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THE GROTHENDIECK-LEFSCHETZ THEOREM
FOR NORMAL PROJECTIVE VARIETIES

G. V. RAVINDRA AND V. SRINIVAS

Abstract

We prove that for a normal projective variety X in characteristic 0,
and a base-point free ample line bundle L on it, the restriction map
of divisor class groups Cl(X) — CI(Y) is an isomorphism for a general
member Y € |L| provided that dim X > 4. This is a generalization of
the Grothendieck-Lefschetz theorem, for divisor class groups of singular
varieties.

We work over k, an algebraically closed field of characteristic 0.

Let X be a smooth projective variety over k£ and Y a smooth complete
intersection subvariety of X. The Grothendieck-Lefschetz theorem states that
if dimension Y > 3, the Picard groups of X and Y are isomorphic.

In this paper, we wish to prove an analogous statement for singular vari-
eties, with the Picard group replaced by the divisor class group.

Let X be an irreducible projective variety which is regular in codimension 1
(for example, X may be irreducible and normal). Recall that for such X, the
divisor class group Cl(X) is defined as the group of linear equivalence classes
of Weil divisors on X (see [10], II, §6). If dim X = d, then CI(X) coincides
with the Chow group CHy_1(X) as defined in Fulton’s book [7]. If Y C X is
an irreducible Cartier divisor, which is also regular in codimension 1, there is
a well-defined restriction homomorphis

Cl(X) — CLY),

determined by the rule
[D] = [DNY],

where D is any irreducible Weil divisor in X distinct from Y, and [D NY]
denotes the Weil divisor on Y associated to the intersection scheme D NY.
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IThe terminology is from the non-singular case, where one is considering restriction of
line bundles.

563



564 G. V. RAVINDRA AND V. SRINIVAS

This may be viewed as a particular case of the refined Gysin homomorphism
CH;(X) — CH;_1(Y) defined in [7], for i = dim X — 1.

Now let X be an irreducible projective variety over k, regular in codimen-
sion 1, and let £ be an ample line bundle over X, together with a linear
subspace V C H%(X,.%) which gives a base-point free ample linear system
|[V]on X. Let Y € |V]| be a general element of this linear system; by Bertini’s
theorem, we have Yy = Y N Xging. In this context, our main result is the
following, which is an analogue of the Grothendieck-Lefschetz theorem.

Theorem 1. In the above situation, for a dense Zariski open set of Y €
|V, the restriction map

Cl(X) — CIY)
is an isomorphism, if dim X > 4, and is injective, with finitely generated
cokernel, if dim X = 3.

Our proof is purely algebraic, in the style of the proof of the Grothendieck-
Lefschetz theorem given in [I1], Chapter IV. The above result has an appli-
cation in the theory of Deligne’s 1-motives (see [4]), which is discussed in §4
below; for this, it is of interest to have such an algebraic proof. In an ap-
pendix, we also sketch a different, transcendental proof of the theorem, when
k = C, due to N. Fakhruddin, using results from stratified Morse theory, and
properties of the weight filtration on cohomology.

1. The Grothendieck-Lefschetz theorem for big linear systems

In the situation of Theorem [ if XS Xisa desingularisation of X, we
have the following (Cartesian) diagram:
Y — X
1 1
Y — X

Note that Y is a general member of the pull-back linear system 7*V on
the smooth proper variety X , and therefore is smooth, by Bertini’s theorem:;
hence Y — Y is a desingularisation of Y. If X is singular, then Y isa general
member of the linear system determined by 7#*V C HO()Z' , %) where 7%
is not ample, but is big and base-point free.

Let Ex = W*I(Xsmg) C X be the exceptional locus. Then Fy = Ex N Y
is the exceptional locus for Y — Y. We have natural isomorphisms

CI(X) = CUX \ Xaing) = Pic(X \ Xaing) = Pic(X \ Ex),
CI(Y) 2 CUY \ Yaing) = Pic(Y \ Yaing) = Pic(Y \ Ey).
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This is because (i) the divisor class group is unchanged upon removal of a
closed subset of codimension > 2, and (ii) the divisor class group coincides
with the Picard group, for non-singular varieties. Thus, Theorem [l may be
viewed as an assertion about the natural restriction homomorphism

Pic(X \ Ex) — Pic(Y \ Ey).

Also, by a standard argument (repeated below), Pic(X) — Pic(X \ Ex) is
surjective, with kernel isomorphic to the free abelian group on the irreducible
divisorial components of Ex, and a similar assertion holds for Plc(Y) —
Pic(Y \ Ey). Indeed, since X, Y are non-singular, any line bundle on any
Zariski open subset extends to a line bundle on the variety, so the two re-
striction maps are surjective, with kernel given by the line bundles associated
to divisors with support in Fx and FEy respectively. However, if E is any
non-zero divisor on X with support in Ey, then O%(F) is a non-trivial line
bundle: if not, we would have a non-constant rational function f on X with
divisor E; then f determines a non-zero regular function on X \ Xy;y,, which
must extend to a regular function on the normalization X, of X. But X,, is an
irreducible projective variety, so any global regular function on it is constant,
which is a contradiction. This argument applies to Y as well.

Thus, Theorem [Mlis a consequence of the following version of the Grothen-
dieck-Lefschetz theorem for a big and base-point free linear system, describ-
ing the kernel and cokernel of the restriction map on Picard groups, for the
inclusion Y < X of a general member of the linear system. The statement is
perhaps a bit technical, but there is an obvious geometric motivation for the
conditions stated.

Theorem 2. Let X be a non- singular projective k-variety, 4 a big in-
vertible sheaf, V C HO(X M) a k-subspace giving a base-point free linear
system on X. Let Y X - PY be the morphism determined by |V |, and
X5 X IP’kN be the Stein factorization of p. Suppose dim X > 3. Then for
a Zariski open subset of divisors Y € | V|, the restriction map

p : Pic(X) — Pic(Y)
has the following properties:

(a) p has kernel (freely) generated by the classes of the irreducible divisors
E C X with dimm(E) =0, and p has a finitely generated cokernel.

(b) If F is a divisor on Y supported in Ey, such that Oy(F) €
image Plc(X) then there is a divisor E on X supported in Ex with
0x(E) © 05 = 0y(F).

(c) If dim X > 4, then the classes of Oy (E), with E supported in Ey,
generate Coker(p).
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2. Some lemmas on the vanishing of cohomology

Next, we collect together some technical lemmas used in the proof of The-
orem

We first state a lemma due to Grothendieck (see [9] [13]).

Lemma 2.1 (Artin-Rees formula). Let f: V — W be a proper morphism
of Noetherian schemes, F a coherent sheaf on V., T C Ow a coherent ideal
sheaf, and J = f~1Z.0y the inverse image ideal sheaf on V. There exists
ng > 0 such that for all n > ng, the natural map

I QR f(T™F) — R f(T"F)
1S a surjection.

Here, J™F denotes the image of the multiplication map J" ® F — F.

Lemma 2.2. Let W 5 W be a proper surjective morphism, where W s
an irreducible non-singular variety of dimension d, and dimW > 2. Let F
be a coherent sheaf on W, with R, F # 0. Then there exists an effective
divisor E C W whose support has 0-dimensional image under w, such that
RA-! . F(—F) — R 1, F is the zero map.

Proof. Let S C W be the support of R4 ! 7, F. Then S consists of points
w € W with dim7~!(w) > d — 1, and under our hypotheses, this forces
dim S = 0.

Let 7 C Ow be the ideal sheaf of S, and let

J = image (7T*I — OVT/)
be the inverse image ideal sheaf in Op;. Lemma 2] above implies that there
exists an mg > 0 such that the map
Tm—mo ® Rd—l T (jm()]_-) N Rd—l ﬂ_*(jm]_-)
is a surjection.

We claim that, for large enough m, the map R~ 7, (7™ F) — R n, (F)
is the zero map. This is because by Lemma 2.1l we have a diagram

Im=mo @ R (JM0F) —» R (T™F)

| |

zm=m0 @ R (F) ———— R (F)

where the top horizontal arrow is surjective. The bottom horizontal map is 0,
if m is large enough, since 7 is the ideal defining the support of R4™! 7, (F);
hence the right vertical arrow is 0.

Since W is non-singular, there exists an effective (Cartier) divisor Ey in
W such that J = Oy (=Eo) ® J, where J C Op; defines a subscheme of
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codimension > 2. In particular, we have inclusions of ideal sheaves J™ C
OVT/(_mEO) - OVT/'
Now consider the exact sequence

0—J"F— F(—mEy) — F(—mEp) ® Opz — 0.

Here mZ C W is the subscheme defined by the ideal sheaf J™ C Oy;. This
gives a long exact sequence

R (T™F) — R (F(=mEo)) — R (F(—mE) jz)-

We note that the last term is zero since the codimension of Z in W is > 2.
Hence the first arrow is a surjection.

To conclude the proof of the lemma, we note that the (zero) map
R© 1, (J™F) — R m, (F) factors as

R 1 (J™F) — R o (F(—mEy)) — R 7, (F).

Since the first map is a surjection, the second is necessarily the zero map. The
lemma thus holds with £ = mEy, where m is sufficiently large. O

Another version of the above lemma is available, in a situation analogous
to Lemma [3.11

Lemma 2.3. Let W = W be a desingularisation of a normal projective
variety of dimension d and F be a coherent sheaf on W. Assume that there
ezists an effective divisor E on W with m-exceptional support, such that —F
is m-ample.

(a) There exists a positive integer ro such that R 1, F(—rE) = 0 for all
r>ry and all i > 0.

(b) Suppose L is ample on W, and F is locally free on W. Then there
exists a positive integer r1 such that for each r > ry, and for alln > ny
(depending on 1), we have

Hi(W,]:(rE) T L) =0 foralli<d,

H (W, F(—rE)®@a*L") =0 for all i > 0.

Proof. The assertion in (a) is just Serre’s vanishing theorem, since Og; (—E)
is m-ample. The two assertions in (b) are equivalent (with perhaps different
values of 71, 1), using Serre duality on W. The second assertion in (b) follows
from (a), using the Leray spectral sequence for w, and Serre’s vanishing on W
for the ample line bundle L. g
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We recall a form of the Grauert-Riemenschneider theorem which we need
below.

Theorem 3. Let W be a non-singular projective variety over k, and M
a big and base-point free line bundle on W. Then H' (W, .#~') = 0 for
i < dimW.

Proof. A proof of this statement can be found in [6], Cor. 5.6(b). O

3. Proof of Theorem 2

3.1. Some preliminary reductions. From now on, we fix the following
notation (used in Theorem [I): X is a smooth projective k-variety, M a big
line bundle on X, V C H%(X, M) a subspace giving a linear system | V|
without base points, Y a general member of this linear system, 7 X — X
obtained by Stein factorization of the morphism determined by | V|, Y Y
the induced morphism (which is also the Stein factorization of the restriction
to Y of the original morphism on X ), and £ the invertible sheaf on X such
that 7% = A .

We first make a further reduction.

Lemma 3.1. To prove Theorem [2, it suffices to do it in the case when the
morphism T : XX (obtained by Stein factorization) has a purely divisorial
exceptional locus, with non-singular irreducible components, and there exists
a w-ample divisor of the form —FE where E is an effective divisor with -
exceptional support

Proof. Since X — X and Y — Y are obtained from Stein factorizations of
the morphisms determined by the base-point free linear system | V|, we have
that X, Y are normal projective varieties, such that Y is a Cartier divisor in
X. There is an induced restriction homomorphism Cl(X) — CI(Y).

It is easy to see that the conclusions of Theorem [2] hold for PicX —
PicY if and only if the conclusions of Theorem [ hold for C1(X) — CI(Y)
(i.e., the restriction map on class groups is an isomorphism if dim X > 4, and
an inclusion with finitely generated cokernel if dim X = 3).

In particular, if we replace X - X by another resolution of singularities

X X, and Y by the inverse image Y’ of Y in that resolution, it suffices
to prove Theorem [2 for this new pair (X Y’ ), and the pull-back linear system
from X (note that there is an open subset of the linear system consisting of
divisors which are “general” for both X and X’ ).

Now by Hironaka’s theorem, we can find a resolution of singularities 7’ :
X' — X such that the exceptional locus is divisorial, with non-singular irre-
ducible components. Further, there is an effective exceptional divisor F such
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that —F is 7’-ample; this is because the resolution may be obtained by suc-
cessive blow-ups at centres lying over the singular locus, so that the resolution
may be viewed as a blow-up of an ideal sheaf whose radical defines the singu-
lar locus. The pull-back ideal sheaf is an invertible sheaf which is 7’-ample,
and is the ideal sheaf on X’ of some subscheme with exceptional support. [

Remark 3.2. This reduction is needed only in the proof that, if dim X > 4,
then CI(X) — CI(Y) is surjective.

We follow the line of proof of the Grothendieck-Lefschetz theorem as given
n [I1]. The idea is to pass from Y to the formal completion X of X along Y.
Then from X we pass to a neighbourhood U of Y in X , using a version of the
Lefschetz conditions, and then to X itself.

Lemma 3.3. With notation as above, if diim X > 4, then Pic(X) = Pic(Y).
If dim X = 3, then Pic(X) — Pic(f/) is injective, with finitely generated
cokernel.

Proof. Consider the short exact sequence

0%///7’”@(9}7%(9;%“ HOSX%HO

where X, is the mth infinitesimal neighbourhood of Y C X and in particular
X, =Y. As usual, OF denotes the (multiplicative) sheaf of invertible regular
functions on 7. The first horizontal sheaf map is the “exponential map”,
defined on sections by s — 1+ s. Taking the cohomology long exact sequence,
one has:

—HY(Y, 4™ 2 Og) — H (X nt1, OF

7n+1)
— H' (X, 05 ) = B (Y, 0™ ® O5) —

By the Grauert-Riemenschneider vanishing theorem (Theorem [ above),
the extreme terms vanish if dimY > 3, and thus we have Pic(X41) =
Pic(X,,) for each m > 1. From the Grothendieck formula (see for example
[10], 11, Ex. 9.6,)

Pic(X) = lim Pic(X,,),

m

we then get Pic(X) = Pic(Y).

If dimY = 2, then the same argument shows that Pic(X,,) — Pic(Y) is
injective for each m. On the other hand, H!(X, O%) — H* (Y, Oy ) is an iso-
morphism, since H (X, O }?(—}7)) vanishes for ¢ <3 (Grauert-Riemenschneider
vanishing, Theorem B above). Hence Pic®(X) — Pic?(Y) is an isogeny, and
in particular is surjective. Hence Coker Pic(X) — Pic(Y) is a quotient of the
Neron-Severi group of }N/, and is finitely generated. A similar conclusion then

clearly holds for Coker Pic(X) — Pic(Y'). O
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3.2. The condition Lef(X,Y). In the proof of the Grothendieck-Lef-
schetz theorem (see [I1], Ch. IV), one considers the Lefschetz condition which
implies the injectivity of the morphism between the Picard groups. We will
show that it holds in our situation as well.

If & is a coherent sheaf on some open neighbourhood of Y in X , then
& denotes the corresponding (formal) coherent sheaf on the formal comple-
tion X of X along Y. With this notation, recall the following definition (see
[11], page 164; this is a slight modification of Grothendieck’s definition in [9],
page 112, as remarked by the referee).

Definition 1. The pair (X,Y) satisfies the Lefschetz condition Lef(X,Y)
if for every open set U C X containing }7, and every locally free sheaf & on
U, there exists an open set U’ with Y C U’ C U such that the natural map

HO(U', &) — HO(X, &)

is an isomorphism.

Note that there is a finite (perhaps empty) set Sy C X of (closed) points
2 € X with dim7~!(z) = dim X — 1. Since Y is general, we may assume that
Y NSy = (). Further note that any divisor in X whose support is disjoint from
Y must be supported in 771(Sy). If E is any divisor on X with support in
771(Sy), then O%(E) 2 Ox.

Recall that the dual of a coherent sheaf .4 on X is A =Homo_ (A, 0%);
recall also that A" is reflezive if 4~ — (AV)Y is an isomorphism.

Lemma 3.4. Let A be a reflexive, coherent sheaf on X which is locally
free in a neighbourhood of Y. Then there exists an effective divisor E on X,
where either E =0 or dimw(supp E) = 0, such that the natural map

HO(X, ¥ (E)) — HO(X, /)

is an isomorphism.

Proof. Let n = dim X. Using Serre duality on X and formal duality on X
(see [11], III, Theorem 3.3), we reduce to proving that

HE (X, /Y (-E) @ wg) —» HY(X, /Y (-E) @ wy)

is an isomorphism, for appropriate E. Here, we note that though .4 may not
be locally free, Serre duality implies that the dual of the finite-dimensional
vector space H™"(X, NV (-E) @ wyg) is

Hom( A" (—E) @ wg,wy) = HY(X, ¥ (E)),

since 4 is reflexive.
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For any effective divisor E supported in 7=1(Sp), consider the commutative
diagram with exact rows:

H Y X\ Y, /Y (~E) ©wyg) 25 HL(X, /Y (~E) @ wy)
_ l~¢1 _ l¢2
HH(X\Y, Y owy) 2 HE(X, AV @wg))

—» Hn()?,JVV(—E) ®w§)
s
—» Hn(X,e/Vv®w§)

The last maps in the sequences are onto since X \ Y has cohomological
dimension at most n—1. Moreover, the map ¢ is an isomorphism by excision
since Y NE = (). The Leray spectral sequence for the map 7 : X \ Y - X \Y
applied to the cohomology group H" (X \Y, NV (—E)@wy) has E5? = 0 for
p > 0 (X\Y is affine!). By Lemmal[22] there exists an E as in the statement of
the lemma such that the map R" ! 7, (A4 (—E) Qus) — R (A Pwsx)
is the zero map, and thus the map ¢; is the zero map, for this choice of FE.
This in turn implies that the corresponding map §; is zero.

We thus have the following commutative diagram:

HL (X, AV (—mE) @ wg) = HY(X, A (—mE) ® wy)
1= !
HL(X, AV Quwg)  —  HY(X, AV Quwg)
Dualising, we have
HO(X, ./ (mE)) = HO(X, )
O
Corollary 3.5. The condition Lef(X,Y) holds.
Proof. For any open set U D Y in 3? , and any locally free sheaf A7 on U,
we can find a reflexive sheaf 4" on X extending 47, i.e., with A |p= Ay
(first choose a coherent extension, then replace it by its double dual). For

a suitable divisor F with dim(supp E) = 0, we have a commutative diagram
induced by restriction maps:

HY(X, ./ (E)) o HO(%,.0)
N /!
H(U, ¥ (E))

In particular, for any open V such that YCVCUandVn supp E = () the
above factorisation gives a surjection

HO(V, ¥ (E)) = HO(V, 4) — HY(X, ¥).
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But since 4 is locally free on V' and V' is irreducible, the map is also an
injection. Thus Lef(X,Y") holds. O

Corollary 3.6. For normal X, Y as above, the condition Lef(X,Y") holds.

Proof. Since X and Y are normal, one has 77*(’))7 = Ox and 1.0y = Oy.

Lef(X,Y) then follows from Lef ()Z' , }7) applied to sheaves which are pull-backs
of locally free sheaves on neighbourhoods of Y in X. O

Corollary 3.7. The kernel of the restriction map Pic(X) — Pic(Y) is
freely genmerated by the classes of irreducible effective divisors which map to
points in X.

Proof. Tt is obvious that the classes of such divisors are contained in the
kernel since Y NSy = @ (as Y is general). On the other hand, if AV is a line bun-
dle on X with N'® O3 = O, then we first note that N = Ox by Lemma [3.3]
and there is thus an invertible element of H° (%,./\7 ); by Lemma [34] this for-
mal global section is obtained from a global section on X of N (E) for some
divisor E on X supported over Sy C X. This section of (E) has no zeroes
when restricted to 17, so its divisor of zeroes E’ is also supported over Sy, and
hence N = O(E' — E). O

Corollary 3.8. For each n > 0, and any effective divisor F' on X with
w-exceptional support, the natural maps

HO(X, M®™) — HO(X, M (F)) — HO (%, M&n(F))

are isomorphisms.

Proof. Since A4 = 7*.£, where £ is invertible on the normal variety X,
and 1,05 = Ox, it follows that .#Z%" — .#®"(E + F) is an isomorphism
on global sections for any effective divisor E supported in 771(Sp), and any
n > 0. O

3.3. The condition ALeff()?, }N/) We now introduce a second condition
ALeff(X,Y) (Almost Effective Lefschetz), which is a variation of Grothen-
dieck’s Effective Lefschetz Condition (denoted by “Leff” in [II]). In the proof
n [II] of the Grothendieck-Lefschetz theorem, the condition Leff is used to
show the surjectivity of the restriction map between the Picard groups; ALeff
has a similar role here.

Definition 2. We say the pair (X,Y) satisfies the ALeff condition if

(1) Lef(X,Y) holds and

(2) for any (formal) invertible sheaf & on X there exists an open set U
containing Y and an invertible sheaf & on U , together with a map
E— & , which is an isomorphism outside the exceptional locus of
Y >Y.
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Note that the formal scheme X is a ringed space with underlying topological
space }7, so the second condition above is meaningful.

For any formal coherent sheaf .# on X, we will make the following abuses
of notation: For any divisor D on X, let .% (D) denote the formal coherent
sheaf ¥ ®o, (9/55(5), and for any coherent G on )Z', let # ® G denote the
formal coherent sheaf .Z ®o, G.

Proposition 3.9. Let )?, Y be as in Lemma B, with dim X > 3, and
let E be an effective divisor on X with exceptional support such that —F is
m-ample. Then for any formal locally free sheaf F on X, there exists r > 0
such that for any m > 0, if we set

4, =.FrE)e. 4%,
then for all m >0,
Coker (H°(X,%,,) @1 Ox — %)

s supported on YNE.

Proof. The proof is in several steps. Let %, = % ® Ox,, for n > 1, be the
sequence of locally free sheaves (on the sequence of schemes X,,) associated
to the formal locally free sheaf .%. We have exact sequences

0= FQM™ " 5 FRQM™ — Fp, @ M — 0
for each m € Z and n > 0, where the ideal sheaf of Y in Ox is identified
with .21
Lemma 3.10. Let d = dimY. There exists ro > 0 such that, for each
r > 1o, allm >0 (depending on r), and all i > 0, we have
H(Y, 71 @ Ox(—rE) @ M®™) =0,

HU(Y, 7,0 Ox(rE) @ 4%~™) = 0.
Proof. We have that .# = n*.% where £ is ample on X. Now apply
Lemma 23|(b). O

Lemma 3.11. There exists ro > 0 so that, for any r > ro and any m € Z,
the vector space

H'(X,7Z(rE) @ #*™)
is finite dimensional.
Proof. We have exact sheaf sequences

0— 3\1 (’I“E) X %@m—n — ﬁn—i—l(rE) X %@m — ﬁn(rE) X %@m — 0.
Since dimY > 2, we have for each given m that

HYY,Z(rE) @ #%"") =0
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provided n > m, from Lemma B.I0} thus for n > m,
HY (%041, F0ii(PE) @ M®™) — H (%, Fn(rE) @ #®™)
is injective. Hence, in the Grothendieck formula

HY(X, Z(rE)® #4®") =lim H' (X, Z,(rE) @ .4 *™),

the maps in the inverse system on the right are, for n > 0, injective maps

of finite-dimensional k-vector spaces (the above inverse limit formula holds,

because the corresponding inverse system for HC is an inverse system of

finite-dimensional k-vector spaces, hence satisfies the Mittag-Leffler condition

(ML)). Thus the inverse limit H(X, % (rE) @ .#4®™) is a finite-dimensional

vector space. O
Now consider the exact sequences

0— ﬁ(—’l"E)(g)%@m — j(-rE)@%@’mﬁ-l N g\l(—’l"E)(g%@m-i_l _0.

Lemma 3.12. There exists r1 > 0 so that, for each r > r1, and all m >0
(depending on 1), the map

HY%X,.7(—rE)® #4°™) — H (%X, 7 (—rE) @ .4®™1)

18 surjective.
Proof. 1t suffices to see that

HYY, Z(—rE) @ #®") = 0.

This follows from Lemma B.10 O
Fix an r large enough so that the conclusions of Lemma BTT] and hold.
Define
Vi, = image H (X, Z(—rE) © .4®™) 2 HY(X, Z(rE) @ 4®™),
where the map is induced by the natural inclusion O(—rE) — Ox(rk),
determined by the tautological section of O(2rE). From Lemma B.IT] V;,
is a finite-dimensional vector space, and from Lemma 312 the natural maps

HY(%,.7(—rE)®@ #°™) — HY(X, Z (—rE) @ #*™)

induce surjections V,,, — V41, for all large enough m. Hence V,,, — V41
is in fact an isomorphism, for all large enough m. Consider the commutative
diagram of formal sheaves with exact rows:

0—.F(—1E) @ MO™ —F(—rE) @ M — Fy(—rE) @ M1 -0

1 1 !
0— F(rE)®@ 4™ — F(rE)Q 4" — Z(rE)® #°™T —0
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The vertical arrows are induced by the natural inclusion O (—rE) — O%(rE)
(as above, in defining V;,). There is an induced cohomology diagram with
exact rows:

HY(X, Z(—rE) ® 4" - HO Y, Z1(—rE) @ 4%+
! la
H(X,.Z (rE) @ 4% ) — HY(Y,.Z,(rE) ® #4®™+)

—HY (%, Z(—rE) ® #4°™)—-H" (X, 7 (—rE) @ 4®"1)
| Bm 1 Bt
— HY %, Z(rE)®@ #4°™) — H' (X, Z(rE) ® .4®")

Since V,;, — V41 is an isomorphism, we see that
image (HO(%, F(rE)@ 4% - HY(Y, Z(rE) ® ///®m+1)>
contains the subspace
image HO(Y ,.Z,(—rE) @ #®™*).

Since m > 0, the global sections of the sheaf Z1(—rE) @ #®™ ! generate it
onY \ E (since the direct image of this sheaf on Y is globally generated, and
Y - Y is an isomorphism outside YN E). Hence, the natural map between
coherent formal sheaves

Ho(x, y(’l“E) &® %m—i—l) Rk O% — y(’l“E) ® %@m—i—l

restricts to a surjection on Y \ E. This proves Proposition O

Remark 3.13. The referee has pointed out that, in Proposition [3.9, we
can in fact get the stated conclusion for any integer r, and all sufficiently
large m (depending on 7). Consider the pairs (r,m) for which the conclusion
of the proposition holds. Given r, we have seen already that there is a positive
integer 19 > r so that (i) the conclusion holds for (rg,m) for all m > my, say,
and (ii) so that O3 (—(ro —r)E) is very ample for 7. Then choose m; so that
1,05 (=(ro — 7)E) ®ox L™ is globally generated for all m > m;. Then
Ox(—(ro — r)E) @ M®™ is globally generated, for all m > m;. Hence the
conclusion of the proposmon holds for (r,m) with m > mg + m;.

Proposition 3.14. For X Y as above, the condition ALeff(X Y) holds.

Proof. By Proposition [39] for any invertible formal sheaf # on X, one has
a map of formal locally free sheaves

(1) (=M (—Fy) = F — 0

for some M > 0, s > 0, with cokernel supported in Y \ E, where F is an
effective divisor on X with exceptional support.
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Similarly, for the dual formal line bundle .#", we have a map, surjective
outside the exceptional locus,

(AN (Fy) = F¥ =0
for some N > 0, t > 0. Dualizing this we have an injection
(2) F — (AON)*(Fy)

which is a split inclusion on stalks at any point of Y \ E.
Composing the maps in ([Il) and (), we have a map between formal locally
free sheaves

(3) (=M@ (1) T (=N ) (Fy)

such that Im7 < .Z with cokernel supported in Y \ E.
The map T may be described by an s x ¢ matrix of elements of

H(X, ANM(Fy + Fy)).
By the condition Lef(X,Y) (or rather Corollary B.8),
HO (X, AN M (Fy + Fp)) = HO(X, 4N M),

SO that the map 7 is the formal completion of a map of locally free sheaves
on X

(MM F) L (AN (F).

Thus we have IE@ — %, with cokernel supported on Y \ E.
Now Im(7) is a coherent sheaf on X, such that for any point y € Y \ E,
the stalk at y satisfies

Im(7), ®o O~ wa_oxy_oxy,

(where the completions are with respect to the ideal defining Y). Hence Im(7)
is a coherent sheaf of rank 1, which is invertible on X at all points in Y \ E.
Since X is non-singular, the double dual of Im(7) is an invertible sheaf .Z on
X , such that

9@0? |17\Eg F1 ‘?\E .

Thus we have ALeff(X,Y). O

Remark 3.15. The above argument, applied to an arbitrary formal locally
free sheaf .#, implies the existence of a coherent, reflexive sheaf F together
with an injective map F — .7 which restricts to an isomorphism on Y \ E.
We do not know if F can be chosen to be locally free in a neighbourhood of Y,
perhaps the “natural” extension to our situation of the Grothendieck “Leff”
condition is for this property to hold.
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Corollary 3.16. If dim X > 4, the cokernel of the restriction map Pic(f()
— Pic(l?) is generated by exceptional divisors off/ which map to points in'Y .

Proof. By Lemma[Z3 one has Pic(X) = Pic(Y). Let A be a line bundle on
Y, and 91 its unique lift to a formal line bundle on X. Proposition 314 implies
that there exists an invertible sheaf G on X such that G = 9 on Y \ E. Thus
G |y @\ is a line bundle on Y which has trivial restriction to Y \ E, and is
thus the line bundle associated to a divisor on Y with exceptional support. It
remains to show that, up to tensoring with a line bundle restricted from X ,
it corresponds to a sum of exceptional divisors for Y — Y with O-dimensional
image in Y.

Let E1,..., E,. be the irreducible exceptional divisors of X > X , indexed
so that for some 0 < s <t < r, we have:

(i) E4,..., Es are the irreducible divisors in X with 0-dimensional image
in X.

(ii) Fs41,...,F: are the irreducible divisors with 1-dimensional image
in X

(iii) Ety1,..., B, are the irreducible exceptional divisors for X — X whose

images in X have dimension > 2.

Since Y € | V| is a general member, we have:

(a) YNE; =0for1<i<s.

(b) For each s +1 < i < t, let Y N E; = Uj;l F;; be the irreducible
(equivalently connected) components of the intersection; then Y NE;
is non-singular, reduced, and has no common irreducible component
with Y N E; for any i/ # i.

(¢c) Fort+1<i<r F;,= Y N FE; is reduced and irreducible.

Here, (a) is clear, and (c) follows from Bertini’s theorem. For (b), note that
the linear system |V | restricts to a base-point free linear system |V, | on
FE;, and the Stein factorization of the corresponding morphism has the form
m; + E; — C; for some irreducible curve C;, such that | V; | is the pull-back
of a linear system from C;. Hence the general member of | V; | is a disjoint
union of a finite set of fibers of E; — C;, over points of C; for which FE; — C;
is smooth.

Thus, the line bundle determined by an irreducible exceptional divisor F
on Y lies in the image of the Pic(X) — Pic(Y), except possibly when F is one
of the F;; in (b) above, and the image of each such F;; in Y is a point. O

Lemma 3.17. Assume dim X > 3, and Y € | V| is general. Let F be a
divisor on Y with exceptional support, such that Oy (F) is the restriction of a

line bundle f?"O?IL X. Then there is a divisor F on X with exceptional support
such that O%(F) |y= Oy (F).
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Proof. From the description of the irreducible exceptional divisors of Y —
Y given in (a), (b), and (c) of the proof of Corollary BI6 above, we see that
it suffices to assume (in the notation of (b)) that

t
(4) F= Z ZnijFij7
i=s+1 j

for some integers n;;, s +1 <7 <¢, 1 < j <s;. Here, the divisors

Fi = ib: Fij
j=1

for each s +1 < i <t satisfy Ox(E;) |= Og (Fy).

So it suffices to show: If F" in (@) is such that Oy (F) is the restriction of a
line bundle from )Z', then n;; is independent of j, for each s +1 <4 <¢. This
is done using a suitable computation with intersection numbers.

Let T C X be a general complete intersection of dimension 3, in some
projective embedding of X. Then by Bertini’s theorem, we may assume that:

(i) T is irreducible and non-singular, and the scheme theoretic intersec-
tion T'N E; is a reduced, irreducible surface, for each 1 <1 < r.

(ii) The scheme theoretic intersection Z := T NY is a (reduced, irre-
ducible) non-singular surface in T'.

(iii) ZNE; =0 for 1 <i < s,and Z N E; is a reduced, irreducible curve

foreacht+1<3<r.

(iv) ZNF;; is a reduced, irreducible curve in Z, for each s +1 < i <, for

all j.

If T, is the image of T in X, let T — T be the normalization. Then
mr: T — T is a resolution of singularities, such that TN E;, 1 < i < r are the
irreducible exceptional divisors of 7. The surface 77 (Z) = Z C T is a normal
Cartier divisor in T (it is a general member of the ample, base-point free linear
system on T determined by |V|). Let 7z : Z — Z be the restriction of 7p;
then 7y is a resolution of singularities of a normal, projective surface, with
irreducible exceptional curves ZNE;, t+1<i<rand ZNF;;,s+1<1 <t
1<j<s.

Since the linear equivalence class of F' = Z” n;; Fy; is assumed to lie in the
image of the restriction Pic X — Pic }N/, we have that Oz( irj n;; ZNF;j) is in
the image of PicT" — Pic Z. For each 4, the Fj; are irreducible components of
general fibers of F; — C;. Hence Fj;NZ are irreducible components of general
fibers of T'N E; — C;, and are thus algebraically equivalent as 1-cycles on the
smooth projective 3-fold T'. Hence, for any divisor D on T, the intersection
number (D - (F;; N T))r is independent of j, for each i. Since F;; N Z is a
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Cartier divisor in Z, if Dy is any divisor on Z representing Or(D) |z, the
projection formula gives an equation between intersection numbers

(5) (Dz-(FiyNZ)z=(D-(FiyNT))r

computed on the surface Z and the 3-fold T', respectively.
Apply this to our divisor F |z= ZU n;jFy; N Z, which is assumed to be of
the form Dy for some divisor D on T. We get that

(6) O nij(Fi; N 2) - (Fujy N 2))z
ij
is independent of j', for each s +1 <4’ <.
Since Fj; N Z are irreducible exceptional divisors for 7z : Z — Z, which is
a resolution of singularities of a normal surface, the intersection matrix

(Fij Nz, Fi/j/ N Z)Z

is negative definite. Regard (@) as a system of linear equations satisfied by
the n;;, with coefficients given by intersection numbers. The solutions of the
system ([G)) for the “unknowns” n;; correspond to elements in the Z-span of the
F;;, which are in the orthogonal complement of the span of all the differences
(FijyNZ)— (Fij,NZ), forall 1 < j; < jo < s, andall s+1 <@ <t
The span of these differences clearly has co-rank ¢ — s, so the orthogonal
complement has rank ¢ —s. We have ¢t — s elements Zj:l(Fw N Z) which
lie in the orthogonal complement, which are clearly independent, so must
span the orthogonal complement after tensoring with Q. This implies that
Fy = Z” n;;(F;; N Z) must be a rational linear combination of the divisors
Zji:l(Fij NZ), and so n;; must be independent of j, for each ¢, as desired. O

Assume now that dim X > 4. The conditions Lef and ALeff imply that we
have the following diagram, with exact rows and columns:

0 0
! !
0—- Iy — Z[Ex] — Z[Ey] - I, — 0
I L
0 - Ix — Pic(X) - Pic(Y) - Iy — 0
! !
ClX) — CI(Y)
! !
0 0

Here Z[Ex] and Z[Ey] are the subgroups in the respective Picard groups freely
generated by the irreducible exceptional divisors in X and Y, and I'x, I, Iy,
I, are defined by the exactness of the rows. Clearly I, Iy, are generated
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by the irreducible exceptional divisors in X and }7, respectively, which have
0-dimensional image under 7.

It is clear that Ix & I'y: it is an injection since Z[Ex] — Pic(X) is so. That
it is a surjection follows from Corollary Bl Also Corollary shows that
that the map Iy — Iy is surjective, while it is also injective, by Lemma 317
Hence, from a diagram chase, we see that C1(X) — CI(Y) is an isomorphism,
completing the proof of Theorem 2] when dim X > 4.

By a similar argument, Corollary 3.7 and Lemma [3.17 imply that, if dim X
= 3, then ClI(X) — CI(Y) is injective. The finite generation of the cokernel
results from the fact that Pic® X — Pic®Y is an isogeny (and hence an iso-
morphism), since the map on tangent spaces Hl()?, O%) — Hl(f/, Oy ) is an
isomorphism, from Theorem [Bl This completes the proof of Theorem [2]in the
case dim X = 3.

For possible use elsewhere, we make explicit the following result, more or
less implicit above. We thank the referee for some illuminating remarks about
formal Cartier divisors.

Theorem 4. Let X be as in Lemma B, with dim X = 3, and let E be an
effective divisor on X with exceptional support such that —E is m-ample. Let
Y C X bea general member of the linear system |V |, and let X denote the
formal completion of)? along Y. Then the map

px Pic X — PicX
has the following properties.

(i) The kernel of px is freely generated by the classes of irreducible m-
exceptional divisors with 0-dimensional image under 7.

(ii) The cokernel of px is generated by the classes of exceptional divisors
F onY such that dim m(supp F') = 0 (in particular, the corresponding
line bundles on'Y do extend to formal line bundles).

(iil) With the notation introduced above (proof of Corollary BIGl), let A
denote the quotient of the free abelian group on Fij, s +1 < i <,
1< j <s;, by the subgroup generated by Zj‘zl Fyj, fors+1<i<t.
Then there is a natural isomorphism Coker(px) = A.

(iv) Let 7 : X — X, 7 : Y — Y be the Stein factorizations. There is a
natural isomorphism

Coker(C1(X) — C1(Y)) 2 Coker(Pic (X) — Pic (Y)).

Most of these conclusions have already been obtained in the course of the
above proof. The only remaining assertion to prove is that all the line bundles
Oy (Fi;) do extend to formal line bundles on X. We thank the referee for
suggesting a proof.
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In fact, for each ¢ as in (iii), the divisor F; defines a formal Cartier divisor
E\i on X with support F; N 17, which is a disjoint union of the closed sets Fjj,
1 < j <s;. Hence each connected component of the support defines a formal
Cartier divisor }/7; on X (one may first check a similar assertion for Cartier
divisors on each of the schemes X,,, all of which have reduced scheme }7, for
example). The associated formal line bundles are the desired extensions.

4. Application to 1-motives

In [], §10, Deligne defined 1-motives over k as complexes [L — G], where
L is a lattice (free abelian group of finite rank with a continuous action of the
absolute Galois group of k), and G a semi-abelian k-variety. This gives an
algebraic way of “defining” certain (co)homology groups of a variety, in a man-
ner analogous to the way in which the Jacobian of a non-singular projective
curve “defines” its first (co)homology group algebraically. Over C, 1-motives
have a transcendental description using certain special types of mixed Hodge
structures, and there is an equivalence of categories between 1-motives over C
and the full subcategory of these special types of mixed Hodge structures. In
particular, there is an underlying philosophy (“Deligne’s Conjecture”, some
aspects of which have been proved in [I], [14]) that, if one can construct a
1-motive transcendentally using some “part” of the mixed Hodge structure
of an algebraic variety, then there must be an algebraic construction of that
1-motive as well, valid over more general ground fields. Further, if some oper-
ation between 1-motives can be constructed transcendentally, there must be
an algebraic construction of it as well, and properties of such an operation
(e.g. injectivity, isomorphism) should have algebraic proofs.

In [2], a 1-motive Alb™ (X)), the cohomological Albanese 1-motive, has been
associated to any variety X over a field k of characteristic 0. If X is proper,
this is a semi-abelian variety over k, and if X is also non-singular, it coin-
cides with the “classical” Albanese variety. If k = C, Alb™(X) can be con-
structed analytically, using the mixed Hodge structure on H*"~1(X,Z(n)),
where n = dim X, in a manner generalizing the analytic construction of the
Albanese variety of a non-singular proper complex variety. For a proper,
possibly singular complex variety X, one has a formula

ALY (X)(C) = Extypug (Z, H> (X, Z(n)))

where the right side is the group of extensions in the (abelian) category of
mixed Hodge structures.
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If X is projective, Y C X is a (reduced, effective) Cartier divisor, then
there is a Gysin map AlbT(Y) — AlbT(X), constructed algebraically in [2],
and which in case k = C corresponds to the Gysin map (modulo torsion)
H?"=3(Y,Z(n — 1)) — H?>"~Y(X,Z(n)) in topology (which is a morphism of
mixed Hodge structures).

In case X is projective over C, and Y is a general hyperplane section (here,
“general” means “in a Zariski open set of the parameter variety”), then it
is shown in [3] that Alb™(Y) — Alb™(X) is an isomorphism when dim X =
n > 3; this is an important step in the proof of the Roitman theorem for
singular projective complex varieties (the main result of [3]). In case X (and
hence Y') is non-singular, this is a particular case of the Lefschetz hyperplane
theorem. The proof of this isomorphism in [3] is transcendental, ultimately
relying on the local structure (in the Euclidean topology) of a morphism of
complex varieties, which is given by the theory of Whitney stratifications (see
[15], or [8], for example).

This suggests that, if X is projective over a field k£ of characteristic 0, of
dimension > 3, and Y C X is a general hyperplane section, then the Gysin
map AlbT(Y) — AlbT(X) is an isomorphism; further, the “philosophy of
1-motives” suggests that there is a purely algebraic proof of this fact.

The validity of the isomorphism over an arbitrary k of characteristic 0 can
be deduced from the case k = C. An algebraic proof, on the other hand, can
be obtained as follows.

It is easy to see that the general case follows from the case when k is
algebraically closed, so we assume this holds. Next, the category of 1-motives
admits a notion of Cartier duality, which is an auto-antiequivalence of the
category. So it suffices to show that the Cartier dual to AIb™(Y) — Alb™(X)
is an isomorphism.

It is shown in [2] that the Cartier dual of Alb™(X) is another 1-motive,
explicitly described as follows (implicitly, this gives an algebraic description
of AIbT(X)).

Let m: X’ — X be the normalization map, C1(X’) the divisor class group
of the normal projective variety X', and CIO(X ") the largest divisible sub-
group. Then C1°(X’) is naturally identified with (the k-points of) an abelian
variety (which can be identified with the Picard variety of any resolution of
singularities). Let Lx denote the group of all Weil divisors D on X’ such
that:

(i) m«(D) =0 as a cycle on X.
(ii) [D] € CI(X) lies in the subgroup C1°(X").

If Div(X'/X) denotes the group of Weil divisors D on X’ with m.(D) =0 as



THE GROTHENDIECK-LEFSCHETZ THEOREM... 583

a cycle on X, then
(7) Ly = ker (Div(X'/X) — CI(X")/ CI°(X")) .

Note that Div(X’/X) is a subgroup of the group of Weil divisors on X’ which
are supported on m!(X;,¢); in particular, Div(X’/X) is a free abelian of
finite rank. Thus Lx is a free abelian group of finite rank, and the obvious
homomorphism Ly — C1°(X’) defines a 1-motive; this is the Cartier dual to
AlbT(X).

We are given that Y is a general hyperplane section of X in a certain
projective embedding; the pull-back of the corresponding very ample linear
system to X’ gives an ample, base-point free linear system on X’. Hence
Y =Y xx X' is a general member of this linear system on X', and is
thus normal, by Bertini’s theorem, so that Y/ — Y is the normalization of
Y. There is also an associated restriction map Cl(X’) — CIl(Y”), such that
by Theorem [ above, it is an isomorphism when n = dim X > 4, and is
an injection with finitely generated cokernel if n = 3. Hence it induces an
isomorphism C1°(X’) — C1°(Y”’) between abelian varieties, and an inclusion
on quotients CI(X’)/ CI°(X’) — CI(Y")/ CI°(Y"), if dim X > 3.

Now the Gysin map Alb™(Y) — AlbT(X) is Cartier dual to a map of
1-motives (i.e., to a map between 2-term complexes)

[Lx — CI%X")] — [Ly — CI°(Y")]

where C1°(X’) — C1°(Y”) is the above isomorphism, induced by the restriction
homomorphism Cl(X’) — CI(Y”"). It remains to see that, for general Y, this
map is an isomorphism of l-motives, i.e., the map Lx — Ly is also an
isomorphism.

Since Y =Y x x X', a functorial property of the refined Gysin homomor-
phism defined in [7] implies that if D is a Weil divisor on X’ with 7, (D) =0
as a cycle on X, then the cycle [D NY’] has the property that 7.[DNY’] =0
as a cycle on Y. This gives us a map Lx — Ly. It is shown in [2] that this
is the map corresponding to the Cartier dual of the Gysin map.

Since Y is a general member of a very ample linear system on X, where
dim X > 3, it is clear (using Bertini’s theorem) that if D is an irreducible
Weil divisor in Y’ lying over the singular locus of Y, then there is a unique
irreducible Weil divisor D7 in X', lying over the singular locus of X, such that
D = D;NY’ as divisors. This is because Yiing = Xsing MY, giving a bijection
between the codimension 1 irreducible components of Xy and Ysipng, which
also gives a bijection between the codimension 1 irreducible components of
7 (Xsing) € X' and 71 (Ysing) C Y'. Hence, for general Y as above,
we have that Div(X’/X) — Div(Y’/Y) is an isomorphism. The formula
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[@ applied to X and to Y, together with the fact (from Theorem [) that
ClI(X")/ CI°(X") — CI(Y")/ CI°(Y") is injective, implies that Lx — Ly is an
isomorphism, as was to be shown.

5. Some refinements, and statements in any characteristic

In this brief section, we make connections with the classical theory of Weil
divisors, in the style of Weil [I6] and Lang, as exposed in Lang’s book [12],
following comments of the referee. This gives another perspective to the above
results, and yields also some statements in arbitrary characteristic.

First, in Theorem [I one can improve the statement in the following ways.

(i) There is a dense Zariski open set Q C | V| so that, if K is any alge-
braically closed extension field of k, Xx = X X; K, and Y C Xk
is a member of the base-changed linear system |V ®; K| on Xk, cor-
responding to a K-point of 2, then the theorem holds for the pair
(Xk,Yk). As stated, Theorem [] does yield such an open subset of
| V&, K], but in fact it may be taken to be Q. It is not difficult to
modify the proof given above to yield this conclusion as well.

(ii) When dim X = 3, the cokernel of the (injective) map on class groups is
in fact torsion-free. This follows from the proof given, since from The-
orem [ it boils down to the assertions that the cokernel of PicX —
PicY is torsion-free. If K = ker(O% — OF), then K is a sheaf of

Q-vector spaces on the topological space Y (as may be immediately
verified on suitable affine open subsets), and we have an exact se-
quence

PicX — PicY — H?*(Y,K)
where the last term is a Q-vector space.

A different way of seeing (ii) is by a transcendental argument, using a suitable
Lefschetz theorem, as in the Appendix: in Theorem [7 for ¢ = 7, the cokernel
is torsion-free and the conclusions of that theorem also hold for cohomology
with Z/nZ coefficients, for any n > 0.

The referee has also pointed out that for a geometrically integral projective
variety X over a field k, which is smooth in codimension 1, one can associate
to it an abelian k-variety Picy (X) (the “Picard variety in the sense of Weil”),
such that when k = k, the group of k-rational points Picyy (X)(k) coincides
with the group C1°(X), the maximal divisible subgroup of the group Cl(X)
of Weil divisors modulo linear equivalence. Further, the Weil-Neron-Severi
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group NSy (X) = C1(X)/CI° (X) is finitely generated. With this notation,
we sketch the referee’s argument to prove the following result.

Theorem 5. Let X be an irreducible projective k-variety of dimension
d > 3, which is regular in codimension 1, where k is an algebraically closed
field of any characteristic. Let f : X — PV be an embedding. Let K be the
algebraic closure of the function field K = k(@{c\') of the dual projective space,
and let Y C Xk be the generic hyperplane section. Then,

(i) Piew (X)x — Picw (Yk) is an isomorphism;
(ii) the composition
NSw(X) - NSw(X%) — NSw(Yx)
18 1njective.

The isomorphism between Weil-Picard varieties is a consequence of
[12) VIII, Theorem 4. The injectivity on Weil-Neron-Severi groups is re-
duced to a result of Weil [16]. We must show that, if £ is a line bundle
on X, whose pull-back to (Y )reg, the smooth locus of Y, is algebraically
equivalent to 0, then £ is algebraically equivalent to 0 on X. From [12] VI,
Theorem 1, the pull-back of £ to (Yi)reg determines a K-rational point of
Picw (Yi) = Picw (X)k. Since K is a pure transcendental extension of k,
this must determine a k-rational point of Picy (X). Hence, changing £ by

the class of some point of Picy (X), we may assume £ has trivial pull-back
to (Yi )reg- Now Theorem 2 of Weil [16] implies that £ is itself trivial on X.

6. Appendix: Grothendieck-Lefschetz theorem
for complex projective varieties

In this appendix, we shall sketch the proof of the following theorem us-
ing results from stratified Morse theory, as explained to us by Najmuddin
Fakhruddin.

Theorem 6. Let X be a smooth projective variety of dimension at least 4
defined over the field of complex numbers, C. Let £ be a big line bundle over
X generated by global sections. If Y denotes a general member of the linear
system |L|, then one has an exact sequence

0 — K — Pic(X) — Pic(Y) - Q — 0

where K is the (free) subgroup generated by divisors in X which map to points
under the generically finite map X = ]P’(HO(X, Z)) and Q is the group gen-
erated by the irreducible components of the restriction of divisors in X which
map to curves under T.
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Theorem [@ is an immediate consequence of Corollaries and below.

In what follows, all cohomologies that we consider are singular cohomol-
ogy of the underlying analytic space(s), with Z-coefficients. Recall that, for
any C-variety, these cohomology groups support mixed Hodge structures,
which are functorial for morphisms between varieties (see [4]). The proofs of
Corollaries and are reduced to assertions about the homomorphisms
H'(X) — HY(Y) for i = 1,2, using the following standard lemma.

Lemma 6.1. Let W be a smooth proper C-variety. Then there are iso-
morphisms, functorial for morphisms of C-varieties,

. 0 ~ H'(W)®C
PicW) = Frmam e e iy
H2(W)®C

Proof. From Serre’s GAGA, it follows that Pic(W) = Pic(W,,), where
the latter denotes the group of isomorphism classes of analytic line bun-
dles. Using the exponential sheaf sequence, and the Hodge decomposition,
we obtain the above isomorphisms in a standard way, where Pic’(W) =
ker(Pic(W) — H?(W)) is the maximal divisible subgroup, and the Neron-
Severi group NS (W) = image (Pic(W) — H?(W)) is finitely generated. [

We now state the following consequence of the relative Lefschetz theorem
with large fibres (see [§], page 195).

Theorem 7. Let W be an n-dimensional non-singular connected algebraic
variety. Let 7 : W — PN be a morphism and let H C PN be a general
linear subspace of codimension c. Define ¢(k) to be the dimension of the set
of points z € PN such that the fibre 7=1(2) has dimension k. (If this set is
empty, define ¢p(k) = —o0.) Then the homomorphism induced by restriction,

H (W, Z) — H(x"Y(H), Z)

NS(W) = ker (HZ(W) —

is an isomorphism for i < n and is an injection for i = n, where

n=n-— sz;p (2k — (n — ¢(k)) + inf(p(k),c — 1)) — 1.

In the situation of Theorem [G] we first take W = X, m a generically finite
map and H a general hyperplane. Then one can easily check that 7 > 1 in this
case. Let X' be the (open) subvariety of X defined by removing all divisors
which map to points under 7, and X" be the subvariety obtained by further
removing divisors which map to curves under w. In these two cases, for the
restriction of  to X’ and X", one can check that 7 > 2 and > 3 respectively.

Let Y = 77 1(H), and let Y’ and Y” be defined similarly in X’ and X"
respectively. Since a general hyperplane section in PY misses points, one notes
immediately that Y/ =Y.
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Lemma 6.2. If V C W is a dense Zariski open subset of a non-singular
proper variety W, then
(i) HY(W,V) = 0, and H*(W,V) is a free abelian group, with a basis
given by the irreducible divisors supported on W\ V' (in particular, it
is pure of weight 2);
(ii) H*(W, V) is a free abelian group, supporting a mized Hodge structure
with weights > 3.

Proof. Let W\ V = D, and let S C D be the union of the singular locus
of D, together with all irreducible components of D of codimension > 2 in X.
Then D\ S =[]; D; where D; C X\ S are irreducible, non-singular divisors.

We first observe that H'(W,W \ S) = 0 for i < 3, since S € W has
(complex) codimension > 2. This implies that H (W, V) — H*(W \ S, V) are
isomorphisms for ¢ < 3. Since (W \ S)\ V = [[, D;, we have Thom-Gysin
isomorphisms H' (W \ S, V) = D, H'"2(D;)(—1) for all i > 0 (where the Tate
twist (—1) increases the weights by 2). In particular, we have H'(W\ S, V) = 0
for i < 2, H(D;) = Z (the trivial MHS), and H'(D;) = Hom (H,(D;,Z),Z)
is a torsion-free abelian group, which supports a MHS of weights > 1. g

Corollary 6.3. H'(X) = H'(Y).

Proof. We have a factorization H' (X) — H'(X’) — H'(Y’) = H'(Y), since
Y =Y’ C X' C X. By Theorem [ we have that H'(X’) — H'(Y’) = H'(Y)
is an isomorphism. In particular, Hl(X ") supports a pure Hodge structure of
weight 1. Consider the exact cohomology sequence

H'(X, X') — HY(X) — H'(X') = H*(X, X) — -

By Lemma B2 with W = X, V = X', we have H (X, X’) = 0, while
H?(X, X') is torsion free, and it is pure of weight 2, generated by the co-
homology classes of the irreducible divisors in X \ X’'. Hence the boundary
map H'(X') — H?(X,X’) is the zero map. Thus H'(X) — H'(X’) is an
isomorphism. O

Corollary 6.4. Pic’(X) — Pic’(Y) is an isomorphism.

Proof. The isomorphism in Corollary is compatible with the respective
Hodge structures, and so by Lemma B.I], induces an isomorphism on Pic?
groups. O

Proposition 6.5. Let X and Y be as in Theorem [0 One then has an
exact sequence

0—-K—HX)—-HY)-Q—0

where K (as in Theorem[0)) is generated by divisors which map to points under
m and Q is generated by the divisors in'Y which map to points under 7.
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Proof. Consider the diagram:

HY(X) 5 HY(X") 2 B (X, X") 2% H?(X)
8 lw Lo Lvs b s
HY(Y) & HY(Y”) &2 Bi(v,y”) & HY(Y)
N HQ(X//) N HS(X,X”)
L s i
b_4> H2(Yu) bs, H3(Y, Y//)

Here the horizontal sequences are the cohomology long exact sequences cor-
responding to suitable pairs. The proposition amounts to the assertions that
there are isomorphisms

ker 13 =, ker Py,

Coker 13 =, Coker Vy.

From Theorem [7, 15 and 15 are isomorphisms, while )1 is an isomorphism
from Corollary We claim that 15 induces an isomorphism

o

image ay — image by.

This follows by an argument using weights. Let Wy H?(X”) c H*(X"),
Wy H2(Y") € H?(Y") be the subgroups obtained as inverse images of the cor-
responding weight subspaces of cohomology with rational coefficients. Since
15 is an isomorphism of mixed Hodge structures, it induces an isomorphism
Wy HA(X") = Wy HA(Y"). By Lemmal62 H*(X, X”) and H*(Y,Y") are tor-
sion free, and have weights > 3, while H?(X), H?(Y) are pure of weight 2.
Hence we have

Wy H?(X") = image ay,
Wy H?(Y") = image by,

and so 95 induces an isomorphism between these image subgroups.
Thus we have a commutative diagram with exact rows, and vertical iso-
morphisms as shown:

HY(X) 2 HY(X") 2 BX(X, X)) 2 H2(X) 2% imageas — 0

> |y | L s L 4 >~ | ys
H(Y) & H(Y") 2 B2V, Y") 2 H2(Y) 25 imagebs — 0
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A version of the 5-lemma now implies that ker 3 — kert, and Coker ¢z —
Coker 14 are isomorphisms, as desired. O

Corollary 6.6. There is an ezact sequence
0—-K—->NS(X)—=NSY)—Q—0.

Proof. This follows from the proposition, and Lemma[6.1] since the explicit
descriptions of K and @ imply that K C NS(X), and NS(Y) - Q. d

Acknowledgment

We would like to thank the referee for a critical reading of the paper, and
detailed suggestions for improvement, including the discussion in §5.

References

[1] L. Barbieri-Viale, A. Rosenschon, M. Saito, Deligne’s conjecture on 1-motives, Ann.
of Math. (2) 158 (2003) 593-633. MR2018930|/(2005b:14021)
[2] L. Barbieri-Viale, V. Srinivas, Albanese and Picard 1-motives, Mem. Soc. Math. France
87 (2001). MR1891270//(2004d:14003)
[3] J. G. Biswas, V. Srinivas, Roitman’s theorem for singular projective varieties, Com-
positio Math. 119 (1999) 213-237. MR1723130//(2001d:14012)
[4] P. Deligne, Théorie de Hodge III, Publ. Math. ITHES. 44 (1974) 5-77. MRI0498552
(58:16653b)
[5] A. Grothendieck, J. Dieudonne, Elements de Geometrie Algebrique I, III, Publ. Math.
THES. 4 (1960), 11 (1961).
[6] H. Esnault, E. Viehweg, Lectures on Vanishing Theorems, DMV Seminar, Band 20,
Birkh&user (1992). MR1193913|(94a:14017)
[7] W. Fulton, Intersection Theory, Ergebnisse der Mathematik und ihrer Grenzgebiete,
3rd Series, 2. Springer-Verlag, Berlin, 1998. MR1644323(99d:14003)
[8] M. Goresky and R. MacPherson, Stratified Morse Theory. Ergebnisse der Mathematik
und ihrer Grenzgebiete (3), 14. Springer-Verlag, Berlin, 1988. MR0932724(90d:57039)
[9] A. Grothendieck, Cohomologie locale des faisceaus coherents et Theoremes de Lefschetz
locauz and globale (SGA 2), Advanced studies in Pure Mathematics, North-Holland,
Amsterdam (1968). MR0476737(57:16294)
[10] Robin Hartshorne, Algebraic Geometry, GTM No.52, Springer-Verlag, New York-
Heidelberg, 1977. MR0463157(57:3116)
, Ample Subvarieties of Algebraic Varieties, Lect. Notes in Math. 156, Springer-
Verlag (1970). MR0282977[(44:211)
[12] S. Lang, Abelian Varieties, Springer-Verlag, New York-Berlin, 1983 (reprint of 1959
original). MRO0713430 (84g:14041)
[13] V. B. Mehta and V. Srinivas, A Characterisation of Rational Singularities, Asian J.
Math, Vol. 1, No. 2, 249-271.
[14] N. Ramachandran, One-motives and a conjecture of Deligne, J. Algebraic Geom. 13
(2004) 29-80. MR2008715//(2004i:14051)

(11]



http://www.ams.org/mathscinet-getitem?mr=2018930
http://www.ams.org/mathscinet-getitem?mr=2018930
http://www.ams.org/mathscinet-getitem?mr=1891270
http://www.ams.org/mathscinet-getitem?mr=1891270
http://www.ams.org/mathscinet-getitem?mr=1723130
http://www.ams.org/mathscinet-getitem?mr=1723130
http://www.ams.org/mathscinet-getitem?mr=0498552
http://www.ams.org/mathscinet-getitem?mr=0498552
http://www.ams.org/mathscinet-getitem?mr=1193913
http://www.ams.org/mathscinet-getitem?mr=1193913
http://www.ams.org/mathscinet-getitem?mr=1644323
http://www.ams.org/mathscinet-getitem?mr=1644323
http://www.ams.org/mathscinet-getitem?mr=0932724
http://www.ams.org/mathscinet-getitem?mr=0932724
http://www.ams.org/mathscinet-getitem?mr=0476737
http://www.ams.org/mathscinet-getitem?mr=0476737
http://www.ams.org/mathscinet-getitem?mr=0463157
http://www.ams.org/mathscinet-getitem?mr=0463157
http://www.ams.org/mathscinet-getitem?mr=0282977
http://www.ams.org/mathscinet-getitem?mr=0282977
http://www.ams.org/mathscinet-getitem?mr=0713430
http://www.ams.org/mathscinet-getitem?mr=0713430
http://www.ams.org/mathscinet-getitem?mr=2008715
http://www.ams.org/mathscinet-getitem?mr=2008715

590 G. V. RAVINDRA AND V. SRINIVAS

(15] J.-L. Verdier, Stratifications de Whitney et Theoreme de Bertini-Sard, Invent. Math.
36 (1976), 295-312. MR0481096//(58:1242)

[16] A. Weil, Sur les critéres d’équivalence en géométrie algébrique, Math. Ann. 128 (1954)
95-127. MR0065219(16:398¢)

DEPARTMENT OF MATHEMATICS, WASHINGTON UNIVERSITY, ST. Louis, MISSOURI 63130
E-mail address: ravindra@math.wustl.edu

SCHOOL OF MATHEMATICS, TATA INSTITUTE OF FUNDAMENTAL RESEARCH, HOMI BHABHA
RoAD, MUMBAI-400005, INDIA
E-mazil address: srinivas@math.tifr.res.in


http://www.ams.org/mathscinet-getitem?mr=0481096
http://www.ams.org/mathscinet-getitem?mr=0481096
http://www.ams.org/mathscinet-getitem?mr=0065219
http://www.ams.org/mathscinet-getitem?mr=0065219

	1. The Grothendieck-Lefschetz theorem for big linear systems
	2. Some lemmas on the vanishing of cohomology
	3. Proof of Theorem 2
	3.1. Some preliminary reductions
	3.2. The condition Lef(X"0365X, Y"0365Y)
	3.3. The condition ALeff(X"0365X,Y"0365Y)

	4. Application to 1-motives
	5. Some refinements, and statements in any characteristic
	6. Appendix: Grothendieck-Lefschetz theorem[1] for complex projective varieties
	Acknowledgment
	References

