism holds if, in addition, Ov (1) is sufficiently ample and X is very general (i.e., X
belongs to the complement of a countable union of closed subvarieties of the parameter space
[0y (1)D.

One may view these theorems as providing conditions under which line bundles on X extend
to line bundles on Y. Our motivation behind the results of this article is to formulate a general-
isation of the Lefschetz theorems to higher rank bundles when Y = P™+1. To do so, we restrict
ourselves to the class of arithmetically Cohen Macaulay (ACM) bundles on X. Recall that a
bundle E on X is said to be ACM if

HY(X,E) := @ H'(X,E(a)) =0, 0<i<dimX.
a€Z
ACM bundles are ubiquitous — for any smooth hypersurface X C P™*+1, and a bundle E, let
Fo — E be a map from a sum of line bundles to E such that the map of global sections
HO(X, Fo) — HO(X, E) is surjective. Now consider a minimal resolution of the form

0—-FE1—-Fi2—>F 3= -=F—=E=0, (1)

where F; := ®;0x(ay) for 0 <1 <n —1, and such that if Ei; := Image(Fi 1 — F;) is the
(i + 1)-st syzygy bundle, then H%(X, Fi,1) — H2(X, Eiy1) is surjective. It follows then that
En_qis ACM.

In the context of ACM bundles, the following conjecture due to Buchweitz, Greuel and
Schreyer [4] has been a guiding light:

Conjecture 1 (BGS conjecture). Let X C P™*! be a smooth hypersurface. Any ACM bundle E
on X of rank v < 2°€ for e := L“T_]J is a sum of line bundles.

The first non-trivial instances of the BGS conjecture for higher degree hypersurfaces are
when 1 = 3 and n = 4; in these cases, the conjecture predicts that any ACM line bundle
is the restriction of a line bundle on P™*! and hence follows from the Grothendieck-Lefschetz
theorem. Whenn > 5, the conjecture states that any ACM bundle of rank r < 4 is a sum of line
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bundles. The case of rank 2 bundles was first proved by Kleppe [[12] and independently as part
of a more general theorem in [13]]. More recently, [23] (and independently, [16]) establishes
this result for rank 3 ACM bundles thereby settling another higher rank case of this conjecture.
The conjecture was established for quadric hypersurfaces in [11].

The BGS conjecture may be viewed as an extension theorem in the spirit of the Lefschetz
theoremj for Picard groups. To see this, one notes that if an ACM bundle E extends to a
bundle E on P!, then E is also ACM, and hence by Horrocks’ result [9], is a sum of line
bundles. Consequently, we regard this conjecture as providing us a higher rank analogue of
the Grothendieck-Lefschetz theorem. This point of view immediately suggests that one ought
to have an analogue of the Noether-Lefschetz theorem for ACM bundles on projective hyper-
surfaces of sufficiently high degree as well. Furthermore, the results in [13} 14, [15} [1'7, 3],
and especially the techniques used in [[17] and the results proved in [15] draw a direct connec-
tion with traditional Noether-Lefschetz theory and its generalisations. The BGS conjecture and
various results referred to above also suggest that it seems likely that if there are no non-split
ACM bundles of rank r < 2% for some s, then there are none of rank r < 25+1. Putting all this
together, and as a first step, we propose the following

Conjecture 2 (Generic BGS conjecture). Let X C P™*! be a generaﬂ hypersurface of suffi-
ciently high degree and E be an ACM bundle of rank v on X. If v < 2%, where s := L“THJ then
E is a sum of line bundles.

The above was posed as a question in [21] where the case of rank 3 ACM bundles on hyper-
surfaces in P> was proved under the additional hypothesis that the bundles have fewer than 8
generators. In this article, we prove that result in complete generality. Consequently, the main
result here, and the corresponding result for rank 2 ACM bundles proved in [13], and by dif-
ferent methods in [17] (this uses the results in [5]), prove the base case of the above conjecture
for hypersurfaces in P°>. A more optimistic conjecture can be found in [6].

Here is a precise statement of our main results:

Theorem 1.1. Let X C Pt be a smooth hypersurface.

(i) If n > 5, then any ACM rank 3 bundle on X is a sum of line bundles.
(ii) If n =4, and X is general of degree d > 3, then any ACM rank 3 bundle on X is a sum
of line bundles.
(iii) If n = 3, and X is general of degree A > 5, then any ACM rank 3 bundle E on X is
rigid, i.e., H' (X, EndE) = 0 = H?(X, EndE).

The above result extends, word for word, the results in [13]] where these statements were
established for rank 2 ACM bundles. Indeed, the ideas introduced in op. cit. serve as the basis
for the proof here as well. However, the proof here is far more technical, and depends on
some key insights into the structure of vector bundles on hypersurfaces, their resolutions and
filtrations involving their exterior powers. In fact, the results in §3[and in §4{hold for any vector
bundle on a hypersurface. Part (i) of the theorem was earlier proved by the second author (see
[23]]) and relied on a criterion due to Huneke and Wiegand (see [[10]). The proof here is self-
contained and is a consequence of our method which proves results for rank 3 ACM bundles
on hypersurfaces in P> and P* as well.

'A Noether-Lefschetz type statement is usually stated for a very general hypersurface; i.e., a hypersurface
which is parametrised by a point outside a countable union of closed, proper subvarieties in the parameter space.
However, it follows from Lemma 3.3 in [[13]] that there are only finitely many closed subvarieties which parametrise
indecomposable ACM bundles of a fixed rank. Thus we may replace very general by general in the statement of
Conjecture
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For related work and a brief history of prior results, we refer the reader to [[13l], [17], [23]
and the references therein.

Outline of the proof. Let X be a smooth hypersurface in P**', n > 3, and E be a rank 3 ACM
bundle on X. By Ex. 11.5.16 of [8], we note that for a short exact sequence of vector bundles
0—E — F—=E"” — 0, there is a decreasing filtration on /\"F,

AN'F = E'r,r 2 ET,r—] 2 e 2 ET,O — /\TE/ 2 ET’_1 =0

with associated graded pieces Q; ;i1 = AR @ ATTIR”,
If welet 0 - G — Fp — E — 0 be a minimal resolution of E (see §2|for details), then we
have the following commutative diagram for the third exterior powers:

0 0
1 1
E3 1 = E;s;
! I
0 — Eg)z — /\3]:0 — A3E — 0 (2)
{ ! [
0 - NE®G — Q337 — N’E — 0.
1 i\
0 0

Since rankE = 3, A3E = Ox(c), where ¢ = ¢1(E) € Pic(X) = Z. Taking cohomology, we
get a commutative square from the middle and bottom rows above:

HS(X>/\3E) - Hl(X> E3,2)
| {
HO(X,A\’E) — H!(X,A’E® G).

Here the horizontal arrows are the coboundary maps for the two rows in the commutative
diagram above.
The right vertical arrow is a surjection provided that

HZ(X,E3,1) = 0. 3)

Assuming this, we see that the bottom horizontal arrow is then a surjection. This implies that
H! (X, A?E ® G) is generated as a graded module by the image of 1 € H%(X, A3E) under this
map. We denote this as { € H' (X, A?E ® G(—c)) where ¢ = c¢;(E). It turns out that the
element ( is the Yoneda class of the sequence 0 — G — Fo — E — 0 under the identification

H'(X,\*E(—c) ® G) = H'(X,EY @ G) = Ext' (E, G).

By Remark in H! (X, \?E ® G) = H%(X, EndE(c — d)) and so the latter is also an
1-generated module. Thus by Corollary 3.8 of [13] or Theorem 2 of [19], the fact that E is
supported on a general hypersurface of degree d > 3 means that H*(X, EndE(a)) = 0 for
a > 0. However, when dim X = 4, we have, H*(X, éndE(—d)) = H*(X, éndE(2d — 6)) by
Serre duality. Thus, when 2d — 6 > 0, or equivalently, d > 3, we see that this group vanishes
and so { = 0.

Results for dim X = 3 and dim X > 5 require a complete analysis of cohomologies of
various graded pieces. This is done in Theorem where using the vanishing in (3)), we
examine the filtered piece E3 o = /3G and the diagram obtained from the inclusion Ezo —
Es ; see diagram (68). When dim X > 5, we show that the group H?(X, EndE(—d)) vanishes
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for any smooth X in Theorem The vanishing of this cohomology group implies that the
sequence 0 — G — Fo — E — 0 splits, and hence E is a sum of line bundles.

The technical heart of this paper lies in sections 3, 4, and 5 which contain various results
which are used in proving Theorem

2. PRELIMINARIES
We recall some standard results here. More details can be found in §3 of [[19] and §2 of [13]].

2.1. Generalities about vector bundles on hypersurfaces. Let X C P™*! be a smooth hy-
persurface of degree d with ideal sheaf J := Op(—d). We let X, be the r-fold thickening of
X in P™*! with sheaf of ideals J". Let E be a bundle on X of rank u. Since dimX > 3, we
have Pic(X) = Z by the Grothendieck-Lefschetz theorem. Using this isomorphism, we let
c:=ci(E) € Z, so that A*E = Ox(c). The bundle E has a minimal resolution over P™*! of
the form B B

0—=F B F—E—0, 4)
where Fg is sum of line bundles and F; is a bundle on P™*'. When E is ACM, an application
of Horrocks’ splitting criterion shows that F; is also a sum of line bundles.

Restricting the above resolution to X, we get a 4-term exact sequence

0—>E(—d) — F E?o —E—>0.
Let G := Image(®). Breaking this up into short exact sequences, we get
0—+G—Fy—E—=0 and, (5)
0> E(—d —-F —-G—0. (6)

When E is an NACM bundle, G is also an ACM bundle. The surjection F, — G lifts to a
surjective map F; — G and gives rise to the following minimal resolution of G:

0— Fo(—d) 5 Fy — G —0. @)
Dualizing (@), we get
0Ty 2T S EV(d) — 0, (8)
and on restricting to X, we get the exact sequences
0> GY = ﬁ/ — EY(d) — 0 and, 9)
O—>EV—>fov—>GV—>O. (10)

2.2. The extension class { € Ext} (E,G) = H'(X,EY ® G). The exact sequence
0>>G—>Fy—>E—=0

defines an element ¢ € Ext) (E,G) = H'(X,EY ® G). It is clear that { = 0 if and only if this
sequence splits. This, by the Krull-Schmidt theorem [1], (see also Remarks 1| and 2| below),
is equivalent to the splitting of E (and G). Tensoring the above sequence with EV, and taking
cohomology, we obtain the following long exact sequence of cohomology:

0—H(X,G®EY) - H(X,Fo®EY) = H*X,E®EY) - H'(X,GR®EY) — ---
It is standard that, under the coboundary map,
H'X,E®EY) - H'(X,G®EY),
the identity 1 is mapped to the element (.
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Similarly, tensoring with EV, the sequence
0—E(—d) - F =G —=0,

and taking cohomology, we get a boundary map H' (X, EY ® G) — H*(X, EndE(—d)). Under
this map, C is mapped to the element 1, where 1 is the obstruction class of E (see Remark
below).

Remark 1. When dim X > 3, the boundary map H! (X, EY ® G) — H?(X, EndE(—d)) is an
isomorphism.

Remark 2. For an arbitrary bundle E on a smooth hypersurface X C P"*', the vanishing of the
class € H?(X, EndE(—d)) is necessary and sufficient for E to extend to a bundle E, on X,
the second order thickening of X (see, for instance, [19] for details). In the case when E is an
ACM bundle (of arbitrary rank), it is shown in [[15]], by elementary arguments, that E splits if
and only if E extends to a bundle E, on X;. This fact was used to generalize Voisin’s counter
example (see [24]) to a generalised Noether-Lefschetz conjecture of Griffiths and Harris (see

(7).

2.3. Two cokernel sheaves. Notice that, affine locally on P+ the map @ in sequence (@) is
the diagonal matrix (f,--- ,f,1,--- 1) where the first u entries are all f’s, and the remaining
m — u entries are 1°s, so that (@) is of the form
diag(f,---,f,1,---,1

0— R™ L R™ L (R/(F))* = 0.

Here Spec(R) is an affine open set in P**' and m = rank(F,) = rank(F;).
The r-th exterior power of @ has the following local description:

AT = diag(fT, £ 1,0 F7 T TR T ),
where the number of "~ Vs along the diagonal is (:i) (mi_”). This is a consequence of the fact
that an r-fold product of the diagonal entries consists of choosing (r — 1) f’s and the remaining
i 1’s from among u f’s and (m —u) 1’s.
We also have a similar description for the map V¥ in (7)) and its exterior powers.
Letting €, and G, denote the cokernels of A"® and A"V respectively, we get the exact

sequences

0= AFy = A'Fo — & — 0, and (11)

0 — A"Fo(—rd) = A"Fy — G, — 0. (12)
Definition 1. We will say that a coherent sheaf 3 on P™ has no intermediate cohomology if
H(P™, ) =0, 0<1i< dim Supp(F).

Remark 3. When E is an ACM bundle on a smooth hypersurface X C P™*! then the sheaves
€, and G, have no intermediate cohomology.

We also recall the following result:

Lemma 2.1. Let rank Fo = m. The sheaves &, and G, are supported on X., the r-fold thick-
ening of X. Moreover; affine locally on P™*', €, is of the form

o(7) o o@(H)(M) o(,%)-("") a(v)- (")
Oy, @O0y """ T 1.0 @O0y T

Proof. The proof follows using the local description of the map /\"® above. For details, see
Lemma 3.1 of [23]]. U
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2.3.1. A convention. A tildee.g. F will be used to denote a vector bundle or a  sheaf on projec-
tive space P™*'. The restriction to the hypersurface will be denoted as F|x or F.

3. TWO FILTRATIONS

Let Y be a smooth projective variety and let X C Y be a smooth hypersurface cut out by a
section f € Oy(d) where Oy(1) is an ample line bundle. Let E be a vector bundle on X. Then E

has a minimal resolution of the form 0 — F; — Fo — E — 0, where as before FO = 3d0y(ay),

and F; is an ACM vector bundle on (Y,Oy(1)). Restricting this sequence to X gives us, as
before, exact sequences (3) and (6)). Associated to these exact sequences are two filtrations on
the r-th exterior power of the bundles Fy and F; which we recall now.

3.1. The first filtration. On /A\"Fy, we have the following filtration via sequence (3)):
AN'G=E, o CE1C...CE+ 1 CE.,=A"F,
such that for i > j, if we set
Q,,1,j := coker(E,; — Ey 1),
then in particular, we have (see Ex. 11.5.16 of [8])
Q141 =coker(E,; 1 — Er i) = A'E®@ ATG. (13)
Thus we have diagrams (forr > 1 >j > k):

0 0
Erx Erx
0 E.; | Q.15 —0 (14)
|
0— ik —— ik —— Q1 —0

3.2. The second filtration. On /\"F;, we have a similar filtration via sequence (6):
ANE(=1d) =G0 C Gy1 C... C Gryo1 C Gy =A"Fy,
where, for i > j, we set P ; ; := coker(G,; — G, ;). Here again, we have
Prii1 =A'GRATE(—(r—1)d).

Remark 4. For filtrations obtained from the dual sequences (9) and (10, we will denote by
P! .. and Q! . ., the respective associated graded pieces.

T,i,j T,1,j°
Lemma 3.1. Let rank Fo = m. Then

(1) rankEr = (V) (7)) + () (T08) + -+ () (75 +
(2) rank Gro = (") () + (T () o+ (

(
(3) rank Q. ;5 = (u) (mfu) + ( * )(miu) +o Tt jL)(n—l'f—ul » and

i r—1i i—1/ \r—i+1
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(4) rank Py = (") () + (T )+ (59 G 5):
Proof. We will prove the first part. The rest follow in a similar fashion. The first and second
filtrations locally yield a direct sum decomposition of the exterior powers of the bundles Fo and
F1. More precisely, there is a covering of X by affine open subsets such that for each open set
U C X in this covering, one has Fo ® Oy = Ey @ Gy, where Ey (respectively Gyy) is the
restriction of E (respectively G) to U. In this case, we have

Eri ® Ou = P APEu® A PG
p=0
The rank computation now follows. U

3.3. Some multilinear algebra. Recall that, for any vector bundle V on X, we have a natural
map

Wi k-1 : /\kV — /\ki1 V®V.
Since a similar map exists for the dual bundle V'V, it follows that the above map is a split
injection. Thus we also have a split surjection

Wi ATV RV = ARV
We have similar maps involving the dual VY as well.
The surjection Fy — E gives rise to the commutative square
A"Fo —» ATE
1 3
AN TFo®Fy — ATTE®E.

The bottom horizontal map factors via A""TE® Fo, where the map A" "E® Fy - A" TE®E
is induced by the surjection Fy — E. Hence we have a diagram

0 — | SN — E,r — /A\"E — 0

! Lo ! (15)
0 - NTE®G — ATTE®F — AT'E®QE — 0.

The kernel of the left vertical map is E, > and so it yields the push-forward diagram

0 — Er i — E,r — N'E — 0
\ \ ] (16)
0 - NT'"E®G — Qurr2 — AE — 0.
By the universal property of push-forward diagrams, we see that the vertical maps in factor
via the bottom row of (I6). Thus we have a commutative diagram

0 - NTE®G — Q2 — ATE — 0

| U { (17)
0 - NTE®G —» ATE®F, - ATTE®E — 0.

In particular, if we let T = rank(E), and tensor the above diagram with (/ATE)~', then the
coboundary maps in the cohomology diagram associated to (17)) yields the following commu-
tative square:

H°(X,0x) — H'(X,EY®G)
1 ] (18)
HO(X,énd(E)) — H'(X,EY @ G).
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Thus, it follows that under the top horizontal map the identity element 1 is mapped to the
element ¢ as well. In particular, this means that the top horizontal row in diagram ((17)) also
represents the class C.

A similar analysis starting with the bundle G yields a diagram analogous to (17):

0 - ANGRE(-d) —» P2 — ATG — 0
| Lo { (19)
0 - N'GRE(-d) - A'TGeF — A7'GeG — 0.

3.4. Maps between filtered pieces.

Lemma 3.2. Let notation be as above.
(1) Forr > k > 1, there exist commutative diagrams:
0 — E 1 — | — AFE @ AT7G — 0
\Lo‘r‘kfl \L‘Xr,k \L (20)
0 - E1x2®E = B4 x1®E — NANTEQATKGR®E — 0.
Here the right vertical map is the composition

Wi k—1®id
_—

AFE @ ATTRG ANTEQEQATRG =2 A TE@ AT*G @ E.

(2) Forr >j > 1, there exists a diagram:

00— E 11 ®G—E_1;®G —— NEQA™TTI6® G ——0

lyr,jl l'Yr,j l 21

0——Ej 41— E;—— s NE®A™G ———0.

Here the right vertical map is the composition

®

. . dw! . . . .
NEQA T 160 G — 277 ANJE @ ATIG.

Proof. We prove the assertion (1) by decreasing induction on k. For the base case k = r, we
first recall that E,. . = A"Fp,and B4 ;1 = A" 1Fo, and so the map

B = E 1,1 ®E
is the composite
AFo - AN TFo@Fy - A" TFo ® E.
Thus we have a diagram

0 — Erroi — E.r — /A\"E — 0

b 1 (22)
0 — ET_])r_2®E — F—r—1,r—1®E — /\r71E®E — 0.

Since the square on the right obviously commutes, we have an induced map &, ._1 on the
kernels.
Now assume, we have defined «, i for some k < r. Then we have a diagram

0 — E 1 — | — AFE @ ATKG — 0

\L‘xr,k \lf (23)
0 — Er_1’k_2®E — ET_]’k_]®E - ATEQA™*G®E — 0.
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The square on the right commutes, as can be readily verified locally, and so induces a map
between the kernels. This proves the inductive step. The proof of (2) is similar. For the base
case of j = 1 — 1, recalling that E, 1 ;1 = A" 1F,, we have the following diagram

0 — /\T_]?O QG — /\1‘—1?0 (29 ?0 — /\T_1Fo QE — 0
Lymr ~ i} 24)
0 — Erri — Er=ANTF — /\"E — 0.

Here the top row is obtained by tensoring () with A™=1F,, and the vertical arrow on the right is
the composite \""'Fy @ E — ATTE ® E — ATE. Commutativity of the right square induces
a map between the kernels, namely

Yror—1: Erf1,r71 ® G— ET>T‘*1 :

Suppose now that we have the desired diagram involving the maps v, ; and 7y, ;,1. Then
Yr,j—1 1s defined by the commutative diagram

0 — Er,]’j,]@)G — Er,],j@)G — /\jE®/\T_]_jG®G — 0

\LYr,j—l i%,j J/ (25)
0 — | — E, — NE®@ NG — 0.

4. SOME HOMOLOGICAL ALGEBRA

Let Y be a smooth projective variety and let X C Y be a smooth hypersurface as before.
Starting with the maps ®@ and ¥ which define the bundles E and G, we have seen in the previous
sections that we obtain, on one hand, sheaves €, and G, (which are supported on the r-th
thickening X.) and their restrictions to various thickenings Xj, 0 < j < 7, and on the other
hand, the filtered pieces E, ; and G, ;. In this section, we will establish results which will
relate these two sets of objects.

4.1. The cokernel sheaves €., G, and their restrictions. The main result of this section is
Proposition .5| which generalizes Proposition 3.5 of [23].
For any r > j > 1, we have short exact sequences

0 — Ox, ;(=jd) = Ox, — Ox; — 0, (26)

0 — Oy(—jd) — Oy — Ox;, — 0. 27
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These sequences fit in the diagram:

0 0
Oy(—rd) == Oy(—7rd)
0 —— Oy(—jd) Oy Ox; 0 (28)
|
0 —— Ox, ,(—jd) Ox, Ox; 0
0 0.

In what follows, we will often write Tor} (F, §) when we mean Tor})Y (F,9) where F and G
are Oy-modules. The following fact is used throughout our computations.

Lemma 4.1. Let F be any coherent Ox;-module. Then
Tory(F,0x,) = F(—jd) and Tor{(F,0x,) =0 for i>1.
Proof. Tensoring the short exact sequence of sheaves of Oy-modules with J gives
= Tory(F,0v) = Tory(F,0x,) = F(—jd) = F = F = 0.

The last surjection is an isomorphism and Tory (F, Oy) = 0; this proves the first claim. For the
second claim, we observe from that Ox; has homological dimension 1 as an Oy-module
and so the higher Tor terms vanish. U

Lemma 4.2. Let F be an Ox_-module and let 1 < j < . Then

Ker(Tory (5, Ox,) — Tory, (F,0x,)) = Ker(F(—jd) — Flx,_, (—id)).
Proof. Upon tensoring sequence (26) with F over Y, we get the long exact sequence
0 = Tory(F, 0x, ,)(—jd) = Tory(F, 0x,) — Tory(F, Ox,) — ker[F(—jd)lx, , — FIx,] = 0.
Next, we tensor (26) with F over X, to get the identification,

Tor) (F,0x,) = ker[F(—jd)Ix, , = Flx.J.
Thus we have the 4-term sequence
0 = Tory(F, 0x, ,)(—jd) = Tor{(F, 0x,) — Tory(F, 0x,) = Tory (F, 0x,) = 0. (29)

Tensoring the leftmost column in diagram (28) with F over Y gives

0 — Tory(F,0x, ,(—jd)) = F(—rd) = F(—jd) = Flx, ,(—jd) — 0. (30)
Since Tor! (F, Ox,) = F(—rd), the lemma follows from and (30). O

Lemma 4.3. Let 0 — F' — F — F” — 0 be a sequence of Ox,-modules. For 1 <j <,
assume that Tor;g (F, Ox;) = 0. Then there exists an exact sequence

0 — Tory(F,0x,) = Tory(F,0x,) — Tory(F”,0x,) — Tory (F,0x,) — 0.
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Proof. Tensoring 0 — F’ — F — F" — 0 respectively by Ox; over Y and X, gives the two

sequences below:

0— TOT‘L(S’H, OX)») — TOT‘L(S’H, Oxj) — TOT’L(?N, (‘)Xj) — .{:7td,|)(j — fﬂxj — 9:”|xj — O,

0 — Tory (F",0x,) = F'lx, = Flx, = F"Ix, = 0.
The desired sequence now follows.
For j < r, we also define
9r,j = Kef(/\TFo|xj - 8r|xj) and gr,]’ = Kel”(/\rFﬂx,- - 9r|xj)o
Restricting sequence to X, and by a repeated use of Lemma.1], we get
cor = N'Fi(=rd) > N'Fo(—rd) = AN"Fy = A"Fop — €, — 0,
which breaks up into two short exact sequences

0—>6, - ANFy— & — 0, and
00— & (—rd) - N"F, - G, — 0.

€1y
U

(32)

(33)

(34)

Since Im(A"F; — A"Fy) = /A"G, upon restricting the first sequence to X, we get the sequence

0 AN'GoAFy—= &, =8 ®0x = 0.
In particular, we have

Lemma 4.4. With notation as above,
(i) Qo= Coker&Er,O — E, ) = Coker(\'G — N'Fy) = €,, and
(ii) 9r,1 = Kel"(/\rFo - 81‘) =N'G = ET,O = ’J)r,r,rfL

Proposition 4.5. Let 1 < j < 1. There exist short exact sequences
(1) 0= &5 = &x(—jd) = &x, ;(—jd) — 0.
(2) 0— 9r,j(_(r _J)d) - G — 9flxrfj — 0.

Proof. On restricting the Ox, -sequence
0—-G, - ANFy—= & —=0
to Xj, we get the long exact sequence
0 — Tory, (€r,Ox;) = Silx; = A'Folx, = Exlx, = 0.
Breaking this up into short exact sequences yields
0— Grj = A'Folx; = &:lx; — 0, and
0 — Tory, (&+,0x,) = Gelx; = Grj — 0.
We also have a 4-term sequence
0 = Tory (&, Ox;) = ATFylx, = ATFolx, = Elx; — 0
obtained by restricting to Xj. The injection above yields the exact sequence
0 — Tory (&, 0x,) = A'Fylx, = Gyj — 0.

These last two short exact sequences, and snake lemma yield a diagram:

(35)
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0 0
3 \
Erj = Erj
| \

0 — Tory(&,0x) — ARlx, = Gy — 0 (36)
! S ]

0 — Tor} (&+,0x,) = Gilx, — Gy — 0
xS xS
0 0

Thus we get an exact sequence
0= &5 — Tory(&r,0x,) — Torx, (&r,Ox,) — 0. (37)

Letting F = €, in Lemma 4.2 completes the proof of part (1). The proof of part (2) is similar.
0

4.2. Cokernel sheaves and filtrations. In this section, we relate the cokernel sheaves &, G,
and their restrictions to the thickenings Xj, 1 < j < 7, with the filtered pieces E, ; and G, ;.
The former are more amenable to cohomology computations, while the latter are what we need
to understand to carry out the proof of the main theorem.

The main results of this section are Lemma [4.7| and Proposition

Lemma 4.6. We have the following isomorphisms:

(I) TOTJY(SM OX) = Gr,rf1 and TOT;(gr, OX) = Er,rfl (_Td)

(2) Tor;(r(gﬂ OX) = :Pr,rfLO and TOT;(r(Sra OX) = Qr,r71,0(_rd)-
(3) TOT;(r((gr, OXr,1 ) = Qr,r71 ’0(—(1" - 1)d)

(4) TOT;(T(QTW Oqu ) = i])1",1‘71 ,O(_(T - 1)d)

Proof. (I)) Restricting the sequence
O—>/\rf1 —>/\Tfo—>8r—>0
to X gives
0 — Tory(&,,0x) = AF; = A'Fy — &, — 0.
The image of the map A"F; — A"Fy is /A" G, and hence by definition Tord (&,,0x) = Grr1.

The proof of the other isomorphism is similar.
(2) We have just seen that we have a sequence

0 — Tord(&:,0x) = AF; = ATG — 0. (38)
The sequence 0 — G, — /\"Fy — &, — 0 on restricting to X gives a short exact sequence

0— Tory (&:,0x) = G — A"G — 0. (39)
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Together these short exact sequences yield the diagram

0 0
\ \
ATE(—rd) = A"E(—rd)
! L
0 — Tord(&,0x) — AFH - NG = 0 (40)
I 4 |
0 — Tor} (&,0x) — S, — NG — 0.
\ 4
0 0
In the left column, we have by definition, G, o := /A"E(—rd), and from () above Tory (&, Ox) =
Gy,r—1. Thus the injection in the left column is the map G, o — G;r_; and so we have

Tor;(r(gr) OX) = jDT,r—] ,0-
The isomorphism To1‘;<r (Gr,Ox) = Q; +—1,0(—7d) follows in a similar fashion.
() Applying €,®0, to the sequence

0 — Ox(—(r—1)d) - Ox, = Ox,, — 0O,

r—1
we get

0— Tory (&1,0x, ,) = E(—(r—1)d) = & — &lx, , = 0.
Using Proposition d.5] (T)), we get

0 — Tork (&, 0x, ;) = &(—(r—1)d) = & 1(d) = 0.

r—1

Recall that

(i) Qv r0 = Coker(E, o — E, ) = Coker(\"G — A"Fy) = &,, and that
(i) Q1 := Coker(E, 1 — E; ) =/\"E.

Thus we have
&1 =Ker(A\'Fy = ;) = A"E(—rd) = Qpyr1 (—7d). 41)
The proof now follows by observing that
Ker (E,(—(r—1)d) = &1(d)) = Ker (2 ,0(—(r—=1)d) = Oy, 1 (=(r = 1)d))
= Qyro1,0(=(r—T)d).
Finally, (@) follows by a similar argument. U

Lemma 4.7. Let 1 < j < 1. There exist short exact sequences

(I) 0— Er,r71 (—(T‘— ])d) — 91‘ — gr,T*1 — 0.
(2) 0= Erjo1(=(G —1)d) = Gr5 = Grj-1 = 0.
(3) 0— Qr,rfh()(_(r - 1)d) — 91"er1 — 91‘»1‘*1 — 0.

Proof. We note that part (1) is a special case of (2) (for j = r). However, since the proof is
direct, we present it here. We have a commutative diagram

0O - G = ANF = & =0

{ { \
0 = Gy — NFolx,, = &lx,, — 0 (42)
\ 4 I

0 0 0.
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Here the middle and right vertical maps are restriction maps, and the left vertical map is the
induced map. By the snake lemma, we have an exact sequence of the kernels of the vertical
maps:
0 = ker(Gr = Grr1) = A'Fo(—(r —1)d) — ker(&, — &lx, ,) — 0.
The last term is &, ;(d), which is isomorphic to A"E(—(r — 1)d) by @1I) in Proposition
Thus we have
ker(gr - gr,r71 ) = F—r,r71 (—(T - ])d)

This proves (1).
The proof of part (2) follows from the diagram below:

0 Sr.j N'Folx, Elx, ————— 0 (43)
Rj
O ? 91‘,]—] /\rFO|Xj,] 8T|Xj,] _— O
0 0 0

The vertical surjections are induced by the restriction from Xj to Xj_j.
All that needs to be proved is the exactness of the first and third columns. By the local
description of &, (see Lemma , it follows that locally G, j is of the form

")

O£<j g og(?ilu)(lll) o OE(?EE)(;) ©- D O&r?;fz)(jfz) o OE(SE%)(J‘:)‘ (44)

Exactness can now be checked locally by using the local description of the maps between
sheaves G, ; — G, 51 and E.[x; — &[x; ;.
For part (3), we restrict the sequence
0—-G, - ANFy—= & —0
to X, to get
0— TOT;T(((:” OXT,J — 91"er1 — /\TF()’X — 81"XT,1 — 0. (45)

The injection above, using Lemma[4.6| (3)), yields the exact sequence

r—1

0— Qr,rfl,O(_(r - 1)d) — 9r|Xr,1 — 91‘,1‘71 — 0.
This is the desired statement. O
Proposition 4.8. G, jIx = Pr ;—j and &, jIx = Qv r—j(—7d)

Proof. We will only prove the first isomorphism (which is what we really need). The proof
of the second assertion follows by arguing in a similar fashion. On restricting the left vertical
sequence in the diagram (43)), we get a sequence

. Bj
ET,j—] (—G—1d) — 9r,j|X —5 9T,j—1|X — 0.
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Once again, using the local description of the sequence above, we see that the left arrow factors
via the quotient E,;_1(—( — 1)d) — Q. ,;-1(—(G — 1)d). Since Q,;;1(—(G — 1)d) =
Prr—j+1,r—j, We get an exact sequence
B
0— ipr,rfjJr],rfj — 9T,j|X _J_> 91‘,)'71 |X — 0.

The proof now follows by decreasing induction on j; for the base case j = 1, we have G, . = G,
and 9T‘|X - :PT‘,T‘,O' 0

Remark 5. The filtration G, o C Gy; C --- C G, can be recovered from the maps G, —
Pr+,j. Proposition |4.8|is crucial as it shows that these maps of bundles on X have a natural lift
to X,_; in the form of maps of sheaves /\"F, |XT_j — Gy v

Lemma 4.9. Tor;j(ﬁrlxj, Ox) = Py ro1,r—j and Toﬂ(j (Grlx;> Ox) = Qr r—1,p—j(—7d).
Proof. We have a sequence

0 = Tork (E+lx;, Ox) 2 Grj & ATFo = & — 0,
obtained by restricting to X the exact sequence

0— Grj = A'Folx; = &lx; — 0.

Recall that G, ; = Image(/\"®|x; ), and hence the image of the map §m. 5 A'F is equal
to Image(/A"®@|x) = /A"G. By Proposition we have G, ; = P, ;. Since taking exterior
powers commutes with restriction maps, we see that the map §m- — /\"G is the same as the
natural map P, ;.5 — P 1 whose kernel is P ;1 ;.

The proof of the other statement is similar, and so we omit it. O

Lemma 4.10. We have the following identifications:
(l) TOTL(Sr’T—,1 ) OX) = Gr,er(_(r —1 )d)
(”) TOT]Y(91~,T71 ) OX) = Er,er(_(r — 1 )d)

Proof. We prove part (1), and omit the proof for part (ii) as it is identical. From Proposition
by setting j = v — 1, we have an exact sequence

0= &1 = E(—(r—1)d) = &x(—(r—1)d) — 0.
Restricting this sequence to X, we get
0— Tory (Err1,0x) = Tory (&, Ox)(—(r=1)d) = Tory (&, Ox)(—(r—1)d) = &, 1 — 0.

We note that the map o factors as below:

TOT‘}((ET) OX) = TOT]Y(ET‘) OX)
l | @
Tor) (&r,0x) — Tork, (E+lx,, Ox) — Tork, (€, Ox)

By Lemma Tor;@(&rlxz, Ox) = Prr_1r-2 = Q;.1,0(—d), and so the rightmost map
on the bottom sequence Tor}_(€:/x,, Ox) = Tork, (&,, Ox) is the composite injective map

Prrcir—2 = Q1,0(—d) = Q1 o(—d).
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This, together with the isomorphism Tor{((&, Ox) = Gy y—1 from Lemma shows that the
map Tord (€, Ox) = Tord(E,lx, Ox) is the same as the composite map

Gr,rf1 - ﬂ)r,rfhrfz = Qr,1,0(_d) — Qr’r)o(—d).
Hence we have

Tory(&r,r-1,0x) = ker(Tory (&, Ox)(—(r —1)d) = Tory(Erlx,, Ox)(—(r — 1)d))
= ker(Gr,r71 (_(T - ])d) — fPr,rf],r—z(—(T - 1)d))
— Gr,er(_(r - ])d))

where the last equality follows from the definition of P, .1 »_>.

We state the following standard result from homological algebra whose proof we omit.

Lemma 4.11. Let0 - M’ = M — M” — 0and 0 - N’ — N — N” — 0 be two exact
sequences of R-modules. Then we have a commutative diagram

Tort* 1 (M” ,N") —— Tort(M"” ,N’)
l l (47)
Tort(M/,N") —— Tor*"! (M/,N/)

where all the maps are boundary maps. The vertical maps come from tensoring the first exact
sequence with N” and N’ respectively, while the horizontal maps come from tensoring the
second exact sequence with M" and M respectively.

Proposition 4.12. We have a short exact sequence
0= AN'G(=(G—1d) = G5 = Grjlx,_, = 0.
Proof. Applying Lemmal4.T1|to following sequences on X;
0 — Ox(—(G —1)d) = Ox; = Ox, , — 0, (48)

and
0—Gr; — /\rFOIXj — &lx; = 0 (49)

gives the following diagram (withi = 1)

Tork, (E4lx;,0x,,) = Tork (E:lx;, Ox(—(i —1)d)
1= P (50)
Torl. (S5, O0x,,) = Se (=0 —1)a).

The right vertical map {3 is obtained by restricting (49) to X, and hence is the same as the map
in Lemma The bottom horizontal map can be seen to be an injection. Since Coker(f3) =
A"G(—(j —1)d), we get Coker(y) = A"G(—(j — 1)d). O

Proposition 4.13. We have a short exact sequence

0— Egy] (—d) — 93’2 — /\36 — 0. (51)
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Proof. Tensoring the sequence

0= Oy(=(G—1)d) - Oy = Ox, , =0

-1

with G, ; over Y, we get
0— Torl((gr,ja Oqu) — gr,j(_(j - 1)d) — 91‘,)’ — gr,j’Xj,1 — 0.

For r = 3,j = 2, Lemma yields the isomorphism Torl (93 2,0x) = E;1(—2d),
while from Proposition [4.12] we see that the kernel of the surjection in the sequence above
is A3G(—d). Breaking up the 4-term sequence above into short exact sequences yields the
desired sequence. U

5. COHOMOLOGY COMPUTATIONS FOR ACM BUNDLES

Henceforth, E will be an ACM bundle on a smooth, degree d hypersurface X C P™*!,
n > 3.

The main result of this section is Theorem As mentioned in the introduction, the key
idea in this paper is to work our way up from the bottom most term E3 o = /A3G of the filtration
{E5,i} on /\3F,. It turns out that to understand this filtration, we will need to use the filtration
{E2;} on /A\?Fo, and the maps between the filtered pieces in the two filtrations (see in an
essential way (Lemma 5.5).

The inclusion E3 o < Ej, gives us diagram (68), and using Lemma we first prove
that A3 G is ACM which implies that the associated graded piece Q3 ; o is 1-generated. Using
Lemma once again, we prove that the surjection Q3 , 0 — 9351 = A?E ® G induces a
surjection H! (X, Q3.2,0) = H! (X, A?E ® G), and thus the latter is also 1-generated.

5.1. The bundle E, o = /\"G. In this section, we will prove the necessary results required to
prove Lemmaby analyzing the bottom most filtered piece E, o C /\"Fo.

Lemma 5.1. Assume that € is a rank v ACM vector bundle on a smooth hypersurface X C
P n > 3. Then the sheaf Gy r—1 has no intermediate cohomology (see definition .

Proof. From Lemma[4.7] we have an exact sequence
0—=Erq(=(r—1)d) = G — G v1 —0.
We first note that G, is ACM by looking at its defining sequence
0 — A'Fo(—rd) = A'F; — G, — 0.
Next, by definition, we have
0—E, 1 —AFy— AE—=0.
Since rankE = r, A\"E = Ox(a) for some a € Z, and hence ACM. Thus
HYX,E,, 1) =0for2<ig<n—1.
As a consequence, we get
HI(X,Grp1) =0, 1<i<n—2.

All that remains to be shown is that HQ“ (X, Gy r—1) = 0. For this, we first note that from the
sequence (cf. Propositions [4.3] (1))

0—= & 1(d) = & = &x,, =0,

r—1



18 G. V. RAVINDRA AND AMIT TRIPATHI

we have H' % (X, Erlx, ;) = 0, using the fact that (1) &, ;(d) = A"E(—(r — 1)d) (cf. @I)),
and (ii) &, has no intermediate cohomology by Remark The desired vanishing then follows
from the sequence
0— Gyro1 > N'Folx, , = &lx,, = 0.
g

The following result was proved in [23]]. As the proof is very short, we include it here to help
keep this article essentially self-contained.

Proposition 5.2. Let E be an ACM bundle on a smooth hypersurface X C P™1 withn > 3.
Then /\*E is ACM if and only if \*G is ACM. In particular, when rank(E) = 3, we have \*G
is ACM.

Proof. By Proposition (forr = 2,j = 1) and equation (33), we have short exact sequences
0— A?E(d) —» & — &, — 0,
0— A?G = AFy = &, — 0.
Since &, is ACM and /\sz is a direct sum of line bundles, it follows that
H (X, A\?E(d)) = H (X,A\’G), 2<i<n—T1.

For i = 1, we apply this result again to EV instead of E and use Serre duality. In this case
G will be replaced by GV (—d). Finally, when rankE = 3, we have A?E = EY(c), and so is
ACM. OJ

Lemma 5.3. Suppose that E and /\"~' G are ACM. We have short exact sequences
0— HIX,ATG) — HIFT (XA TG @ E(—d)) — HEFTH (X, Prrr2) = 0, T<i<n—2,
We also have a surjection
HI (X, AT'G @ E(—d)) — HL (X, Py rr2).
Proof. Recall, from that associated to the bundle P, ;. ._,, we have a commutative dia-
gram
0 - ANTIGRE(-d) = P2 — ATG — 0

| Lo 1 (52)
0 - NT'G®E(-d) — AT'GeF — AT'GeG — 0.

Taking cohomology, we get a commutative square
HY (X, Prrr2) — HY (X, \"G)

o o (53)
H(XATGoTF) — H(XA'G®G).

Since A™'G is ACM and F; is a direct sum of line bundles, the term on the left in the bottom
row is zero. The fact that A"G — A™'G ® G is a split inclusion implies now that the map
H' (X, Pr v r2) = HU(X, ATG)
is zero for 1 < 1 < n — 1. The desired statements now follow. ]
Corollary 5.4. Suppose that E and /\"~' G are ACM. We have short exact sequences
0— HY(X,Erq) = HHX,ATTGRE) —» HEFH(X,ATG) =0, T<i<n—2.
We also have an injection
H ' (X Erg) » H TV (XATTG @ E).
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Proof. Applying Lemmato the dual exact sequence 0 — EY — Fov — GY — 0 gives
0= H(X,AGY) - HIT' X, A" 'GY ®EY) — HT (X, P! ) =0, T<i<n—2,

r,r,r—2
and a surjection
H! (X, A" 'GY @ EY) — H! (X, P! ). (54)

T,r,r—2
By definition (see Remark , the bundle P} |, sits in an exact sequence
/ / /
O — ipr,r—],r—z — i]:)1“,1‘,1‘—2 — iP‘r,r,r—] — O

Since the extreme terms are the associated graded pieces in the filtration, this may be rewritten
as
0> AN TGV REY =P, =+ A'GY = 0. (55)

On the other hand the filtration {E, ;} on AF, yields the exact sequence
0—Ero—Er1—Qri1,0—0.
This again may be rewritten as
03AN'G—=E 1 >AN""GRE 0. (56)
It follows then that (53)) and (56)) are dual to each other, and hence we get P/, . 5, = E, ;.

T, T, T—

Dualizing the sequence (54) and using the above isomorphism gives the desired result. [

5.2. Rank 3 case. Henceforth, we assume that E is a rank 3 ACM bundle on a smooth hyper-
surface X € P**' n > 3. From Lemma (2), we have the following diagram for r = 3,
j=1.

0—ANGOG—E;1986——GRE®G—0

T

0 N3G Es1 — 5 A2G®E —— 0.

Lemma 5.5. In the diagram above, the compositiorﬂ
H'(X,E21 ®G) S H(X,G®G®E) S H(X,\°G®E)
is the zeromap for 1 <i<n—1

Proof. We first recall the two ways of defining the bundle E; ;. In the first definition, as a
filtered piece of /\?F, (see , it occurs as part of the exact sequences

0— Bz — A?Fo — A’E = 0, (58)
0+ /AG—E1 - GXRE 0. (59)
In the second definition, the 4-term sequence
0—S?G — G®Fy — AN?Fy — A?E — 0,
breaks up into short exact sequences
038G —>G®F —Eys —0, (60)
0 — Bz — A*Fo — AZE — 0. (61)

ZWe will abuse notation, and use the same symbols for a map between vector bundles as well as the induced
map between their cohomologies.
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Together with the split exact sequence
055265 G®GH AG =0, (62)
we get a commutative diagram as follows:

0——$2G8G6——GOFy®G——FEy;; ®G——0

| L

0—GRGERGE—GCO®FH®GE—GRERG—0 (63)

| | |

0—— N’ CGRG— N G®Fy—— AN°GRE——0.

Here the top row is (60) tensored with G, the middle row is (5] tensored with G ® G and
the last row is (3)) tensored with A?G. The top vertical arrows are induced by the injection
S2G — G ® G for the left map, associativity of tensor products for the equality in the middle,
and the surjection E; 1 - G ® E for the right map. The bottom vertical arrows are all induced
by the surjection G ® G — /%G and uses the associativity of tensor products.

The cohomology sequence associated to the above diagram yields the following diagram
where the horizontal arrows are the boundary maps:

H(X, E21 ® G) ——— H' (X, $2G ® G) (64)

I+ |
H'(X,GRE®G) — L H*'(X,G®G®G)
I I
HY(X,\2G ® E) —%5 H'* ' (X, A2G @ G).
To prove the Lemma, we first note that the boundary map d is an injection for 1 <i < n—1,
since A?G ® Fo is ACM. Hence, to prove 7 o « = 0, it is enough to prove that d o T o ot = 0.

By the commutativity of the above diagram, it is enough to prove that p o t o d;y = 0 in that
range. This is obvious since p o t = 0 as the right column is exact. U

Proposition 5.6. With notation as above, we have
() H(X,E52) =0, 2<i<n—1.

Proof. The bundle E3  is defined by the short exact sequence
0 — B3, — A?Fo — AZE — 0.

Taking cohomology yields the proof for (1).
For (ii), we first note that yields a commutative square

HI(X,E21 ®G) —=H'(X,GRE®G)

ls Jn (65)

HY(X, Esp) — H(X, A2G ® E).
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By Lemma[5.5|and the commutativity of the above square, we have 30 = mox = 0. Further,
since rank E = 3, we have /\*G is ACM by Proposition and so by Corollary the map
(3 is injective for 1 <1 < n — 1. Thus we see that the map

§:HY(X,E21 ®G) = HY(X,Ez ) (66)

isthe zeromap for T <i<n—1.
Next, by Lemma[3.2] (@) for r = 3, j = 2 we have the following diagram

O—>E2‘1®G—>/\2F0®G—>/\ZE®G—>O

T

0 Eg’] E3,2 /\2E® G——0.

Thus we see that the boundary map
0:HI(X,NV’E® G) — HE' (X, E3 )

factors via the map & : H-"' (X, 21 ® G) — HY"'(X, E3,1), and hence is zero for 0 < i <
n — 2. In particular, the map

HE(X, E3,1) = HI(X, E32)
is injective for 1 < 1 < n — 1. The result now follows from (1). O

Theorem 5.7. Let X C P! be a smooth hypersurface withm > 3. Let E be a rank 3 ACM
bundle. Then

(a) N3G is ACM.
(b) The graded modules H! (X, Q3.2.0), H! (X, A\2E @ G) and H(X,\’E @ E(—d)) are
generated by a single element.

Proof. The sequence
0— E3,1(—d) = 932 = A°G =0,
in Proposition d.13]yields, on taking cohomology, the long exact sequence
o= HEU(X,G3,0) = HYX,APG) — HIP(X B3 (—d)) — -+
The vanishings from Lemma[5.1]and Proposition 5.6 imply that
HY(X,A\3G)=0for 1 <i<n—2.
Arguing similarly with the duals EY and G instead, we get
HY (X, A3GY)=0for 1 <i<n—2.

By Serre duality, it follows that A3G is an ACM bundle whenever n — 2 > 1 or equivalently,
n > 3 which proves (a).
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For_(b), we first observe that the exterior powers of the maps in the exact sequence 0 —
G — Fp — E — O yield a diagram

0 0 (68)
0 Eso Es Q3,20——0
0 N3G N3Fo &3 0
NE ——=AN3E
0 0

From the middle row of the above diagram, we have H}k (X, Eg) =0when1 <i<n—2. Thus
the right column yields the surjection

HO (X, APE) — H1(X,9Q3.2,0).

In particular, H! (X, Q3 ,,0) is 1-generated.
Next, we recall the following special case of diagram (withr=3,1=2,j =1,k =0)

O—>E3’1 Eg,z /\ZE(X)G —0

N . )

O—)AzG®E—>Q3)2,0—>/\ZE®G—>O.

In the bottom horizontal sequence, we have used the fact that Q. ; ;1 = 'E @ A\TTG, for
r=3andi=1,2 (see equation (13))).
We claim that the map
Hl (Xa Q3,Z,O) — Hl (X) /\2E ® G)

obtained by taking cohomology in the above diagram is a surjection. To see this, we note that
from diagrams and (69)), the boundary map

H (X, \N’E® G) — HI'' (X, \°G ® E) (70)
factors as
H (X, APE® G) — HEN(X Eay ® G) 5 HEF (X, Esp) — HEN(X, A2G @ E).

Since = 0 when 0 < 1 < n — 2 (see (606)), the boundary map in vanishes for 0 < 1 <
n — 2. This proves our claim.
To prove that H?(X, A>E®E(—d)) is 1-generated, we will show that there is an isomorphism
H! (X, \’E® G) = H2(X, \’E @ E(—d)).

To do so, we first note that since E is a _rank 3 ACM bundle, A%E is also ACM. We have
the exact sequence (6): 0 — E(—d) — F; — G — 0; tensoring this with A?E and taking
cohomology, we get a long exact sequence

HIXAPEQF) —» H(X,AN’E® G) —» HE (X, APEQE(—d)) —» HE (X, ANPEQFq) - .
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The extreme terms vanish, and so we have our desired isomorphism. This completes the proof
of (b).
g

6. PROOF OF THE MAIN RESULTS

Theorem 6.1 (= Theorem (i)). Let X C P® be a smooth hypersurface. Then any rank 3
ACM bundle on X is split.

Proof. From Proposition [5.6] Theorem [5.7]and the sequence (top row of (68))
0—A*G—=Ez;— Q320 —0,
it follows that H! (X, Q3 2 ¢) = O when i = 2, 3. Similarly the sequence
0= A’G—=Ez; = AN'GRE =0
gives H: (X, A?G ® E) = 0 when i = 2, 3. The last two vanishings together with the sequence
0+ /AN GRE Q3,0 NERG—0

imply HZ(X, A’E ® G) = 0. Using Serre duality, and a similar analysis with EV and GV we
also get that H? (X, A’E ® G) = 0. Using this in the sequence

0N EQG - AN EQFy — ANEQE — 0,

we then get that H? (X, A2E ® E) = 0. In particular, H*(X, End(E)(—d)) = 0.

Recall that under the boundary isomorphism H' (X, EY ® G) — H*(X, EndE(—d)), the
extension class ¢ maps to the class 11 (§2.2). Consequently both 1 and ¢ vanish. This means
that E must be a split bundle (Remark 2). U

Theorem 6.2 (= Theorem (ii)). Let X C IP° be a general hypersurface of degree d > 3.
Then any rank 3 ACM bundle E splits.

Proof. The proof is exactly as in [[13]]. Since E is supported on a general hypersurface X, this
means that the multiplication map

g : H*(X, EndE(—d)) — H*(X, EndE)
is zero for any g € H°(X, Ox(d)) (see Theorem 3.7 in op. cit.). However, from Theorem
and its proof, we have
HO(X, \E) — H! (X, \’E ® G) = H2(X, \*E ® E(—d)) = H2(X, EndE(c — d)).
Hence the last group is 1-generated, with its generator in degree —d. Together, this means that
H?(X, &éndE(a)) = 0 for a > 0. On the other hand, by Serre duality we have
H%(X, EndE(—d)) = H*(X, EndE(2d — 6)) = 0 whenever d > 3.

This means that when d > 3, H*(X,&ndE(—d)) = 0, and so in particular, 1 = 0. The
vanishing of 1 is equivalent to the splitting of E as noted before. This finishes the proof. U

Remark 6. We note that the main result of [21]] shows that the above theorem follows from
Theorem (a). However, part (b) of the same theorem yields the far simpler proof above.

Theorem 6.3 (= Theorem (iii)). Let X C P* be a general hypersurface of degree d > 5.
Then any rank 3 ACM bundle is rigid.

Proof. We need to show that H' (X, EndE) = 0 = H?(X, EndE) = 0. Arguing as above, we
see that H2(X, éndE(a)) = O for a > 0. Furthermore, by Serre duality, H' (X, éndE) =
H?(X, EndE(d — 5)), and hence H' (X, EndE) = 0 for d > 5. O
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